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PREFACE. 


On tho author’s appointment to, lecture on Mechanic* irjthe^Hoyal 
Naval (jjolloge, a course of elementary lessons was commm^ed, based* 
on I{ANK*ne’s well known treatise, with such assistance ijg could be 
obtainoif from # other sources. Alter some years this course assumed 
a tolerably permanent form, and it was thought desirabje to print 
it, partly from the inconvenience to students of being exclusively 
dependent on oral instruction, and partly from an idoa th»t j,t ( 
might be useful to others besides those who were immediately 
JUldressed. The place which these lectures occupy in tho programme 
of the College will be found explained in an Appendix. 

The preparation of the work for the press has extended o\ysr a 
Sknsiderable period, and has been subject to many interruptions, 
Tljpie is therefore not always the unity desirable in a/scientific 
treatise; nor is it by any means complete, even when dug account 
is taken* of the stringent-limitations explained in the Introduction. 
It is, however, hoped that these deficiencies may bo partly com¬ 
pensated for by thj fact that the book is the product of a great 
deal of experience in teaching the subject, and a great deal of con¬ 
sideration as to the matter which ought to find a place in a general 
elementary treatise. Nearly the whole has been delivered in the 
form of ’letturcs, and some part has uctually been printed ■ from 
ntyes taken Uhrdughout one session' by a member of the junior 
class (Mr-eH. J. Oram, R.N.) at that time, which were afterwards 
trflhacribccf for the press By the author’s ^assistant.. Everything, 
however, of any importance has been re-written, with alterations 
affl additions; to make it better fit for publication. Throughout, the 
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object ha* been to give reasons, not rules, %nd details of application 
ar^oonsequentl^subordinated to the principle on»#hich the thwry 
is based, Especially has the author endeavoured to distinguish as 
deafly as possible between those parts of the subject which are 
univeraally and necessarily true, and thoso parts which rost on 
hypothesej mofo or less questionable. Tfic book is intended # to 
give that general knowledge of the mechanics «f structure and 
machines which sheii^l accompany the detailed study either of 
naval architecture or of any sjiecial branch of engineering which 
a student pro|iosos to devote himself. Much, therefore, is excludjd 
which mijcht naturally be expected to form part of* the work, 
feimpljT because, however important, it is required onlv by a special 
class of students. 

The introduction of descriptive details is not necessary ton he plan 
of this work, except in certain parts of the theory of mechanism, 
nor, indeed, in a general treatise would it Im possible to inside 
^tlfbm t systematically within any reasonable compass. In tho chapters 
on mechanism, however, they are required, and elsewhere it has 
been thought mlvisahle to introduce them ueeasionally. Care has 
Ireen taken to selert working examples almost exclusively, tho plates* 
representing which have mostly been drawn by Mr. T. A. Hearson, 
to whom the author is indebted for many suggestions and portion' 
of the descriptive matter, together with sonte assistance in revising 
proof sheets and transcrihinfc lecture notes for the press. The proofs 
have been rend by Professor W. C. Unwin, M.I.C.K., t(j whose 
great technical knowledge some corrections arc due. In a gcnoral 
elementary work there is not. room for much that is new: in the 
references at the end of each chapter and iif'tho Appendix the 
various sources of information have hoen stated fully. 


Oaasswien, May, 18H4. 
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WliAT lire tlu-ccmnlitioiiH of a science? nii'l when iimv any subject be said to enter 
the scientific stage ? When the facts »f it begin to resolve themselves into groups; 
when phenomena are no longer isolated experiences, but uppenr in connection ami 
o||4er; when, after certain antecedents, celt mu con set nances arc uniformly seen |o 
follow; when facts enough have been colhcted to furnish a basis for conjectural 
explanation; mid when conjecture^ have so fat erased to be utterly xugue that it is 
lioasilde ill home degree to foresee the future hv the help of them.— Fkoumk. 

A ooin|H!teiit view of the world can never be luul as a gift; we must acipiire it by 
bard w«rk. Mach. 



INTRODUCTION. 


Thk province of*the Engineer anil Architect is t,o control the 
forces of nature and apply them to useful purposes, an objoct 
which Js effected by means of pieces of material suitably Aannected 
and artanged. The protection of life and property from destructive 
forces ^accomplished by pieces rigidly connected with otto another 
which "transmit their action to bodies to which they are not 
injurious; while the utilization of such forces in moving weights, 
changing the form of bodies, and other similar operations, is effected 
Ijy a set of moving pieces which transmit their action to the required 
place and modify it in some given way. In the first case tfto 
# pieces are called, collectively, a SrniirnuK, in the second, a Mach ink. 
The object of the present work is to give, an outline of the principles 
on which structures and machines arc designed. 

The actual form of such a construction is almost always the final 
nasult of a process of evolution by which it has been gradually per- 
fitted by adaptation from some previously cxistiug construction. 
To meet new wants the engineer selccts>some arrangement, suggested 
by exjjprience of some nearly similar case, which appears likely to 
answer the pur|K)se by its simplicity, facility of construction, and 
adaptation to the forces which it is proposeil to control and utilize. 
If the new arrangejuent is merely a copy of the old, this may be sufli 
eient and the construction may be at once proceeded with, but if there 
be tyiy important difference it is necessary, before incurring the expense 
and risk of actual construction, to ascertain that the design is in 
eonfortnity with these general laws governing the action of natural 
forces upd^^natter which reason and experience alike show* to be 
necessarily true* in all cases. To. a' certain extent this has already 
been eotyfldered by the designer, whose knowledge and experience 
Ciuftile him to avoid at otfte arrangements which arc obviously inad¬ 
missible, hut complete conformity can only lie secured by comparison 
with results deduced by reasoning and verified by experiment. 



INTRODUCTION. 


»xii 

♦ 

In any branch of knowledge the explanation of a set of facts by a 
k general principle,/rom which new results can be obtajped, is properly 
described as.a Theory of the phenomena to whidh they relate. When 
its principles are, well established it enables us to predict the results of 
experiment; when they are not, it is oven more necessary„to direct the 
course which experiment should take for more perfect knowledge. The 
systematic stujly. of structures and machines Vith a view to discover 
the theoretical principles on which their construction is based, and the 
deduction from those principles of results which may be useful to the 
designer, forms a branch*of science which, following Kankink, we may 
► describe as Applied Mechanics. In some cases the subject roSy have 
been so exhaustively studied, and may be in its natfiro so limited, that 
all the arrangements which can bo employed for a given purpose may 
b* forostfcn and the best determined by ii /uinri considerations. The 
process of invention itself then becomes a problem in science* This, 
however, is the rare exception ; in general, the use of theory Is limited 
to the answering of certain ipiestions relating to an arrangement which 
has already been proposed. .Among the most im/iort.int of these a^' - 

(J.) AVhat should be the dimensions of the parts of the construction 
» tjjpt they may lie strong enough to resist the action of the forces ki 
which it is exposed ! 

(2.) Will the construction be sufficiently stable and rigid 

(3.) Arc tho natural forces, which it is proposed to utilise, sufficient 
for the proposed purposo and are they under proper control f 

It is only in tho very simplest cases that these and similar ipicstion* 
can be answered completely, without reference to the direct results ^if 
experience in order to interpret theoretical reasoning and render it 
applicable. Kvcn, therefore, after the general plan of a construction is 
decided on, tho work of the practical designer includes much which 
cannot be reduced to a mere process of deduction from given data. 
Nevertheless the part of theory in controlling and .directing inventive 
power is of great and constantly-increasing importance, by furnishing 
principles of universal application, in conformity with which e^ery 
mechanical construction must be designed, and by which the researches 
of the ^experimentalist must be guided. 

The mechanics of structures amliniachines is fiasco op tne properties 
of materials, and on those general laws connecting matter aiTtJ motion, 
the study of which is the ^ibject of Abstract Mechanics, but the spdfcirf 
nature of the subject-matter occasions a certain difference in the 

methods employed. In the elementary branches of purely abstract^ 

* 
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mechanics the number of bodies considered seldom exceeds two; if 
more are introduced the questions to bo considered lytoome impractic¬ 
ably complex considertM as abstract mathematical problems. In applied 
mechanics a number of pieces arc connected with conyiarosively little* 
froedobi so a^to form an organic whoie, am? tlw msn/ts of oxfwricnco 
ir of mathematical investigations too complex for ordinary use are ad¬ 
apted freely for the purjfose of simplification. Iltincoj^c calculations 
mployad are of a coarser type, and, in paiticHlar, graphical methods 
re everywhere employed when possible, not oaly to exhibit, but also 
o obtain, numerical results. On the other liand, no investigation 
^ consiltered as complete until it lias been cheeked by reference to 
wpcricnee, and unless its errors are approximately known. The 
elementary principles of abstract statics, dynamics, am) hydrostatics 
must be supposed already known, and some practical knowledge of 
machine? and structures is presupposed. 

The classification of mechanical constructions depends in great 
ineaj^tre on the number of pieces connected and on the mode of 
connection. We have first the broad distinction between structures, in 
wl^ich the pieces have no movements except such as may bo due'to 
changes in their form ami dimensions consequent on the forces to whicl? 
jhey arfl exposed, and machines in which the object is attained by 
means of such movements. This distinction is so fundamental that 
there is no word in common use which includes both. 

Structures may be ranged in order of simplicity according tp the 
d*yeo of constraipt with which their parts are connected as follows 

fl.) Structures with pin joints wilhouj, redundant parts. 

(2.) Structures with pin joints which include redundant (tarts. 

(3.) l/fockwork ami earthwork structures. 

(4.) Structures with riveted 0 r other forms of fastened joints. 

A pin joint, such as is shown in a simple form in Figs. 1 and 2, Plate 
VIII., page 4<i3, is one in which the pieces connected are united by a 
single pin fitting into holes in the pieces, and, in coriscquonce, neglect¬ 
ing friction* the mutml action ltetween the pieces connected necessarily 
passes throujjb^the axis of the pin. A redundant part is one which may 
b« removed without destroying the structure if the remaining parts be 
sufficients "strong. The first class of structures therefore possess a 
plfcufiar characteristic whiclf renders their theory much more simple 
than that of any other, namely, that the forces acting on each piece 
depend only on'the external forces acting on the whole and not on 

A -v *4 
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the material or the dimensions of the pieces. In the theory of struc¬ 
tures, then, this^lass is first considered, and the answer to the first of 
the general questions propounded above consist! in the solution of two 
•general preblerys. 

• * ^ 

tl-) Being given the load on the structure, it is required^to find the 

fences acting on cash part. • 

(2.) Bcuig given the forces acting on a piece of material, it is 
required to find its dimensions that it may be sufficiently strong and 
stiff. • 

% 

The first forms a part of the subject which may Ije properly described 
as the “ Statics of Structures ”; while the second, which depends on 
jbo properties of the materials of construction, is known as the 
“Strength and Stiffness of Materials.” The results obtain^ are in 
continual requisition in the theory of the more complex strictures, but 
require to be supplemented by further investigations and Ijy results 
derived from direct oxpcrioncc, peculiar to each class. The present 
treatise, being simply introductory, refers to the more complex Jtruc- 
tiifes only incidentally. 

i- A'Machine is a structure the parts of which are in motion. The 
motion introduces new forces, often of great magnitude and importance, 
which must be taken into account in its design; but we have, in addi¬ 
tion, to consider the third general question mentioned above, namely, 
the adaptation of the natural forces available, to the work which the 
machine has to do. The simplest machines consist chiefly of a number 
of rigid pieces, and their theory is divided into twt> parts one flbn- 
cerned with the motion of tho machine, the other with the work 1 it 
does. In many of the most important machines fluids are used, and 
their theory forms a distinct branch of the isnhjcct not less important 
than the rest, some account of which is indispensable. Thus tho whole 
subject is divided into five parts. 

Since the parts of structures as well as machines possess, though to a 
very limited extent, freedom to move, and since such movements often 
have to he supposed for the purposes of an investigation, thct'most 
natural arrangement pcrhajis would be to commence with the first part 
of the theory of machines, and then pass on to the statics ofktructuros. 
In tho present treatise it kas, however, been found convenient to invert 
this order, and wo now, therefore, commence with structures. 
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OHAPTHIl I. 

Kli.VMKWOliK l,OAHi:ii AT TU K .HUNTS. 

1. 1'rrliuilnnni ErphUt'iUun* mnl 1 1 'ltuilums. —A frame in a structure 
cogi|H.scd of lms. united at their extremities by joints, which o%r ru^ 
resistance to rotation. In the first instance we may suppose the centre 
Ijnes of the liars all in one plane, anil in tlutf case the joints may consist 
simply of smooth pins passing through holes at the ends of the liars, 
which arc to he imagined forked, if necessary, so as to allow the centre 
lines to meet in a point. A large and important class of structures, 
ki.ejyn to engineers as “trusses, approach so closely to frames that 
calculations respecting them may he conducted hy treating them as if 
they were frames. The difference lietweqji a truss and a frame, will 
appear a^we proceed. 

The frame may he acted on hy forces applied at points in one or 
more of its bars, or at the joints which unite the bars together. Att 
important simplification, however, is effected by supjsising, in the first 
instance, that the joints only are loaded, an assumption which will lie 
made j-hroughout this chapter, except in a few simple examples. It 
will be shown hereafter (p. 7o) that all other cases may ho derived 
from this^w means oti a preliminary reduction. 

Assuming, H^eri, that the frame is acted on by forces at the joints, 
due cither to weights or other externtd causes, or to the reaction of 
stlpportssogVhich the frame rests, the problem to be solved is to find 
tt* ftfrees called into play on Rich of the liars of^whicb it is constructed. 
These forces are caused by the pressure of the pins on the sides of the 
holes through which they jiass, and it at once follows, since no other 
C.M. 
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forces act on the bar, that for each bar these pressures must be equal 
aijtl opposite, their common line of action being the line joining the* 

centres of the” holes. Thlre are two 
( , possible cases shown in Figs, la, lb; 

p fs+y ■ -"^OV> in the first the bar is acted on by » 

' ' r v ' pair of equal and opposite forces tend¬ 

ing to lengthen it, and in {he second 
to shorten it. The pairs ofsfbrces are 
called a Full and a Thrust respectively, 
while the bars subjected to their action arc called Tics and Struts 
respectively. Between a pull and a thrust there is no statical^lifferetjce 
but that of sign ; the constructive difference, hbwever, between a'tie 
and a strut is great. The first may theoretically be a rope or chain, 

' and the second may be made up of pieces simply butting against one 
another without fastening, while a rigid bar will serve either piir|K>se, 
though its powers of resistance are generally entirely different in the 
two cases. • * 

It often, happens that it is unknown whether a liar he a strict or a 
tie, and the pair of forces are then called a sTftK.ss on the bar. This 
^worjl “stress” was introduced by Kankine to denote the mutual action 
between any two bodies, or parts of a body, ami here means, in the 
first instance, the mutual action between the parts of the frame united 
by the bar wo are considering. If, however, we imagine the bar cut 
into two parts, A and ll, by any transverse section, as shown in Figs, 
la, lb, those jiarts are. held together in the case of a pull, or thrust 
away from each other in the case of a thrust, by .internal lnolqmlur 
forces called into play at each point of the transverse section, and acting 
one way on A and the other way on //. As./ and 11 must both he 
in equilibrium, it is obvious that these internal forces must Jie exactly 
equal to the original forces, and thus it appears that the stress on tho 
liar may also lie regarded as the internal molecular action between 
any two parts into which it may he imagined to he divided. Stress 
regarded in this way. will bo fully considered in a subsequent division 
of this work; it will he hero sufficient to say that it* intensity is 
measured by dividing the total amount by the sectional area of the bar, 
and is limited to a certain amount, depending*pon tho nature of the 
material of which the Imr is constructed. 

It is further manifest front What has l>een said, tfyu the stress on a 
liar may likewise lie regarded as a mutual action bctweefyhe bar and 
either of the pins at its ends which ar£ pulled towards the middle of 
the bar in the case of a pull, or thrust away from it in the case of a 
thrust; each pin is thorefore acted on, in addition to any load which • 
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may be suspended from it, by furceB, the directions ^f which are the 
’lines joining the^entrgs of the pins, from which it follows at oitec 
that erf ri/ joint may lie reyarded ns n /mint kept in npiilibrinm by the lent, 
at Urnt joint and by Jarees of irhieli the bars of the frame are fie lines of 
%liplication. Tlfis principle enables tia to find the stress on each bar i*f 
a frame loaded ut the joints whenever such straw* can lie determined 
by statical considerations alone, without reference to* fhe wnaterial 
or roode'&f construction, that is to say, in all eases which properly 
belong to the present division of our work. , 

Forces sire measured in |iounds, or, when large, in tons of 2240 Ihs. 
They are often distributed over an area or along a line, and are then 
reeltonod per square foot or per “running" foot, the last expression 
being commonly abbreviated to “foot-run.*' * • 

The lu^-s need not be connected by simple pin joints as has been 
supposed %' clearness, provided that their centre lines if prolonged 
meet in a joint through which passes the line of action of the load on 
the joint. This point may be called the centre of the joint, and we 
may replace the actual joint by a simple pin, or, if the bars ure not in 
one piano, by a ball and socket which has the same centre. We shall 
return to this hereafter, but now pass on to consider various kinds of* 
frames, commencing with the simplest. 


Skit ION 1. - TlllANUl'l.tlt FltAMKS. 

« 

2. I tin mam of b'orer* for a Simple Triani/alar Frame. -The simplest 
kiniM' frame is a* triangle. 

Il»Fig. 2a, JCII is such a triangle; it is supported at AII so that 
AH is horizontal, and loaded at (' with a height IF. Then evidently 
the effect of the weight is J.o compress AC, HC, and to stretch AH, 
which is conveniently indicated by drawing AC, HC in double lines, 
and All in a single line. Also the weight produces certain vertical 
• pressures on the supports .7, //, which w ill be balanced by corresponding 
reactions /’ and (J. , 

To find the magnitude of the thrust on AC, He, the pull on AH, and 
the reactions, the diagram of forces Fig. 2b is drawn; ah is a vertical 
line.represifnlin^ IF on any convenient scale, while a0, b() arc lines 
drawn through i», 4 respectively, parallel^ to AC, HC to meet in 0, and 
finally On is rjrawn parallel to A H, or, what is the same thing, perpen¬ 
dicular to Ah. Now, applying the fundamental principle laid down 
abdt'e, we observe that C is a point kopt in equiflbrium by three forces, 
the load at C‘, namely IF, the thrust of AC which we will call S, and the 
thrust of BC which we will call It. In the second figure the triangle 
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Oah has its sid^s parallel to these forces, and hence it follows that Oa,^ 
Ob represents S, It on the samo scale that ah repreaeifts IV ., Again, A is, 
. a point kept in equilibrium by three forces, the thrust of AC, the pull 
of the tie AH, which we 'will call //, and the upward reaction /' of the 
support A. But referring to the figure 2h, On, an' are respectively 
parallel to the two last forces, so that, hy the triangle of forces, they 
represent H, P on the same scalo that Oa represents S. • The same 
reasoning applies to the point JJ, and therefore Im represents the other 
supjiorting force Q,, as is also obvious from the consideration that 
P + Q tV. We thus sue that all the forces acting upon andiwithin the 
triangular frame A CIS arc represented hy corresponding lines in Fill'll, 



which is thence called the, “diagram of forces'’ for the triangular frame. 
Such a diagram can he drawn for any frame, however complicated, and 
its construction to scale is the best method of actually determining the 
stresses on the several parts of the frame. 

Thu force II requires special notice : it is ralled.the “ thrust the 
frame. In the present ease the thrust is taken by the tension of the 
third side of the triangle, Rut this may be omitted, and the supports A 
and II must then be solid and stable abutments capable of resisting it 
horizontal force II. In many structures shell a horizontal thrust exists; 
and its amount and the mode of providing against it aro among the 
first things to be considered in designing the structure. Besides the 
graphical representation just given, which enables us to obtain the* 
thrust of a triangular frame by constructing a simple diagram, it may 
also be calculated by a formula which is often convenient. Let AC be 
denoted hy b and HV by it, as is usual in wojjks on trigonometry, and 
let' AX, HX their projections on AH be called />', asrl let the height 
of the triangle be A and'its span /, then by similar triangles, 

P an VX h 

ir on~AS~ir 

Q lm_CXJ 

irbn ® if 
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Therefore, by addition, 


II ah /1 1 \ 

It Ou (y/ + <i\) 


or II- II 


.n'li' 

lh ’ 


In practical <fuestions it often happens that h\ 1/ are known by the 
nature of the <|Uostii»n, whence It is readily determined* ’Ijlto case 
whoti the*load bisects the span may be socially noticed: then 
o'1! # \l and 

\Vl*eu tile height of tin: frame is small compared with the span, tliis 
calculation is to be preferred to the diagram, which cannot. Wien be # 
constructed with sntlicient accuracy. 

1’hc simple frame here, considered may be inverted, in which case the 
diagram ojj forces and the numerical results are unaltered, the only 
change being tbatTtlio two struts have become ties and the tie a strut. 

• 

3. Triangular Tntf.<es .—Triangular frames are common in practiey, 
awhile rest, of this section will be devoted to some of the commonest, 
forms in which they appear. 

J'’ig. ;ta shows a simple triangular truss •consisting of a beam, AH, 
aup|>orted by a strut at the centre, the lower extremity of which is 
carried bv tie roads, .11', H 1 '. attached to the ends of the beam. If 
now a weight, IT. be placed at p 3a * 

the ■Centre, immediately over * ... 

the utrot, it docs not bend the **" 
beam (sensibly) as it would do • 

if there gerc no strut, but is 
transmitted by the strut to the 
joint C, so that the truss is 
, equivalent to the simple tri 
angular frame of the last article. 

This, however, supposes that 
the strut has exactly the proper * i»***i+***» 
length to prevent any lending of the beam; if it he too short or too 
long the loail%n > the frame will be less or greater than IT, a point 
which will lie further,considered presently. It should lie noticed that 
D is not ftefcssarily at the centre. * 

fig.* 3b shows the same construction inverted* Cl> is a tie by which 
D is suspended from C-, w'c will suppose this rod to pass through All 
' and a nut applied below, by means of which D may be raised or lowered. 
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Let AB now be uniformly loaded ujth a given weight, then the bending^ 
of ^5 is resisted by CD, vfhich supports it and carries a^part of the * 
load, which may be'made greater or less by turning the nut. If, how¬ 
ever, we imagine AB, instead of being continuous through D i to be 
jointed at L), then the tie CD necessarily carries half the weight of A IP 
and half the weight ,of BD, that is to say, half the whole load, whatever 
bo its exacts length. This simple example illustrates very well the 
most important difference between a truss and a mathematildl frame ; 
namely, that in the truss one or more of the bars is very often erfn- 
tirinous through a joint. Such cases can only be dealt wil^i on the 
principles of the present division of our work, by making the supposition 
that the bar in'question, instead of being continuous, is jointed like 
the rest The error of such a supposition will be considered hereafter; 
it is sufficient now to say that in order that it may he exact in the 
particular ease we are considering, the nut must he somewhat slackened 
nut so that D may he below the straight line AB, and that being 
dependent on accuracy of construction, temperature, imd other varying 
circumstances, such errors cannot he precisely stated, hut must he 
allowed for in designing the structure by the use of a factor of safety. 
The supposition is one which is usual in practical calculations, grid 
will he made throughout this division of our work. 

The foregoing is one of the simplest cases where, as is very eomnnjn 
in practice, the liars of the frame are loaded and not the joints alone. 
When such bars are horizontal and uniformly loaded, the effect is 
evidently the same as if half the load on each division of the loaded 
har wore carried at each of the joints through which it passes. 4fhis 
is also true if the loaded bars lie not horizontal, hut the question (hen 
requires a much more lull*discussion, which is reserved lor a later 
chapter (see t.'h. IV.). , 

When one of the joints of the loaded har is a point of support, like 
*A in Fig. ft, the supporting force is due partly to the half weight of 
one or more divisions of the loaded har, and partly to the downward 
pull or thrust of other bars meeting there: the first of these causes 
does not affect the stress on the different parts of the truss, and the 
calculations arc therefore made without any regard to it. The 
explanations given in this article should be carefully cot&idcred, as 
they apply to many of the examples subsequently gt#hn. 

The triangular truss m both the forms given pi this article' is 
frequently 'employed in roofs and bridges of small span, , ai well as 
for other purposes. , * • 

4. (.'mins.—The arrangements adopted for raising and moving 
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weight* furnish many interesting examples of triangular frame*. Fig. 4a 
shows one ^f theSbrms t of the common crane, a machine the essential 
members of which are the jib, 

Alt', supported by a stay, CE, 

Attached to the crane-post, 

HE, which.-.*is vertical. In 
cranes proper this third mem¬ 
ber rotates, carrying liC and 
CE with it, but in the sailors' 
derrick t fixed mast plays 
the part of a cranc-])ost and 
the stay, CE, is a lashing of rope frcipicntly capable of being 
lengthened and shortened by suitable tackle, so as to raise and lowei^ 
the jib, motion very common in cranes and hence called ir derrick 
motion, 'IJlo weight is generally also capable of being raised and 
lowered ijjrectly by blocks and tackle, but for the present will be 
sup|H)sed directly suspended from ('. 

Thi#diagram of forces now assumes the form shown in*Fig. 4b, in 
which the lettering is the name a.< in Fig. -b. page 4, the only difference 
in Hie diagrams being that in the present 
case which is now a tie, is divided 
iitto two parts, .IE and EC, inclined at 
an angle. The stress on .IE is therefore 
not the same as on EC. but is got by 
drawing a third line, On', parallel to .IE. 

Th^perpendictilaf On gives us in this 
instance not only the stress on .11! and 
the horizontal thrust of CH at H, hut 
also the horizontal pull o f i'E at E we may call this H as before. 
There is an upsetting moment on the structure as a whole which is 
eiptal to the product of the weight IE by its horizontal distance 
from H (often called the radius of the crane) and also to the force 
//, multiplied by the length of the crane jiost, HE. Otto principal 
difference between different types of cranes lies in the way in which 
this upsetting moment is provided against. 

V*.) In flflrtablc craffes, such as shown in Fig. 4a, there is a horizontal 
platform, AH, supported by a stay, AE, and carrying a counterbalance 
weight, P, iptneymes capable of being moved in and out so as to 
provide fo* different loads. # Thc right magnitude of counterbalance 
wISght and the pull on the stay, AE, are sh*wn by the diagram, P 
corresponding to the supporting foree at A in the previous case. 

(B.) In the nit crane, the nost is nrolomred below into a well and the 
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lower end revolves in a footstep, the upper bearing being immediately 
below B. In this instance the post has to 1 j£ madfc strong enough ‘ 
,to resist a bending'action at B, equal to the upsetting moment, and 
the hearings ha'vo to resist a horizontal force equal to 11 multiplied •. 
by the ratio of the length of the crane-post, HE, to that of its* 
prolongation below ithe ground. * 

(y.) The upper end of the crane post .may revolvo in a headpiece, 
which is supported by a |air of stays anchored to fixed poftits in the 
ground. The uprighfynast of a derrick frequently requiring support in 
the samo way, this arrangement is known as a derrick crane. It is 

shown in Fig. 5, El>, ED' bei*g 
the star's. To find the stress on 
the stays it is necessary to pro¬ 
long the vertical plane,•through 
EC, to intersect the, line l)U, 
joining the feet of th^ stays in 
the point .7, and "imagine the two 
stays, ED, El>' replaced *hy a 
single stay, EA : then a diagram 
of forces, drawn as in the previous 
caso, determine A", the pull on this stay. But it is clear that A' must 
be the resultant pull on tint two original stays, and may he considerad 
ns a force upplied at E in the direction of AE to the simple triangular 
frame BED'. A socond diagram of forces therefore will determine 
the pull on each stay, just as in the next following case. 



6. Sheer Leg* ami Tri/uxls. Instead of employing an upright ^ost 
to give the necessary lateralVtability to the triangle, one of its members 

ntjjy be separated (into two. 
Thus in moving very heavy 
weights sheer legs are used, 
the name being said to be de¬ 
rived from their resemblance 
to a gigantic pair of scissors 
(shears) partly opened and 
standing on their*{toints. , In 
Fig. 6, C1) H Off are spars, or 
tubular .struts, often of gr&at 
length, resting on the ground at DU iyid united at C, so‘as to be 
capable of turning together about DU us an axis. The load is earrfbd 
at C and the legs are supported by a stay, CA, which is sometimes 
replaced by a rope and tackle, capablo of being lengthened or shortened 
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so as to raise or lower the sheers. Drawing AH to Jlie middle j«>int 
of DO', the pair^tf le>j> are to he imagined replaced by a single (me, 
CB, then the diagram of forces may he constructed just as in Fig. tb,, 
and w# shall obtain the tension of the rope*.'' and the result!!nt thrust 
*on the pair of Ibgs It. Now draw the triangle CDD', as in Fig. 7 a. and 
imagine.it 1 haded at f with a weight, 

It, then drawing the diagram of forces, 

Fig. 7b, H'o get It' the thrust on each 
leg. The horizontal force, //', in this 
second diagram represents the tend¬ 
ency of the feet of the legs to spread 
outwards laterally, while the force 
II of the original diagram represents 
their teqflency to move inwards per 
pendieularjo HD'. In some cases the 
guy rope jnd tackle, DA. arc replaced by a third leg called the back 
leg, and the she’ers are then raised and lowered by moving A by a 
large •crew ; the force II is then also the force to be overcome in 
turning the screw. • 

Instead of having only two legs, as in sheers, we may have three# 
forming a tripod. This arrangement is frequently used to obtain a 
fked ]H>int of attachment for the tackle required to raise a weight, and 
is sometimes called a “gin," or as military engineers prefer to s|»ell the 
word, a “gyn," The thrust on each leg and the tendency of the legs 
to move outwards can be obtained by a process so similar to that in 
thc^receding examples that we need not. further consider it. 

• 

6. Egeti »f the Tendon of the ('hunt in'Cron/*.- In most auto* the 
load is nc# simply suspended from fas has been hitherto supposed, but 
is carried by a chain passing over pulloys and led to a chain barrel, 
generally placed, somewhere on the crane-post. The tension of the 
chain in this ease is 1C In, where n is a number dc|iending on the 
nature of the tackle, and this tension is to bo considered as an addi¬ 
tional 4brce applied at C to bo compounded with the load 1C, the effect 
of which has been previously considered. Fig. K shows the form the 
djagram offerees assumes in this case. Drawing ha as before to repre¬ 
sent IV, and a %parallel to the direction in vyhich the chain is led off 
fro*m the pujjey a£ Cjm d equal to the tension IC/n, the third side of 
the trianfli* ha’, must bo th^ resultant force at C due to both forces, 
wffenee drawing a’O parallel to the stay and !/0*paraUel to the jib, and 
reasoning as before as to the equilibrium of the forces at f, we see that 
these lines must be the tension of the stay and the thrust on the jib. 
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The effect of the, tension of the chain is generally to diminish the pull 
on Ibe stay and increase the thrust on the jib, stynetinffes very consider¬ 
ably, as for example ‘in certain older typcs.of crane still used for light 
loads und£r the name of “whip” cranes. In these cranes the .chain 
passes over a single fixed pulley at the end of the jib, alid is attached ' 

directly to the weight, sothaf thcAcnsion 
of the chain is equal to the weight. The 
other end of the chain is led oft along a 
horizontal stay to a wheel and axle at 
the top of the crane-post, a ch#in from 
the wheel of whiclj passes to a windlass 
below. This arrangement, the double 
windlass of which facilitates changes in 
the lifting power corresponding to the load to be raised, is a develop¬ 
ment of the,primitive machine in which the wheel was a tyead wheel 
worked by men or animal power. In this case the pull on ijie stay is 
diminished by the whole weight lifted, and is thus reduced very much. 
Whore a crane has to be constructed of timber only, this is a eoflhider- 
able advantage, from the difficulty of making a strong tension joint in 
this Inaterial. 



• K\AM t'l.i-x t 

1. The kIo|R‘m of n simple triangular roof trims are eneh 30”. Kind the thiust of the 
roof and the stress on each i after when loaded with ioO I ha. at the apex. 

, Thrust of roof 2UP5 lbs. 

Stress on rafters -250 ,, 

2. A heap! 15 feet long is trussed with iion tension rods, forming a simple triaagpRlur 

truss 2 feet deep. Kind the stress on each part of the frame when loaded with 2 tons in 
the middle. ^ * 

Thrust on strut 2 tons. 

Pull on tension rods-o’SK ,, 

Thrustmi lieam 375 ,, 

3. The platform of a foot bridge is 20’feet, spun, and fi feet broad, and carries a load of 
100 lbs. per sip ft of platform. It is supported by a pair of triangular trusses each 3 feet 
deeji, one tm each side of the biidge. Kind the stress on each j*art of one of the trusses. 

The whole load of 12,000 lbs rents equally on the two trusses, there is therefore 
0000 lbs. distributeil uniformly along the horizontal boani of each truss 
Thrust on strut -3,000 lhs. 

Tension of tie roils -5,220 ,, 

Thrust-on horizontal beam-"5.000 * 

• • c 

4. Tlio slopes of a simple triangular roof truss are 30° and 4*7’ auJIVpan 10 ft. The 
rafter* are spoofed 24 feet apart along the length of tho wall, nVd the weight of the 
roofing material is 20 lbs. |>er mj. ft. Find by graphical construction th* thrust of tho 
roof. 

Each rafter carries a »trii%of roof 24 feet wide, the loail on rafter—50 11 ns, per flot 
length of laftei. Find the lengths by construction or otherwise. The virtual load at 
apex— 4 weight on the two rafters-311 llis. 

Thrust of roof--188 Iba. 
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S. Tlie jih ACot ft ten-ton mm in incline,I »l 4.V t„ the vertiml. .ml the teuton rod 
• Hi. at an angle of 6% Kind the thrust of the jib. and the jntll of ftr tie rod when fully 
loaded, the tension of the cfllun heiug negleen-d. It a U, k „ Wv UU be addi il iuelined 
«t 45°, and attached to the end of a horizontal strut .4/(, find tin- coimt.rlml.uco weight 
roquir^l »t D to lialatice the load on the cr.n-, und find nl»„ the’t. u.hnf of the hack 
• utajr. 

Thrust on jih A < ’ 33 *» tons 

Tension of tie tod 'SI „ * 

Counterlialanco weight-' 23 .*» 

Tension of buck stay 33'.'i 

(>. A pair of sheer legs are 10 feet high when standing upright, the lower extremities 
rest on the ground 20 feet sjiart, the legs stnml 12 fret out M the pirpeitdiciiliir. snd mt 
MU]>ported#>y a guy rope attached t<» a point 00 feet distant from the middle point of the 
f«>t. Find the thrust on each leg, and the tension of the guv t.»pe under a haul of 30 
tofls. 


Thrust oil each leg 10 *« tons. 

Tension of guy rojie . 12'S ,, 

7- In e^gmple the tension of the chain is half the loud, and the chain laurel is so 
placed that the chain Insects the crane ]a»st A II Find the fattens on the jih ami tie rod. 
Thrust of jih 30 tons, 

• # I‘ulI of tie toil 23 ,, 

In a detrick crane the projections of the stars on the ground formal right-angled 
triiuigl# each of the equal sides of which is equal to the eruiio-|*o*t. The jih in inclined 
at 45“ ami the stay at IK)' to the vertical. Kind the stress mi ail the putts (1) when the 
plane of the jih bisects the angh between the stays; (2) when it. is moved tlyougl^ 
!Heroin its tit at jHiMtion l«oad 3 tons. 

.1 n.fir»/•- raw I. Full on each star 7*1 tons. 

9 rase 2 Full on tlnu-tmii otliei 7 1 ,, 

!l. A load of 7 tons is suspended from a tripod, the legs of whieli are of equal length 
and inclined at (10 to the luni/.ontal. Find the tin list on each leg. If the haul lie 
removed ami a horizontal force of tons he applied at the summit of the tripod yt such 
a wav as to produce the greatest possible tlnuat on one leg. find that tin list and detet- 
min^iic stress on theatther two legs. 

AnutCfr. —Case 1. Tinust on each leg 2‘7 tons. 

Case 2. Thrust on otic leg (»‘7 ,, 

Full on each of the other* 3^ „ 


Skctjon II. In«'omim.kth Fkamkk. 

7. 1'ietimiiuin/ Uniruls. .A frame may lmvc jnsl enough liars am) no 

move to enable it to preserve, its shape under all eiremnstanees, or the 
number of bars may be immllieient. or there may be redundant lairs. 
The distinction between these three elaascs of frames is very inijuirtant: 
in the first the structure will support any load consistent with strength, 
antj the stfdbs on each liar hears a certain definite relation to the Jnad, 
so that it can%e calculated without any reference to the material or 
mdde of construction ; in the second, the frame assumes different forms 
according ts the distribution jf the load, but the stress on each bar can 
stlB lfe calculated by reference to statical considerations alone; in the 
third, where the frame has redundant liars, the stress on some or all of 
the bars depends on the relative yielding of the several bars of the 
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frame. It is to ^ho second class, which may be called “ incomplete ” 
frames, that the present section will be devoted. , * t 

, In incomplete frames the structure changes its form for every distri¬ 
bution of fne load, and, strictly speaking, therefore, such constructions 
cannot be employed in practice, because the distrilration'of the load is 
always variably to a greater or less extent. But when the greater [tart 
of the loud isvlistributed in some definite way the princiftal part of the 
structure may consist of an incomplete frame, designed for file parti¬ 
cular distribution in question, and subsequent moderate variations of 
distribution may he provided for either by stiffening the joints or by 
subsidiary bracing. Such cases arc common in practice, and investig% 
tions relating to incomplete frames arc therefore of much importance. 

i « 

8. Simple- Trnjii .tiiilal or Qiii-en Truss.- We will first consider a frame 
which is composed of four bars. The most common case is* that in 



which of the bars arc horizontal and the other two equal to ong 
another, thus forming a trapezoid. The structure is called a Iriipeiniilal 
frame. 

It is suitable for carrying weights applied at the joints I'll, either 
directly or by transmission through vertical suspending rods fronwahe 
beam All. From the symmetry of the figure it is evidently necessity 
for stability that the loads itc (! and I> should be equal. This fact will 
also ap[>ear from the investigation. Consider first the joint C,»and draw 
tho triangle of forces, Hun, for that [mint ; an being taken to represent 
W, aO will represent the thrust on AC and On that along CI>. The 
triangle 0I» i will represent the forces at the joint I), Ob representing the 
thrust of 1W : hi will represent the load at D, and fiom the symmetry 
of tho figure must equal an, and hence weight at D must for qquilib- 
rium equal that at C. Now let us proceed to joint A, where there are 
also three forces acting, one along AC is now Known and'Aqiresenfed 
by aO, thus On will represent the tension of AB, qpdflbt will he the 
necessary supporting force at A equal to W, gp mjght Jie expected. 
The tension of AB is equal to the thrust jut CD. We obsesvi that the 
diagram of forces is th^same as that of a triangular frame, carrying ffF 
at the vertex and of span equal to the difference between AB and CD. 

Trapezoidal frames are employed in practice for various pur[K>ses. 
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(u.) A beam, All (Fig. 10a), loaded throughout its length may be 
strengthened b^ suspending pieces, (7.V, DM, transmitting a part of the 
weight to the arch of bars, AC, CD, HD, an arrangement eotmnon in 
smal] bridges. • 



(ji .) As a truss for roofs, in which case there will l>e a direct load at 
<7 and D due to the.weight of the rooting material, while vertical mem¬ 
bers serve partly as suspending rods by which part of the weight ol tie 
beam and ceiling (if any) is transmitted to Cl>, and partly to Amble the 
structiwe to resist distortion under an unequal load. When made of 
wood, thifis the old form of roof called by carpenters a “ (,'ueen Truss, 
CX, DM, being tbe “queen |sisls "(see Section 111. of this chapter). 
This name is constantly used for all forms ol t rajie/aiida) truss erect or 
inverted which include the vertical '■ queens. 

(7.) Not less eotmnon is the inverted form, Fig. I Ob, applied to the 
litams earrving a traversing crane, the cross girders which rest On (life 
main girders of a railway bridge and carry the roadway, and many 
other purposes. The bars AC, CD, HD afe now iron tie rods. In this 
ease also if the two halves of the beam are unequally loaded there will 
be a tendency to distortion, to resist, which completely, diagonal-braces, 
CM, DX, must be provided, as shown in the figure by dotted linos. 
Kiffli diagonal bitrs occur continually in framework, and their function 
wl« lie fully considered in the next chapter. Hut in the present ease 
they arc quite as often omitted, the lieav 1 ? hail ol the heatu then bends 
downwirtds and tbe light lmlf bends upwards (see Mx. 4, p. H7), but the 
resistance of the heam to hending is fouml to give suflieient stiffness. 

9. OenernI cute <4" I'tiniinUi • Hohi'juu »win c Vnti'uI Ermiqik 

of Mnnsaril fo/.-Wc next take a general wise. In Fig. 11a, 0 I 1! .'i 
... (1«8 a rope or chain attached to fixed jsiints at its ends and loaded 
with weights, H r t II'.,..., suspended from the points 1, 2, etc. The figure 
shows 5 lights, huff there may be any numlicr. The rojsi hangs in a 
polygon, thelbrpi of which depends on the proportions lietwcen tho 
heights, jj; is «ftctj called a “funicular polygon” and possesses very 
important*properties. Wo^hall find it convenient to distinguish the 
Ales of this polygon by letters «, /-, c, etc. Mfe are about to determine 
the proportions between the weights when the rope hangs in a given 
form, and, conversely, the form of the rope when the weights are given. 
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In Fig. lib draw ah vertical to represent W"',, the load suspended at the 
angle of the polygon where the sides a and b meet, then draw aO, bO 
parallel to a, b respectively to meet in 0, thus forming a triangle Oab, 
which we> distinguish by the number 1, which represents the forces 



acting on the point I, so that the tensions of the sides n, b are thus 
■ letctnnincd. Now draw Or parallel to the side c to meet the vertical in 
r; we thus obtain a triangle distinguished by the number 2, which 
represents the forces acting* at that point, and as Ob is already kiiowei 
to bo the tension of b it follows that be must be the weight //’„ and Oc 
the tension ot the side <’■ Proceeding in this way we get as many 
triangles ns there arc weights, and the sides of these trianglos must 
represent the weights and the tensions of the parts ot*the rope tot^fich 
they are respectively parallel. Thus, if the form of the rope is known 
and one of the weights, all the rest can be determined. Conversely, to 
find the form of the funicular polygon whipi the weights ar# given in 
magnitude and lino ot action, we have only to set downwards on a 
vertical line tho weights in succession and jpin the points n b..., which 
will now bo known, to any given point 0, then the funicular polygon 
must have its angles on the linos of action of the weights and its sides 
parallel to the radiating lines On, Ob, Or, etc., so that the sides win be 
drawn in succession, starting from any point we please. 

In the diagram of forces, Fig. lib, if ON hi drawn hfifozontal.to 
meet the vertical n, b, r... # in X, this line must rcprestmtfthe horizontal 
tension of the rope. , , ( ' 

The rope »uv be replaced bv a chain Gubars which may be inverted, 
thus forming an arch rating on fixed points of support, the diagram V 
forces will bo unaltered, and ON will represent the thrust of the arch. 
Ae an elementary example of an arch of bars we will consider a truss 

• 4> 
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used for supporting a roof of double slope called a Mansard roof. Wo 
will take the usual case in which the truss is symmetrical about,the 
centre. Suppose it isloaded at the joints. There? is one projwtion of 
load which the truss is able to curry without any bracing hars being added. 

From symmetry the weights at 2 and 2' (see Fig. 12a) must lie equjd. 
To find the portion between the weights at 1, <jnd at 2 2', together 
with the gtresses on the bars of the frame, in Fig. 12b set down mi' to 
represents If' at 1, and draw »() and a'O |iarallel to it and a, the thrusts 
along these bars will be determined. Then, considering the equilibrium 
of eithej 2 or 2', say 2, one of the three forces acting at the joint, 

tyimely nO, along the barn being known, the other two forces may be 

• • 



determined by drawing <tb and Oh parallel to them, An parallel to 
and Oh to the bar h. If US' be drawn horizontally it will give the 
amount of the horizontal thrust of the roof or the tension of a tie bar 
3 3'^f there is suclt a lair. If the proportion of If’., to IV I is greater 
tha#ui to ««’ the structure will give way by eollapsing, 2 and 2' coming 
together; and if the proportion is less, the structure will give way by 2 
and 2' miffing outwards and 1 falling down between. In practice it is 
impossible to secure the necessary projiortion of loads, on account of 
variation of wind pressure and other forces, and therefore stiffening of 
some kind is always needed. If bracing bars lie placed as shown by the 
dotted lines 2 3', 2' 3, 2 2', the structure will stand whatever be the pro¬ 
portion between the loads. The truss may lie partially braced by the 
horizontal bar 2 2' only. Then the proportion between the loads //•', 
and may* be anything we please, but the loads at 2 and 2' must bo 
equal, at least Theoretically, but in practice the stiffness of the joints 
wilt generally be sufficient for stability, especially if vertical pieces lio 
added connoting these pointmto the tie beam as in a queen truss. 

10. Suspension Chains. Arches. Bowstring Girders. — We now go on 
’to consider another important example, in which the number of bars 
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imposing the frame is very much increased, as found in the common 
suspension bridge. * 

( Let AB (Fig. l.bt) be the platform of a bridge of some considerable 
span, whwh huh little strength to resist bending. Suppose it divided 
ipto a'numher of equal parts, an odd number for convenience, say nine; 
and each point suspended by a vertical rod from a chain of" burg secured 
at the tjiid ,to fixed points, 0 and E, in a horizontal line. In the 
figure only half the structure is shown. Suppose the platform loaded 
with a uniformly distributed weight; we reiptire to know the stress on 



rfeaelr bar and the form on which the chain will hang. Equal weights 
on each division of the platform will produce equal tensions in the 
vertical suspending rods, and if we neglect the dill'crcnccs of weight of 
the rods and hats themselves, (ho load at each joint of the chain of bars 
will he the same. (Comp. Art. 11.) Lot //'= load at each joint. 
Now* the centre link A’A", since there is an odd number and the chain 
is symmetrical, will be horizontal. Let us considen the equilibrium of 
the half chain between C and I). The four weights, //', hanging at 
A', L, M, A’, are sustained in equilibrium by the tension of the bars 
KK' and NIK 4 

The resultant of the four //'s will act at the middle of the third 
division front tho left end, and since this resultant load together with 
the tensions of tho middle and extreme links maintain the half chain in 
equilibrium, the three forces must meet in a point, the point Z shown 
in the figure. Thus tho direction of the extreme link OX piny be 
drawn. The direction and position of the other links may be found 
also. Considering tho portion of the chain A'C'carrying thveo weights, 
the resultant of which is in the line through /., the li|A XU must he 
in such a direction as to [mss' through the point where this resultant 
cuts KK' produced. Having drawn AM/, ML may be»d.-awn in a 
similar way, and thci xLK. Returning to the consideration of the^udf 
• chain, the three forces which keep it in equilibrium may lie represented 
by the three sides of a triangle. Set down an (Fig. 13b) to represent 
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ilV and draw aO and parallel to /I/and ZC; a0 wjjl be the tension 
•m 1)S and^nO oSKK'. % Jf«» 1* divided into i equal puts, and *he 
points b, e, <1 joined to (>, the*e lines will represent the tensions of. 
links -VI/, ML, and LK. ft may be easily* shown that theT will be 
parallel to those links. \\ e see that, the tension increases as we |wm 
from linlj t<i link, from the centre to the ends. . 

In many. cases in practice, the number of vertical standing rods 
ami links hi the chain is very great. We may then, in what follows, 
without sensible error, regard the chain as fbriniqfc a continuous curve. 



In such a case, ('.the lowest jxiint of the chain (Fig. Ha), is over the 
middle of the platform. The tangent at ('. which is horizontal, will 
meet tife tangent to the chain at IK in a point Z. 
which will be over the middle of the half platform, 
for (fiat will be a point in the line of action of the 
resultant load on the half'clmin We can now draw 
a ttianglc of forces niifl, for the half chain as before ; 

On will represent the tension of the chain at the 
lowest |ioint, or the horizontal component of the 
ten sum of the chain at any point We can easily 
obtain a convenient expression for this horizontal 
tensile) thus;—Let 1 - span of the bridge, and 
-- load per foot-run. Then hr! , weight on the half chain 
sented by an, Let // • hori/Suital tension, then 



repre 


II On 

hi t mi' 

But if we drop a perpendicular from I> to cut the horizontal tangent 
in a pojpt V (not shown in the figure), UV will be the dip of the 
chain </, and comparing the triangles UVZ, aOn, 

Vn VZ \l II 
an t)V J A "'I ’ 

whiA, since wl - total load on chain, may fie writfim 
• 11 = * load on chain 
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This is the samj as the horizontal thrust of a triangular frame of the 
Mine height which carries a uniformly distributed 'load of the same • 
, intensity. • * 

Haring found the magnitude of the horizontal tension of the chain 
lre eah calculate the tension at I), the highest point of the chain. Let 
8 be this greatest tension, represented in the diagram of "forces by aO, 
then since if/ - an + n(f 

The tension at any point I' of the chain muy be found by drawing from 
0 a line up parallel to the tangent to the chain at V. It will cut «»kin 
a point p such that up ■. iui :: length of platform below I'd : J s[>an. 

Since Op .= up + On' 


Tension at /* - 


!(»P 

V \ na li / 


■f Hi 


The loaded platform, instead of being suspended, from the chain of 
bars, may. rest by means of struts on an arch of bars as in the figure. 

o 



lu this case all the bars will be in compression instead of tension, as in 
the previous case. If the form of the arch is similar to that itTwhich 
the chain hung, it will have no tendency to change its form uudCr the 
load. There will be simple thrust of varying amount at different parts 
of the arch. The horizontal thrust at the top of the arch'is given by 
the same expression as for the horizontal tension qf the chain, and the 
thrust of any liar of the arch may be determined in a manner similar to 
that for finding the tension of any link of a chain. Wo shall show 
presently that the proper form of the arch and chain under a uniform 
load is a jiarabola. Hence, the structure just described is called a Para¬ 
bolic Arch. In iron bridges the platform is not unfretpiently carried 
by a number of ribs placed side by side. Each rib is approximately 
parabolic in form, usually of I seetion, of depths frorfi^th to ^th the 
span at the crown, increasing somewhat towards the abutments. The 
roadway is supported sometimes by simple vertical struts, is in the ideal 
ease just considered, sometimes by spandrils of more complex firm, 
chiefly for the sake of appearance. When uniformly loaded, the stress on 
the ribs is nearly as found above: for resistance to variations in the load 
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reliance is placed on die resistance to bending of th| ribs and pint 
^orm. The case aif a stone or brick arch is far more complex, and 
is not considered here. ’ 


There is yet another very common structure designed on the same 
principles. In Shis the platform, instead of resting on an arch Below, 
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it, ft suspended from tin arch uIkivo it. In this case the thrust of the 
arch is taken by the platform, which serves as a tie. just as thcBstring • 
ties together the ends of a bow. Hence it is called a lloirstrimj Girder. 
In this cnee, a* in the others, the loading proper to the parabolic form 
is uniformly distributed, and any variation of the loading will tend to 
distort the fiow. The structure may, however, he enabled to sustain a 
varyingjoad by the addition of bracing bars as shown hv the diagonal 
lines. When the bridgo is heavily loaded it will almost always happen 
that,the greater part of the weight is uniformly distributed, and*is 
sustained by simple thrust of the arch, so that the bracing is only a 
subsidiary part of the structure. • 


11. Suspension Chains (eimtiinwJ). Boushinii Suspension Girder .—In 
describing the supensiuu bridge we, spoke of the chain as being secured 
at the-ajnds to fixed points. In practice the securing of the ends is 
effect^! thus. The chain is led to the top of a pier of cast-iron or 
masonry, and instead of being simply attached to the top of the pier, 
and thus producing an enormous tendency to overturn the pier, the 
chain is secured to a saddle which rests on rollers on the top of the 
pier, and on the other side the chain is prolonged to the ground, passes 
'through a tunnel for somo little distance, and is finally secured by 
means of anchors to a heavy block of masonry. By this arrangement 
the only,force acting on the pier is a purely vertical one, and a com¬ 
paratively slender pier will he sufficient to sustain it. It is not 
necessary thtt the tensidh of the chain should lie the same on each qjde 
of the pier, or tlfM. it should lie inclined at th^ same angle. What is 
necessary is that ttye horizontal component of the tension on each side 
should be rti* same. If an (Fjg. 14h, page 17) half weight on chain 
as before, and On ■> If, the 'horizontal tension (Vhieh may either be 
calculated from the formula just obtained, or found by construction), 
then aO will be the pull of the chain *V at the top of the pier. Then 
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considering thy equilibrium of the saddle, the pull of the chain Q on 
the short side and the upward reaction of thg pier^nay be found by* 
» completing the triangle of ibi ces a Or ; Or will be the pull on the anchor, 
and ur the total vertical [Treasure on the pier. , 

> In*connection with this description of the method* of securing thf) 
ends of the suspension chain, we may mention a form df structure in 
which ehe"alch and chain are combined, a good example of which 
occurs in the railway bridge at Saltash. The horizontal ^>ull of the 
chain is here balanced by the thrust of an arch, so that the combined 
effect is to produce simply a vertical pressure on the piers. The 
suspending rods are secured to the chains and prolonged to the such 
allow, so that a portion of the load is carried by the arch, producing a 
1 thrust' and a portion by the chain, causing a pull. To prevent any 
tendency to overturn the piers (this is ensured by means ,of saddles 
resting on rollers) the horizontal component of the thrusj, of tho areh 
must equal the horizontal component of the pull of the chain. The 
proportion between the loads on arch and chain vfill depend on the 
proportion between the rise of the arch and dip of the chafe*. 


then 

also 


If //', -load on arch, and II'., -load on chain, 
i/, rise of areh, and il. i dip of chain, 

n: t i irj ;r, ,/, 

1 8b, ~ 8,/‘. : U\ ,1., '' 

H\ + II'., total load on bridge : 


from which the stresses on the structure may lie determined. It is 
known as a Bowstring Suspension (order (pp. 12. *1). m 

We shall next show that, the form of the curve of a chain carrying a 
uniformly loaded platform is a parabola. Referring to Kig. 14a, let /' 
he any point in the chain, drop a perpendicular FA' to meet*the tangent 
at C, and bisect < '.V in K. Then A7‘ must he the direction of the [mil 
of the chain at F in order that the portion I’C may be kept in equi¬ 
librium. The triangle I’XK has its sides parallel to the three forces, 
which net on /'< and the sides are therefore proportional to the forces. 
Lot I’N - ,r so that the load hanging on FC - w.x, also let /W»= //. 


Tliyn 


II _ NK _},x 

trx l’N y ’ 


.. -H „ uf'- 

s-- y; or, since//»* s-j-i 
w 8 ir 

v 

/' 

tit ' 11 




»< 


therefore x i is proportional to y. 
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Now tho curve whose coordinate* have this rclatioiaone to another 
*is called a jjtiraMR. , • 

If the load, instead of being uniformly distributed yn u hori/ontal • 
plutforjn, were simply’ due to the weight of*the chain ilaelf*then the 
curve in which flu- chain would hang would deviate somewhat from the 
parabolas for in that case, since the slope iitcrease**as wo approach the 
piers, the load also, per horizontal foot, would increase at \fe approach 
the piers, causing the chain near the piers to sink ami become more 
rounded, and at the centre to rise and become more flattened. The 
curve in t#hich the chain hangs by its own weight is called the mtemiry. 
Iiisthc catenary, as in yhe paraliola, the tension increases as we approach 
the piers. This may lie taken account of by proportioning the section 
of the chain to the tension at the various points; this would tend still* 
more to make the weight of chain, per horizontal foot, increase as we 
approach lh% piers, and cause the chain to deviate still further from the 
parabolic hym. Such a curve is called a catenary of uniform strength. 

In an actual suspension bridge, where there is a uniformly loaded 
platform as well as a heavy chain, the true curve in which it hangs 
will lie somewhere between the parabola and the catenary ; but since 
in most eases the deviation from uniformity of the weight of chain is 
small compared with tin- load it carries, the deviation from the parabola 
is i*ul great. The error involved in assuming the curve to be parabolic 
is generally greatest in bridges of large span : in such cases a prelimi¬ 
nary calculation of approximate weights may be necessary so as tu,l>e 
able to apply the general process of article '.I. 


i:\a.w PI. ks. # 

!. A trajnvniib.l trios is III ft-.-l Hj.au an.I I f..‘l |.v|> ilia l.-ltfttli of tin- nj)|*.| Ian ia 
I. fact. Kind * 11 ' sirens un each jairlWvli.-n I <.... I... 1 with g tana nt each joint. 

Stress on shq.ioz l«ra - S'g tons. 

Iiori/ontal bars g o Iona 

* g. Tile platform of a Ionise. S feet broad an«l g7 feet ajain, ia loa.iial with IfSI joiun.la 
JH.r aquarc foot. It ia aupjairtcd on each ai-ie liy an Inverted .j 1 1 ". I trilaa placed Mow, 
tho queen ynata. each .‘t feet deep, dividing the a|atn into three equal portionn. l in.l the 
atreaa on each part. 

boat on eatyi^trtiaa -r half the whole loa.l on platform 10,200. 

J IS,g(JO .1,400 ia the haul at each of the two joints of one of (lie queen truaaes. • 
Tenaion of alopinf^iaja—17,074 Iba. , . 

Tdhsion and throat nj horizontal tiara- Iti.gOO 

It. The beiglfkW a Mantaril roof wl^ioii*. biacing ia 10 feet anil ajian 14 feet. The 
heightof the triangular upper |sirtion ia 4 feet ail.) ap&n 8 feet.* The load being 1 ton at 
the ridge, And the n cocas ary load at each intermediate joint and the threat of the roof, 
Bv the eonatrnction deacribed in the teat, load at each intermediate jointV J ton, and 

the threat of the roof=4 ton. 

a 
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4. If the roof in the la*t question be partly braced by a bar joining the intermediate 
jointe, find the stress on the bar when the load at each intermediate joint is 1 ton. 

Thrust on bar-I ton. 

5. The ItWl on the platform of a suspension bridge, 600 feet span, is £ ton per/oot-run, 
inclusive of chains and suspending rods. The dip is iHth the ipanc Find the greater 
and leAst tensions of one of the chains. 

heist tension -horizontal tension=243^ tons. 

* '* ' (Jreatest tension = 255 tons. . 

6 . The load on a simple parabolic arch, 200 feet span and 20 feet rise, is 360 tons, 
determine the thrust anc^greatest stress on the arch. 

Thrust -450 tons; greatest stress -4H4 tons. „ 

7. Tho rise of a bowstring bridge is 15 feet ami span 120 feet, find the thrust whemihe 
load on each girder is 2.000 lbs. per foot-run. 

1 Thrust 240,000 lbs. -107£ tons. 

8 . In example 5 tho ends of the chain are Attached to saddles resting jyi rollers on 
the tops of piers 50 feet high, and prolonged to reach the ground at points 50 feet distant 
from the bottom of the piers, where they ere anchored. Find tho load $n the piers and 
the pull on the anchors. 

, i\oad on the pier = 63"£ tons : 

l’ull on each anchor-344‘6 tons. 

0. A light suspension bridgo is to be constructed to carry n path 8 feet broad over a 
ohaiiuel 63 feet wide by mean* of 6 equidistant suspending rods, the dip to be 7 feet. 
Find t the lengths of the successive links of the chain Supposing a load of 1 cwt. per 
square foot of platform, find sectional areas of the links of the chain, allowing a 
stress of 4 tons per square inch. •- 

? of the whole load is carried by the chains and the remaining {lortion by the piers 
directly. Tension of each suspending rod-36 cwt. 


Links. 

T«*n*»i'>ns. Area*. 1 

lengths. 

(’entr», 

277*7 I 3 47 , 

y 

2nd, 

280* ■ 3*5 , 

y-08 


i • 


3rd, 

: 287 ' 3*6 

9*3 

4th, 

! 298• j 3*72 1 

9 66 


10.. Construct a parabolic arch, the thrust of which is half the total load. 

Span = four times the rise. o 

11. If a weight of a uniformly loaded platform be suspended from a chain by vertical 
rod*, show that the comer* of the funicular polygon lie on a parabola. 

e' 

Section 111— Compound Frames. 

* * 

12. Compound Triangular Frames for*Bridge Trusses .—By a compound 
frame is meant a frame formed from two or more simple fram& by 
uniting two or more bars. Many frames of common occurrence in 
practice may conveniently be considered as combinations of the simpler 



ch. i, art. la.] Framework loaded at the joints. 

example! already described. They are generally deal* with by use or 
what we may dll th«^ principle of superposition, which may be thus 
stated —The stress on any bur due to any total load h the algebraical him* 
of the itresses due to the several parts of the I,nut. * • 

We will nov» consider some examples of compound frames which 
are used, in bridge trusses. In these structures the object is to carry 
a distributed load by means of a comparatively slender beam. . A prop 
in the cetftre may still leave the halves too weak to carry the weight 
on them, and the beam mav he strengthened by Supporting it in more 
than onespoint. 

• (1) Suppose the beam supported bv a number of equidistant struts, 

the lower ends of which are carried by tension reals attached to the 
ends of the beam, we then have a structure called a BollwHtn trn wf 
There tqpy be any number of struts- ■>, :i. 4, or more; the structure 
has been ijfed for bridges of comparatively large span. If the actual 
load is distributed in some manner over the beam, we must first reduce 
the case to that eff a structure loaded at the joints only. T^o loads on 
the struts are due to the weights resting on the adjacent divisions of 
the beam, and may be determined by supposing the beam broken or 
jointed at the points where the struts arc applied. • *. 

Let us suppose the lx>atn has three divisions, and that the load oil 
tlje two struts are IV t and II'.,. • * 

These loads will lie transmitted 
down the struts to the apices 
(Fig. 17) A' and F , and will be 
independently supported, each 
by i|s own pair of tension rods. 

We may thus separately determine the streSs on each part of either of 
the elemeatary triangular frames, A Kit or AFH. AB will be in com¬ 
pression on account both of the load at E anil also at F. On account 
of IV j, using the formula previously obtained, the horizontal thrust 

H g = and on account of IV„ at F, fl r = 

•Tension of AE, T At —H,»ecEAB, T n - //,soc FBA j 
V* Af*soc EBC, T a ,~ i/,scc FAD. 

The actual t^isions of the sloping rods are simply as written,’but 
•in#® -dB is a part of both triangular frames,’the total thmst along it 
is found Sumrfting’the thrusts due to each -. so 

• * + « 

^This is an example of the principle of superposition stated above. 

(2) Suppose the beam which carries the distributed load to be 
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• 

supported by a t ccntral strut forming a simple triangular truss, and 
further let the halves of the beam, not being jtronjf enough to carry * 
,the load on them,* each be subdivided and trussed by a simple tri¬ 
angular tf usx, {he tensiorp rods from the bottom of the subdiyiding 
struts” proceeding only to the ends of caeh half beam. * If the quarter* 
spans are still too gyeut, they may each of them be trussed in [t similar 
way, an«J soon. Such a structure is called a Finch truss. 

Suppose, for example, we have three struts. (Fig. 18.) *We must 
first determine the lo^d at the joints—that is, in this case, the load on 
the struts due to the distributed load on the beam. Suppreji that on 
account of the weights on the adjacent subdivisions those loads use 
U\, ir %l , H\. If the load is uniformly distributed over the beam the 
•IP’s arc'oaeh of them equal to j total weight on beam. 

Tip H 

lw, _p lw, lw, 

rrr 

r on 




We may now separately consider the triangular frame, AFC, carrying 
" the load, On account of it there will be a thrust on AC. 


The tensions of .IF and Ft' are each - //,see FAK. We get similar 
results from the triangle t'1111. Just in the same way we may consider 
the |)rinci|Kil triangle frame, .11)11, but in this easy tho thrust jlowu 
the strut, C/l. which is the load at ll, is not simply IF.,, but greater by 
the amount of the downward pull of the two tension rods, CF and I'll. 
The vertical components of these tensions are .1 IF, and f, IF,, so that 
the total thrust down tho strut.- IF., + A(/#*, +- This is the load 
which must be taken to act at !> in determining the stresses on the 
members of A hit. Hence it appears that 

ii„ {IF..+yij + 1 /;^', 

t 

and the tensions of Al) and hit are each equal to //„scc hAF. 

It will be seen that the thrust on the eeutrSl strut and tensions of 
the longer toils are the same as if the secondary trusses had not been 
introduced. For example, if’the IF's each = j, whole load on be&m, 
then the virtual load at h -- J weight on b^m>. The mere strengthening 
of each half the beam’ by trussing it can no more relieve the ienUal 
strut of the "load it has to carry, than the fact of strengthening a. 
structure of any kind ean relieve the two points of support from the 
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duty each must have of bearing its own juniper sbarg of the weight. 
In atating'the tlfrust oji the beam we must divide it into two port ions, 
AC and CK. The jmrtion AO is subjected to the thrust of the* 
ttiang]es AFC and A1)B; //„. //,.-(//,• and r/f Iwing a jmrtion of 

'the triangles CUB and Al>Ii. //„ i lj„. When is not"espial 
to tV v t|je thrusts on the two jxirtiune will be different. This is quite 
jiossible although the beam .IB may be a continuous one! • • 

Moth these simple forms of truss have been used for bridges of 
Considerable sjian. As an example of the first Jiav be mentioned the 
bridge afe Harper's Kerry, C.S.. destroyed during the war. It was 
lilt feet sjian in 7 divisions. The great length of (he tfnsion rods 
and their inequality appears nbjcelionable. The second in S or Hi 
divisions has been much used in America : lmt in Knglaud oilier form* 
mention^ in a later chapter are much more common. 

13. Bail Trusses in Tiuihrr. In roofs of small sjian. h> or It’ feel 
only, the footing’material, slates or tiles, rests on a number of laths 
set lengthways to the roof, and these laths rest on sloping rafters 
spaced I or 2 feet apart, with their feet resting on the walls of the 
building: the stability of tin’ walls being depended on for tuning‘ 
the thrust. 

When we come to larger and more imjiorWuit roofs we find additional 
members added for strength and security. The closely spaced rafters 
just mentioned are called common rafters. These being too longhand 
slender to carry the weight of the roofing material and transmit it to 
the walls, are sup|lt>rted, not only at the ends by the walls and ridge 
piece* but also at. the middle, by a longitudinal beam of wood called a 
purlin, and the jmrlin is sup|>orted at intervals of its length bv priiicijwil 
rafters. 'Jibe principal rafters again are supported by struts at their 
central Jtoints, immediately below the pmlins. To carry the lower 
ends of the struts, a vertical tension piece is introduced, by which they 
are suspended from the apex of the princijials, while the thrust is taken 
by a tie beam connecting the feet of the rafters In such a roof, a 
ceiling f/T floor may frequently lie required to he supjtorted by the tie 
beam, and to prevent it front sagging under the weight an additional 
tension will*tome on tlfb vertical Husjiending rod. This rod is th«n a 
very imjtortant Member of the structure, and .is called the king jiost, 
and’the whole atri^ctutje, consisting of the jirincijiai rafters, king jiost, 
etc., is calItxb a King post truss. # This truss is often constructed entirely 
of Wood. The slojiing struts then for const rucAvc reasons (f.'h. XV.). 
butt on an enlarged jiart at the bottom of the king jiost above the 
point where the horizontal tie beam is attached, but for calculation. 
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purposes may Jie regarded as meeting at that point as shown in 
Fig. 19. 


By means of the purlins and the ridge piece the weight of Ac roofing 
material will produce loads at the joints ECF = IF X 1FJF 5 suppose. ,* 
Now treat the structure as made up of three eimplo triangular frames, 

* A ED, 'DFB , und .It'll. First consider A ED with the load W x at 

vertex E. The horizontal thrust of this frame H„ - where 

h is the height of point E above AD. Also the. thrust,along AE 
and ED <jue to the load E 11, sec EA D. In an exactly similar 
manner we may consider the triangle DFB ; the results for this will 
be to those for A El> in the proportion of to W v Next as to the 
' primary triangle ACE. There is at C a direct load of IF t due to 
the weight between li and V, and F and V. But beside this, the 
king post pulls the point C downwards, so that the total load *at 
(,'= IF., + tension of king post. In addition to a portion of the weight 
of tke coiling (if any) the post has to support /) aguinst tho downward 
thrust of the two struts El) and ED. The vertical components of 
these thrusts are k B\ and l IF,, therefore, neglecting the weight of 
ceiling, the virtual load at (' -■= IF t + ll\ + /f' 9 ). Let us calf this 
* AB 

total load IF, thou ll c the horizontal thrust of A OB ■= IF and the 

thrusts along AC and CH due to load C - ll l: sec A. 

Now in the complete structure, since AD is a member both of the 
triangular frame A ED and A CH, the total tension of AD = H,+H C . 

For the same reason tension of DB H,+H c , 
and thrust of A E -■ (H, + li c ) sec A, 

„ „ FB-UI,+ H 0 )s<xA. 

Thq other members of the structure are portions of onS*elementary 
frame only, and the styess is due only to the l<pd*at the apex of 
that frame. . , , 

The king post truss serves for roofs qf spans under 30»f#et, but for 
spans greater than tlfis trusses of more complicated construction Ve 
required. If the span is from 30 to 30 feet, then instead of supporting 
the common rafters by a purlin at the centre of its length only, as in' 
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the king poet trues, two supporting purlins may \je used, dividing 
the lengtji of Phe rafter into three equal portions These pusiin* 
may be carried by a queen truss, the sloping members of which ars 
supported in the middle bv struts, as showti in the figure (Wg. 20). 



The vertical queen posts, l>N and FK, serve to sustain the dWuwarti 
thrust qf the struts, AW and OK, and also to support the weight of a 
ceiling, if jliere is one. Supposing the weight nt the ceiling omitted, 
let IF be the weight of roofing material on one side for a length of 
roof equal to life spacing of the trusses, then \B will, through the 
comra»n rafters and purlins, act at A, and } at 1> \ and similarly for 
the other side. At the ridge >' there will also be Jb acting; but 
this will be distributed equally amongst the common rafters ^hiefi* 
are carried by the truss, and will produce compression in those 
witters without directly affecting the trifss. The part of the thrust 
of the roof arising from this will, however, generally, like the rest, 
ultimately come on the principal tie beams. , 

To find the stresses on the different members of the truss. Consider 
firstqdie small tria’ngles ,7 AW and IU1K, each carrying J/fat tho vertex. 
W# then consider the trapezoidal truss ADFB. The loads at II 
and F will be J1F +tension of queen post Since the tension of the 
queen pfl#t AW = the vertical component of the thrust along A’A' it will 
equal £ . tfV=W< au<1 thc toul loa<1 at cttch i oirit o( thc f apezoidal 
truss will be J/F+J/C, the same as would have acted if there 
had been no purlin at E and no strut AA. After having determined 
the respective stresses due to tho triangles and trapezoid separately, 
we mast add the results for any bar which is a (art of both. Were it 
not for the friction at the joints and the power of resistance of the 
continuouf‘rafters AC\CB to bending, this structure would be stable 
only under asymmetrical load. In gractiqe, however, it is able to 
sustain an u^synvnetsical load, such as roofs are frequently subjected to, 

* * * • 

• 14. Quern Truss far large Iron Roofs.—As the span of thc roof i* still 

further increased we find other kinds of trusses employed to support 
them. A common form in iron roofs is constructed, as shown in 
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Pig. 21. It is ii^ reality a further development of the wooden queen 
tru»», and is known by the same name. AC uiyl <'ft ‘are divided into 



a number of equal pi ts, and sloping struts and vertical suspending 
rods are applied us shown. Suppose the load the same at ritcli joint 
on one side of the roof, the load on the right,, however, not bein'' 
necessarily equal to that on the left. Let the upward supporting force 
A. .1 l f . /’ will be half the total weight if the loading is symmetrical, 
but in any other ease it may be found by taking moment* of the 
loads about H. We might, solve the problem of finding t.lqs stress on 
each member of the structure by treating separately each ejementary 
triangle into which the structure may be divided, and summing the 
stresses for any bar which may form a part, of two or more triangular 
frames, lint we will describe another method. 

” First, to find the tension of the vertical suspending rods consider 
.112' as an independent triangle, carrying a load //' at its vertex. 
The slope of 12' being thd same as that of .11. the tension rod'22' 
must supply a supporting force to the joint 2' .Ilf. Considering 
next /.he. triangle ./22' and its equilibrium about the point A. The 
forces along 22 and 3'4 have no moment about A, so that the moment 
of the two weights II' at I and 2 about A must be balanced bf the. 
upward pull of the tension rod 2;!', tension of 22' - II'. • 

In a similar wav we can see that the tension of f t' ill'. However 
many divisions of the roof there may be, the tensions of tlfr vertical 
suspending rods will increase in arithmetical progression, with the same 
difference between each. The road 11 . except so far as may be due to 
the weight of the rod .72', will have no tension on it. Calling this the 

l" tension rod, the tension of the * II'. We must notice that 

2 a 

the rod 5.V is common to both sides of the roof, and we must add the 
two tensions to get, the total. Now consider any*joint, say 4*in the tie 
bar AH. amt resolve vertically and horizontally. If Ji'H thrust of 24', 

D its inclination to the horizontal, and T the pull oq thqf division bf 
AH which is indicated by the numerical sqfhx placed helow it,* 

4 Rsine^W, 

/.•cos 0-T„-~T tv ; 
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* • • 
But from figure ,-ot 0 $ cot A \ 

' , • L, r,, - .]//•, oi,/. 

W hiehever joint we select we should timl the same result -■ namely, 
that the difference between the tensions of < wo consecutive portions of 
•the tie rod is a*eonstant quantity 1 II 'cot. 1. So that these tension-. 
are in aijthmetical progression diminishing towanff the centre. 

If we cull .72 the 1“ division of the real, then for the, j<*jnt f between 
the ii - I'“and we have 

J! sin 0 - H *//■, 

V/eo»d = T„ , and cot 0 - 1 ,mt.7: 

n I 

i//'eot./. 

If ,71^is the 1” division of the rafter, then the thrust on the 
division - IQ, see .7. 

Now, tl|e tension of the tie rial in tin' 

I*' division /‘cot,7. 

.. (/■ i// - )rot 

.. cot.7. 

The thrust on the h 11 'division of rafter (/’ " * II) msec A. 

• * 

The thrust on any strut may best be found by squaring and adding 
the two equations of ccjuilibrium of the lower joint of it. We get 

//' * 
Thrust of strut --- N „ ' f cot*.7. 

16. l.'oiiAinliiiii llimiirh. ■<!'until Mtihtulhif I'oiijtliiitiint) DUhjivim <>j 
Fomt .—(jsses of framework often occur which are much more com¬ 
plicated than those which we have hitherto considered, but if there are 
no redundant bars the stress on each part depends oti statical principles 
only, without reference to the relative yielding of the several parts of 
the structure. .Such cases may always be treated by use of the general 
princigje stated in Art. 1, and we shall conclude this chapter by ex¬ 
plaining briefly a graphical method of applying that principle invented 
by the latrPtTofesbor Lterk Maxwell. The forces will be supposed all 
in one plane, aad each of them will be supposed known, that is to say, 
if there be any unknown reactions at points of support they will l>c 
supposed ^neviously found bj a graphical or other process, from the 
consideration that the whole must form a set df forces in equilibrium. 
In Fig. 22a a frame is shown acted on by known forces PQH..., an 
ideal example is chosen which is better suited for the purpose of 
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explaining the method than any case of common occurrence in practice. 
Firyt seek out a joint where only two bare meet: there will usually be 
( two such joints if th'ere be no redundant bars in the frame, and in the 
present instance we will choose the joint where P acts. Distinguish 
all the triangles, making uj> the frame by letters A, C, etc., and < 
place numbers or letters outside the frame, ono for each bar. _ In Fig. 
22b draw Hi parallel to the force P and representing it in njagnitude. 
So parallel to 8, In parallel to 1, to intersect in the point a; (hen, as in 
previous examples, 8/^ la represent the stress on the two bars to which 
thoy are parallel. Pass now to the joint where Q acts: thi| joint is 
chosen becauso only three bars meet there, on one of which we hay; 
just determined the stress; draw 12 parallel to <} and representing It, 
then n/oparallel to the har lying between the triangles A and II, and 
2b parallel to the bar 2; we thus get a polygon 12 bn, the sides yf which 
are parallel to the four forces acting at the joint where Q acts, while 
two of them represent two forces already known, the other*two, there¬ 



fore, will represent the remaining two forces. Proceed now to the 
, joint where IP acts and complete in the mime way the polygon Habc.7, 
then to the joint where li acts, and so on. ' We at length arrive at the 
triangle 4/ft, the third side of which, if we have performed the con¬ 
struction accurately, and if the forces be really in equilibrium, must be 
parallel to tho last force T. On examination of the diagram of forces 
(Fig. 22b) it will be seen that to every joint of the frame corresponds a 
polygon representing the forces at that joint, while each line, such as 
ab or 7c, givos the stress on the liars separating those letterssar numbers 
in tne frame-diagram. Hie polygon 12 .8 is tho poljigon of external 
forces, each side representing Vhe force to which it is parallel. • 
The method here described is easy to understand in th’e^enerai case 
wo have considered, afcd with a little practice the transformations thp 
diagram of forces undergoes will offer no difficulty. Some joints are 
usually unloaded, and the corresponding lines in the polygon of external - 
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forces vanish; the forces m»y be parallel, i„ which c^se the polygon 
*beeome» a straight line,'while „ot .infrequently the Xof Jo i%, 
polygons representing the forces at the joints coincide The figure 
however, always possesses the same properties 

ov!r fon BOW ' 8 T 0ell0 1 , ! t l "' Ork •" ’*< »*>c end of this chapter 

,ne.„r- C r P n W , ,B f0U ' ,d ° f the *W» li ™‘V'‘ <* 

including almost all known forms of bridge and roof trusses, 
KXAMl’l.KS, 

'"*.. unifurn.1, «KI. 

I to., per f Jit. The depth of the truss i. ».J feet. Kind the stress en each part. 
bi.»<l on each >trut . 7 tons. 

Tension of short rod* 10 4 
i« longer rod*--. Jill 1( 

Total tlmn*t on Iwani ■m 
9j| dtffe to each triangle. 

rJt Vlf T* 9 vl 4 fr " *l»" »'"• 3 f > "' •b-p. is hunted with 1 Ion per 

foot, nn»l the MircM on each part. 1 

Throat on W«nd 48 - , , 

„ j 7 10 ^ ■ t * * 

Tensions of 16,03,3H, and at ., t sil .. . ! .4 

.» • 17 and 75 1 . 17-4 w * ‘ 

Thrust on IS and Si -4* + Hijj - 20 | tuns. 0 7 8 

3. In.the last question suppose one half the truss loaded with an additions! I toi per 
foot. Find the »tre$n on each part, 

•Suppose the a«Mitiona) load* on the right hand nd«\ 

* n. ., r TI ‘ n ;”; * Tensions. 

<>M Hi ;! Oil Hi and (si n ton. 

- ■ ' . I .. M *v. U72 

" f!5 - 10 , . .. 17 .. 75 2f.i 

1.1~ 4A + 25 2!*A- 
„ 35 84 + 25=33*. 

4. A|pof 24 feet span, height 7 feet, lent* »n kingpost trUKie* h]wto...l 10 ft. apart. 
The weight of roof is 20 lha. per *|<iaic foot. Find the at re* on each part. Alio obtain 
roMiiltT when an additional load of 40 lh*. per H.juare foot rents on one aide 

♦ I»oad at each joint. l»t cnae faitili lb*. 

r • .■ 

i | htrsaslnlta • M,r,. 


Bui. 

— 

... 

>Un 



&in*l i/dsd.; 

Additional 1 
IjSMl 1 

i 


K-jU*! l/Jd : ' 

1 

5254 ; 

i 

8*56 j 

r 

5254 

3 

4TOJ 

7006 

7883 i 

? 

3' 

3503 

4700 ! 

4 

1752 | 

1752 ; 

4' 

1752 : 

) 

5 

lofififi*. 

3113 

•i 

4 

A roof 48 feet^paij, 12 feet high, rent# 


12261 

root; 


5255 


. - - . 1 <p»c«n trua^e* ti feet high, * paced 10 feet 

apnn. Find the^treaa^s foi^a load of 20 lh*. jier square foot. 

no 


XI 


ms 


A An A a roof. braced as in the figure, is 40 feet spun, and 10 feet high ; the horisontal 
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tie her is 8 feet below the vertex. Find the Mtreiae# on each part when loaded with 
2 ton* at each joint Vy constructing a diagram of forces or otherwitf. 

* 

; llur*. Htrcwj. 

! c • 



7. In the I<i*t question suppose an accmmilation of snow on one side equivalent to an 
additional load of 1! tons at the middle of the iafter, and 1 ton at the ridge. Find the 
stress on each pm f. 8 


tress. 

1 Bars. 

St resw. 

13*11 

IO.S 

i; 

; 17 3 

1 w •> 

12*8 

i ;V 

!•* 1 

15*4 , 

.vr» 

4' 

s-tj 

1*8 

! .V 

:n; 


H. •.Suppose there are 11 Mtuqiending rods in iron roof shown in the tigure, the height of 
which is ,' A th the tqam. Find the stress on each part 1st, when loaded with ^ ton at 
each joint on lnith sides, and, 2inl, when loaded with an additional $ ton at each joint 
on one side, not including the ridge. 1 



I3ff liV 



Additional load is on right-hand Hide, anil the figures on the diagram refer to case 2. 

'd. The roadway of a bridge, SO feet span, is carried by a pair of compourikl trapezoidal 
trusses, each consisting of three simple tiapecoids of the same height, the six “queens" 
of which are equidistant, forming seven divisions of length four thirds the height of the 
truss. Find the stress on all the bars due to J ton per foot run on the bridge. 

IU. Kind the stress on each part of a "straight-link suspension" bridge formed by 
inverting the truss of the last question, assuming the puli at the centre of the platform 
Eero. f 

Rkvkhksvk*. 


For furthei information on the subjects treated of in file present chapter the reader 
may refer amongst other works to ^ 

Ui.ynn (onttrudion of C rants. Weale's series, 
lit'K*T (\irptntru. Spoil, 1871. * * 

Bow f^nnomk* of C&.structiBn. Spou, 1873. 



CHAPTER 11. 

S'ftlAININ<; ACTIONS ON A U>\1>KJ> STIU’lTPliK. 

16. Pi'tliliiiiiinii HrjJininhimx. - -In the preceding chapter %e have 
considered only those structures in which the parts are subject to 
eonipresshm and tension alone, except l»v way of anticipation in a 
few sjieeinl auses. lint the parts of a structure are generally subject 
to much iqpre complex forces, and licsides, although the forces acting 
on each bar have been determined, we should, if we stopped here, 
have a fnost imperfect idea of the way in which the load affects the 
structure as a whole. . , 

If we imagine a structure to be made up of any two parts, .7 and 
/>', united by joints, or distinguished by an ideal surface cutting 
through the structure in any direction, the "whole of the forces acting 
on the structure may be separated into two sets, one of which acts on 
A, the other on />. Since the structure is in equilibrium as a wdiole 
the two sets of forces must balance one another, and must therefore 
product equal and opposite effects on A and />', effects which are 
counteracted hy the union existing between the parts. The two sets 
of forces taken together constitute a sTUtlMNU action' of which 
each set if an element, ami the object of this and the next two 
chapters is to consider the straining actions to whieh loaded structures 
and parts of structures are subject. 

, .Straining actions differ in kind, according to the nature of the effects 
which they tend to produce. Four simple eases may he distinguished 

• 

(1) The parts A and II may tend to move towards each other or 
away from ftch other ptu|Hjndieular to a given plane. This effect is 
called Compression or Extension, and the corresponding straining 
action is a thjust # or a, pull. 

(2) A add B may tend to %lide past cadi other parallel to a given 
pldtie. This effect is called .Shearing. 

(3) A and B may tend to rotate relatively to each other about an 
axis lying in a given plane. This is called Bending. 

C.M? c 
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(4) A and A may tend to rotate relatively to each other about an 
axle perpendicular to a given plane. This is cabled Twisting. 

* In the first two cases the straining action reduces to two equal and 
opposite forces, and in the second two to two equal and opposite 
couples'. In general, straining actions are compound, consisting of 
two or more simple attaining actions combined. The given plane with 
referenue to which the straining actions are reckoned may. always lie 
considered as an ideal section separating A and A even when the 
uctual dividing surface is different. We shall commence by con¬ 
sidering the straining actions on a beam of small transverse section. 

Suction I. Hkams. ' 




17. SlruiitiiHi Arliimn mi a Ileum. —The action of a simple thrust or 
pull on a liar has already been sufficiently considered in Chapter I. 
They are usually considered as separate cases, and the sininlc straining 
actions on a bar are therefore reckoned as five in number. The other 
three are (1) shearing, (2) bending, and (.1) twisting, of which the last 
rarely occurs, except in machines, and wi’l, there¬ 
fore, be considered in a later division of this work, 
under that head. 

Shearing and bending are duo to the action of 
forces; the directions of which are at light angles 
to the bar: in structures, the forces usually lie 
in one plane passing through the axis of the bar. 
A bar loaded in this way is called a beam. 

Simple shearing is due to a pair of equal and 
opposite forces, /'(Fig. 23), applied to point! very 
near fogether, tending to cause the two parts A 
and 11 to slide past one another, as shown in the figure (Figl. 23a, 23b). 
Either element is called the shearing force, and is a measure of the 
magnitude of the shearing action, but in considering the sign we must 
consider both together. In this work, if the right hand portion, A, 
tends to move upwards, and II downwards, as in Fig. 23b, the shearing 
action will usually be reckoned negative, while in the converse case 
(Fig. 23a) it will be reckoned positive. 
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Simple bonding is duo to a pair of equal and opposite couples applied 
to the bar, one acting on A, the other on A, as in Fig. 24, tending to 
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make A aud B rotate in opposite directions. The magnitude of the 
(ending is pleasured by the moment of either couple, which is called 
the bending moment. In this work bending moments will usually lie 
reckoned positive when the left-hand half, II, rotates with the hanjls of 
a watch, and the right-hand half in the opposite direction ; that is to* 
say, where the (earn tends to liecoine convex downwards, as in the 
ordinary «uj) of a loaded beam supported at the ends. In loadeif beams 
shearing and lieuding generally exist together, amj vary from point to < 
point of the beam. We shall now consider variotnf special eases. 


18. Example of a Buhmeril Lerer.—deiitral Holes for nth ulntiwj S.E. 
ns'/ E.M. -First take the ease of a beam, AH, siip|H>rted at C (Kg. 2ft), • 
and loaded with weights, /’</, at its ends. 

If the Vcights are such that /'. AC-IJ. IIC the beam will be in 
equilibrium, 4>nt the two parts, AC, IIC, . p ,q *•)».«». 

tend to tura abou( C in opposite direc b _Jo__* 

tions: there is therefore a bending action j * K * I 

at C, of*which the equal and opposite g p 

moments l‘.AC , Q. IIC are the elements. Hither of these is Hie 1 
bending moment usually denoted by M, so that wo write 
’ Ml /'. .if IIC. 

Not? only is there a bending action at ( ', but if we take any point, K, 
aud consider the forces acting on AK, IIE ee|>aratply, we see that AK 
tends to turn about A’ under the action of the force /', while HK tchds 
to turn about A' under the action of the forces H + (J at C and Q 
at II. 'flic first tendency is immediately seen to be simply the moment 
P.AJf, while the second is (j. UK - (/' + Vjh'/f. The last quantity 
reduces to U.HC -I’.CK, or, remembering that V. IIC- I'. AC, to 
P. AK. The two moments, then, as before, are equal and opposite, and 
constitute a bending action at K, measured by the bending moment 
M s -P. A K. 

This example will sufficiently explain the general rule for calculating 
the bending moment at any point, A’, of a beam. IHvhle the forces into 
two sets, ote deling let the right a ml the other In the left tf K, aiu! estimate 
, the moment of jjtker set aboyl E, then the result will he the hewling moment 
at K. The example shows that the calculation of one of the t^o 
moments will generally be more simple than that of the other, and, 
cases constantly •occur, as* where a beam is fixed at one end in a wall, 
where nothing is known about one set of forcrei except that they 
balance the other set In each case the simplest calculation is of 
course to be preferred. 

Moment are measured numerically by unit weight acting at unit 



86 


STATICS OF STRUCTURES. 


[part l. 


leverage, as, fifl- example, 1 ton acting at a leverage of 1 foot, for 
, wliich the expression “ foot-ton ’’ is commonly employed. This phrase, 
however, f is used also for a wholly different quantity, namely, the unit 
of mechanical work, and for this reason it would be preferable to call 
’the unit of moment a “ ton-foot ” for the sake of distinction. 

The peculiar actfon called shearing will be better understood when 
we come to consider the action of force#! on a framework girder in the 
next section; it wilj here be sufficient to say that if the sum of the 
forces acting on .Ilf, UK arc not separately equal to zero, they must 
tend to cause .IK, UK to move past each other in tlfe vertical 
direction, thus constituting a shearing action measured by the piag- 
nitude, of the shearing force, which may be thus calculated for any 
[mint K. Itirhle. Me /hives into lm> sc/s, use acting to the • right of K, 
unit the other to the left of K, the ahjehmirnl sum of eilhei*' set is the 
eltmriiuj force at K. As before, either set may be chosen, whichever 
gives the result most simply. In the example just given the shearing 
force at any point of At' is /'; and at any point of IK ’, (,/. 

19. lh<mi SiijyHirteil nt the KiaU mnl Loaded at an Intermediate Point.-*- 
Wt will next consider the case of a beam supported at the ends and 

FIS.2I!. 


»Q 



> <> 

loftded at some intermediate point. Before we can apply tnc rules 
previously enunciated,'to find the shearing force ontf bending moment 
at any point, we must first determine the 'supporting forces at the 
two ends. We find the force v acting at A (Fig. 26), bv taking 
moments about />, thus, 

in, 

P(a + h)- ll'h : .-. /•= , 

a + o 





CK. II. ART. 19.1 


STRAIN I NO ACTIONS. 


to 


»nd similarly . v - 

, • « u + h 

First as to the shearing force. Taking any point K in,AT, and* 
considering the forces acting on AK, of which there is only one. 

„ 111. 

• a + 1 . 

At any poiit A" hetween (' and II we have 

,, in, 

f\ ij .. 

, " I- >■ 

.It^vill lie noticed that at A’ the tendency is for the left hand portion to 
slidS upwards relatively to the right, whereas at A - the tendency is for 
the right-hand pirtion to slide upwards relatively to the left* It is < 
advantagqpus to distinguish between these two tendencies, as previously 
stated, by calling the one positive and the other negative. 

We may draw a diagram to represent the shearing force at any point 
thus. I.et ’.1 11 ht> drawn parallel to ami below .III to represent the 
length <4 the beam, and let. I'l" I. lie the line of action of tile. weight, 
ir we set up an ordinate .77'- /’, and downwards an ordinate 
and draw FK and Ml. pirallel to .11!' to meet the vertical K("l .; Hie 
shearing force at any point will lie represented by the ordinates of the 
shaded figure A FKl.MII, measured from th<» base line .77'. Not only 
should the magnitude of the shearing three be represented, but also 
the direction of the sibling tendency. This is why the ordinate was 
set downwards on the l ight hand side of I”. 

In this example the supporting forces may he found by construction, 
and t lens the whole operation of determining and representing the shear¬ 
ing force performed graphically. For. set down U K - IF, join A'K, 
and where the vertical through V cuts .I K, draw LM horizontal, then 
JIM - Vami 31 K= /’. Then set up .I F- MK. and draw A'A'horizontal. 

Next as to the bending moment at any phut. Take any |ioint K in 
AC distant / from A. then 

in 


M. Ff 


a + h 


I, 


and similarly at A" in CJJ distant r from II, 

'»• • 

M, 


,., m . 

- Qx - ; 

a + w. 


so for either side of C, the bending moment is greater the greater the 
distance of the point from th£ end of the beams Thus the greatest 
bending moment is at V. 

If in the value of M, we put 
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f. 


we get tbe same result, viz., that 
Wab 

a + li 


tie- 


greatest bending moment. 


ft 

The graphical representation of the bending momen^ at any point ip 
Very uboM and instructive. We may construct the diagram thus:— 
A'If representing the length of the beam, set up from C', U'N " the bend 

ine moment at t" - ^ "t on some convenient scale, on such a scale for 
6 « + h 

instance as 1 inch = -0 ft.-lbs. Then joining A' A" and IfN , the ordinate 
of the figure AN'If, measured from the base line A'If, will express on 
the scale chosen the bending moment at any point of the beam.. If 
« » h span, so that the load is applied at the centre of the beam, then 


M c - j II' x span - greatest bending moment. 


20. Brum SujijHirlfil nt the Kwh awl LwuM Uniformlf. —The next 
example for consideration is that of a beam supported at t&e ends and 
loaded uniformly throughout its length with »■ lbs. per foot (Fig. 27). 



Let the span =» 2rr. Take any point, A', distant r from the centre 0 
The load on .7A' is w./A", and therefore the shearing force at K. 
reckoning the forces on the left-hand side, must be * 

F t m m - wAK= m - »(a - x) = mt. 

That is, the shearing force is proportional to*the distancf* of the point 
from the centre of the beam. At the end A where,,r«u, 

and at b where -n, • 

A’,’“ - aw. 

If from A'If, below AB in the diagram, we set up and down ordinates 
at A' and If -tea on some scale, and join LM, the ordinates of the 
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sloping line will represent the shearing force at mny point. The 
'shearing fprce af the centre of the beam is zero. » • 

In finding the bending moment at A', reckoning still from the left¬ 
-hand side, we must clearly take account not only of the 'supporting 
force at A, but also of the effect of the load which rests on the portion 
of the beam*./A’. The moment of this haul about K is the same as if 
it were all collected at its centre of gravity, namely, at the oentrc of 
. I K. Thus 

M^uv.AKuAh’. 1 ? * 


► [,A K{--t - 


AK) \AK.Kli. 


That is to say, the bending moment at any point is proportional to the 
product «f the segments into which the hcam is divided by the j>oint. 
Putting Ah’ n - rand UK- u+r, 

.1/, \ir(« : 

whieh is greater !hc less / is. At the centre. .< - 0, anti i^e have the 
maximum bending moment 

.1/,. : l ini'. 

If we put 2im -• It', the total load on the beam 
.1 /„ - 1 II’ x span. 

This is only one half the bending moment tine to the same load when 
concentrated at the centre of the beam. 

If ordinates he set up from . il> - \u(u- - at all ] joints, the 
extremities of the ordinates will lie on a curve which may easily lie 
seen tt> be a parabola with its axis vertical and vertex above the 
middle point of the beam. For 

SZ-SK- KZ -■ !,"'ii- - /') - |kv 1 . 

So that S/?is proportional lv >A showing that the curve is a parabola. 


21 . Emm Loaded at the Ends mid Suji/nn'/rd. nf 1 it (‘'Hill'd,ille PahtU .— 
Next, suppose a beam (Fig. 2^) supported at A, II, and 1 muled with 
weights V, Q, at the ends C, l>, which overhang the supports. If AC f 
A B, 119 are denoted by n, I, h res|iectively, the supporting force $ at 
A (by taking moments i^out It) is given by 
Sl=P(„ + l) - i,ih. 

Similarly It, the*supporting force at II, is given, by 

. . • Ill~Q(b + l)~Pu. 

Take now a point K distant at from A ; then , 

* v v P Pa-Qb^M A -M. 

F,-b- P* j " l ’ 

where M, are the bending moments at A, B. 
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Also for the Mending moment at A', 

* * , M. - Mm lr 

, M K --8jt + P(a + -f)= ~ J .x + M.„ 

or, as we may write it, ' 

•. ' + 

These formulae show that the shearing force is constant while the 
bending moment varies uniformly. In the diagram this Is indicated 
by setting up ordinates .la, 111’, to represent the bending moments 
at A, IS, and joining a, h ; the ordinate Kk of this line corijpsponding 
to an intermediate point K, will represent the bending moment thefe. 



The moments are in this example reckoned positive for upward 
bending if the ordinates are considered as drawn upwards from the 
base line III), and it is therefore better to suppose them drawn 
downwards from the broken line <', a, h, I). 

An ini|K>rtant special ease is when then the b en ding 

moment is constant and the shearing force am We have tlpm no 
shearing but only bending. .Simple bending is unusual in practice, 
but an instance occurs in the axle of a carriage. « 

The ordinates of the straight lines Co, l)h, represent the bending 
moment at any point of the overhanging parts of the beam. 

22. Application of the Mrthml of Su/trpo4tian. -When a beam is 
acted on by several loads, the principle of superposition already stated 
in Chapter I. is often very useful in drawing diagrams and writfhg down 
formulae for the straining action at any poirg. Thus, fijr example, in 
thef preceding ease, if there be many weights on the^overhanging end 
of a beam, the bending moment and shearing force at each point must 
be the sum of that due to each taken seftaratdly; 'and lienee it follows 
that, whatevor be tic forces acting oV a beam, if there bo a part 
AH under the action of no load, and the bending moments at the 
ends of that part be M„ M„ the straining actions at any intermediate 
point K will always bo given by the formulae just written douyi. And, 
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^further, if there be a loud of anv kind on .1H, and »f be (he bending 
moment, on the supjxftition that the beam simplt* rests on supports^ 
at A, /), then the actual bending moment 11111 st always be given by 

: • A/Of,/I/, 

, * I 

a general formula of great importance. The result is ahown.graphically 
in the diagram, where the curve represents the bending moment > 11 . 
and the straight line <th the effect of the bemjjng moments at the 
ends, supposed, as is frequently the ease, to be in the op] smite direction 
t^ hi; then the intercept between the curve and the straight lino 
represents the actual *bending moment. 

If several weights act on a beam, triangles may readily be coilkructed 
showing % the bending moment due to each weight; then adding the 
ordinates of all the triangles at the points of application of the weights, 
and joining*the extremities by straight lines, a polygon is obtained 
which is the |Kilygon of bending moments tor the whole load, lhis 
process jnay also be applied to shearing forces. It is simple, but some 
what tedious when there are many weights, and other methods ot 
construction will In*, explained hereafter. In sii|M:r]»osing two ldhds 
the artilice just employed in Tig. -F is very useful. A propped 
beam (Kx. II, p. 1'2) is an important example. 

KXAMI’I.KS 

• 

1. A beam, All, 10 feet Ions, is fixed horixoutnlly at A, mid loaded with 10 tons ilia- 
tribunal uniformly, and also with l tun at II. Kind the bending moment in inch-ton* 
at A, alill also at tilt* middle of the beam 

• M - 73U inch torn* at A. 

.210 .. Ht till! 

2. In the tait <|UL‘ittion fimi tilt* bhoariiiij; force nt the two incntioiifd. 

y~.i 1 tuiin at A. 

f, ,, at the centre. 

;f. Abeam, AH, 10 feet long, is supported at A and II. and loaded with ft tons at a 
point diatont 2 feet from A. Kind tlw shoaling force in tons, and the bending moment 
in inob-tona at thu centre of the beam. Kind also the greatest bending moment. 

F at the centre 1 ton. 

, .If at tin* centre tiO inch-ton*. 

Maximum bending moment —Uft 

4. In the bubflueslion >u p|s«ean additional load of 5 tom to lie uniformly dittributed. 
Find the shearing force and lending moment at the centre of the beam. 

• * F at centre - i ton as before.^ , 

M atiyntreslll footton*=13B inch-ten*. 

5. A beam.A/!,‘20 ft'et long, is sumrorted at ('and V, two point* distant 5 leex irom 
A and 6 feet from H respectively. (Hoad of ft tons is plaetf at etch extremity. Find 
th^bending moment at the middle of CD in inch-tons. 

Moment-r.330 inch-tor.*. 

«. In the example Juet given drew the diagram* of shearing force and bending moment 
nt each point of the beam. 
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7. A foundry or»l!e haa a horizontal jib, A<7, 21 feet Jong, attached to the top of a 
crlne-pMfc 14 feet hjgh§ which turn* on pi vote at A and The 9 crane carrier 15 tonaj 
• which may be considered as susjwnded at the extremity of the jib. The jib is supported 
by a strut attached to a point irk it 7 feet from A , and resting on the crane-post at B. 
Find the stress on crane-post and strut, and the shearing force and bending moment 
any point of the jib. 

« Tension of crane-post -.SO tons. * 

t , Thrust on strut—fib ,, 

8. A rectangular block of wood, 20 feet long, floats in water; it is required to draw 
the curves of shearing force and beading moment when loaded (1) with 1 cwt. in the 
middle, (2) with i cwt. attach end, and (3) $ cwt. placed at two points equidistant from 
the middle and each end. t 

0. A beam, AH, 20 feet long, is supported at the ends, and loaded at two points distant 
(> feet and 11 feet respectively from one end with weights oi8 tons and 12 tons ; en^doy 
the metlgid of «uper|H>sition to construct the polygons of shearing force and landing 
moment. Find the maximum bending moment in inch-tons. 

Maximum moment- 1172 inch-tons. 

10. A beam is s\ip|K)rted at the ends and loaded uniformly throughout a part of its 
length ; show that the diagram of moments for the part of the beam outside the load is 
the same sa if the loud had been concentrated at the centre of the loaded part, and for 
the remainder is a parabolic arc. Construct this arc. Also, drs# a diagram of shearing 
force. 

11. A I>eam is supported at the ends and uniformly loaded, The beam u* also sup- 
c por£ed in the middle by a prop which carries a given fraction of the total load ; employ 

the method of sti|>er|>osttiou to draw diagrams of shearing force ami bending moment. 
Find the fraction when the beam is strongest. 

Ant. Fraction - '.*88. # 

12. A beam is sup)mrted at the ends and uniformly loaded : if the span be divided hito 
any number of equal parts, and half the weight on each division be concentrated at the 
divhyng points, show that the corners of the polygon of moments lie on the parabola due 
to the uniform load. 

Skition II.—Fkamf.wokk (iirmkhs with Booms Parai.lkl, and 
WKit A SlNCl.K TlilANCri.ATION. * 

23. / 'rrlimimrii Ej/ihuotlmis. -Hitherto wo have only, considered 
beams of small transverse section, but the fart of a beam.may be played 
by a framework or other structure under the action of transverse forces. 
Such a structure, when employed as a beam, is called a Girder, and 
consists essentially of an upper and a lower member called the Booms 
of the ginler, connected together by a sot of diagonally placed bars, 
called collectively the Web. The web consists sometimes of several 
triangulutions of bars crossing each other, andsmay even h« continuous. 
In the present, section the booms will bo supposed strain and parallel, 
and the web a single friangulation. The action 6i a load on such a 
girder furnishes tho simplest and best illustration flf thb nature of the 
straining actions we Have just been considering. t 

Suppose, in the first place, we have a rectangular beam of considerable 
transverse dimensions, which has one end fixed horizontally, and the 
other end loaded with a weight IV. Now let a part of the ieagth, CD 
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{eee Fig. 29), be cut away, and replaced by three Dhrs, CD, EF, DE, 
‘jointed at,their^mds t# the two |iarts of the beam *--('/*, EF, forming a 
rectangle of which DE is a diagonal. With this construction the lowf 
If will be sustained, as well as by the original beam, but the throe bar* 
will be subject*to stresses which we shall now determine. To do this, 
suppose each’ of the three bars (in succession) removed, and examine 
the effect jon .the structure—an artifice which often enabfes tfs to see 
very clearly the nature of the stress on a given part of the structure. 

In the first place, suppose VI) removed: llietf the portion EH will 
turt( ulxflit the joint E, as shown in the lower part of the diagram, so 
that the function of tjic bar VI) must be to 
prevent this turning, which is exactly what 
we have previously described as bending. 

Tho tendency to torn round E— that is, the 
bending mqpient at E —is in this case simply 
^It'+CIE IJut if there is a system of 
loads, the bending moment at, E may he 
found % methods previously described. 

Now let //-stress on <’D. It may 
readily be seen to be -a tensile stress, be¬ 
cause, on the removal of the liar, the ends 
Carnl D separate front one another. Also" 
let h~VE or ///■', the depth of the beam. 

The power of VI) to prevent Ell from 
turning about E is measured by the moment 
about 'E of the force II which acts along it. 

Thcitforc III, M, 

And dividing the bending moment at E by the depth of the beam, 
we obtain the magnitude ol the tension of CD. 

Next, let the bar EF be removed. The structure will yield by 
turning round the joint D, the point F approaching E: Thus the 
bar EF is in compression, and by its thrust, -- II say, towards /, it 
prevent} FII from turning round D. 

The tendency to turn round I), due to the action of the external 
forces - .V„,*WilI lie eqiftl to the resisting moment U'k 
• • 4 .'. Il'h” M . 

Therefore, if we divide*the bending moment for the joint D opposite 
to the bar, by the depth of*tho beam h, we ebtain the magnitude 
of*the compressive force U’. 

Lastly, let us suppose the diagonal liar ED to be removed, the effect 
is quite different from the two former cases; for instead of the over- 
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hanging portion'of tho beam turning about some point, it now gives 
way by sliding doMiwards (as shown in tjie centre of the-diagram)/ 
remaining ^horizontal all the time. CD and EF turn about C and E, 
remaining parallel to one another. The rectangle CDFE becomes^ 
distorted by the shortening of the diagonal ED and the lengthening 
of OF. In the structure then the function of the diagonal' bar ED 
is to prevent the sliding, by resisting the tendency to shorten. Thus 
the bar ED must be in compression, and by its.thrust upon the point 
D it maintains /■'/.' Vroni sliding downwards. Let S— thrust-along 
ED and 0 angle it makes with the vertical. The force / may be 
resolved into two components, a horizontal one,,.s' sin 0, and a verticil 
one, Satis 0. It is the vertical component alone which resists the 
sliding action, and maintains D in its proper position. Now the 
tendency to slide is no other thing than the shearing torch on the 
structure, which we have previously been investigating. In this 
example the shearing force is simply IF for all sections between .7 
and II. Hut in other cases of loading the shearing force may be 
estimated bv previously given methods. Since the downwaM tend- 
stnuy of the shearing force is balanced by the upward thrust of the 
vertical com|>onent of S, we have in all cases 
t X ci is 0 F. 

Instead of the points E and D being joined there might have been a 
bar OF, which, by the resistance to lengthening which it would offer, 
would have sustained the portion FI! from sliding downwards. Such 
a liar would be in tension jlist as the bar ED is in compression, # and in 
finding the stress on it we should use exactly the same equation. Jv'ow, 
instead of having three bars only, t he whole structure may be built, up 
ot horizontal and diagonal bars. The same principles will jpplv. On 
removing any one of the horizontal bars', we see that the structure 
yields by turning round a joint opposite : so we say the function of the 
horizontal bars is to resist bending. This is expressed by the equation 
IIh - - HI. On the other hand, the iuuction of the diagonal bars being 
to resist the shearing tendency, we have always 8’cos 0*= F. 

• 

24. Ilatren. Girders under carious Loads. —^’ig, ,S0 shows a Warren 
Girder, so called from the name of the inventor, Captain Warren, a 
type of girder much used foe bridges since its firsts introduction about 
the year 1850. 1 1 consists of a pair of straight parallel booms connected 

together by a triangiWation of bars inclined to each other, generally at 
60', so that tho triangles formed are equilateral. The booms in fhe 
actual structure are generally continuous through the junctions with th* 
diagonal liars, but, if well constructed, there is no sensible .error 
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regarding the structure as a true frame, in which tin* several divisimis 
•are all united Ify pcrljctly smooth joints. Any tjirec burs fortuity! a 
parallelogram and its diagonal may he considered as playing the sam# 
part as regards the rest of the structure a# in the ease just tonsidered. 


When a Warren girder is used, it is generally support,^! at the 
ends, and the loads are applied at one or more joints in the lower 
boom. ^Ve will examine some examples. 

(1) Sup|»se there is a single load applied at a joint in the centre 
of the spiyi. 

First as to the diagonal bars. It was shown above that, 4 he duty of 
these Mhrs waa to prevent the structure yielding tinder the action 
of the shearing force ; the vertical component ol the stress on either (>£ 
the diagonal bars being espial to the shearing force for the interval 
of the length of the girder within which the diagonal bar lies, lhis 
is expressed by the epilation 

,S cos I) I'. 

Now, in the example which we. are considering with the load in the 
centre, the shearing force will be the same at all sections to the 
right And left, namely, -- -I ^ . 1 herefore the stress on all the diagonal 

l<ars*is of the same magnitude. 

' >s ._ «• . 

• , dros.-IO' N , :i 

If we consider the effect of removing either of the liars wo shall find 
that commencing from one end they prevent alternately the shortening 
and lengthening of the diagonals which they join, so that, commencing 
with one end, the bars are alternately in compression and tension. 
The compression bars are shown in double lines. 

Next, as to the severgl portions of the length of the top and bottom 
booms. As was shown al»ove, the stress on any division o£ the 
horizontal bars*ffas the effect of prevent jug a .bending round the joint 
opposite; so that#the•moment of the stress about the joint is equal 
to the bending moment at lift joint, due to th%external forces. This 

( ^expressed by the equation 

Hh~M 

Let length of a division. 
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Then, since th« sup/wrting force at the joint 0 is \W , the bending 
moment at the joints numbored 1, 2, 3, etc., fire ' 


M, 


IV a JVa 
2 2 ~ 4 ’ 


Af, 


//' 


ll'n 


„ IV:) lill'ir 

-j ./•“ 4 ’ 

ami so on, the bending moments increasing in arithmetical prtgression. 

Since the depth of the girder h is the same at all parts of the length- 
if we divide the A/’s each of them by h, we obtain the magnitude' of 
the stress on the bars opposite the respective joints. Thus 


II 


llj 


IVn _ ll'a 
4 1 ,' 27, 1 




■MVa 
■ill ' 


and so on. 


We sec, then, that the stress on the several divisions increases in 
arithmetical progression as we proceed from the ends towards the 
centre. By observing the effect of removing either of the Bars, we 
gpc that all the divisions of the upper boom are in compression. 

' This m expressed by drawing thorn with double lines in the figure. 
All the divisions of the lower boom are in tension. 

(2) Next suppose the load is applied at some other joint not in 
the centre the joint I for example. We must first calculate the 
supperting forces. Suppose they arc /’ at 0 and <J at 12. For the 

portion of the girder to the left of I the shearing force will be the 

same at all sections ami be erpial to /’. So the stress on all the 

diagonals between It and f will be erpial to /’sec30. * 

To the right of joint 4 the shearing force = (,t, and the stress on 
all the diagonal bars from I to 12 will be Q sec 30". * 

Proceeding from either end tbwards the joint where the load is 
applied, we observe that the diagonal bars are alternately in com¬ 
pression and tension—so that the bar ">(> is now in compression, 
whilst, the bar .">4 is in tension. On these bars the nature of the 
stresses is just, opposite to that to which they were exposed when 
the load was at the centre joint. Thus by jurying the position of 
the ]pad, we not only vary the magnitude of the stress, but we may 
in some cases change thy character of the stress, requiting a diagonal 
bar to act sometimes as a strut and sometimes as. a tie. 

For the divisions o$ the horizontal booms on the left of W the . 
stresses are * * 


Pa 2 Pa APa 
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in arithmetical progression up to the liar opposite th| joint to which 
the load is applied: and to the right of //' 

Qit 'Jlflt 

ill' ->h ’ -.Vi' elc '» 

fn arithmetical progression also up to the bar op|K)site the load. ‘The, 
upper bars are* all in compression and the lower in tension us before. 

When lh$re arc a'number of loads placed arbitrarily at the ditfcrcnt 
joints, the fimplest way of determining the stresses is often to find 
the stress on the bars due to each load taken separately, and then 
apply the*principle of superposition. In applying the principle due 
regard must be paid to the nature of the stress, A compressive stress 
must be considered as*being of opposite sign to a tensile stress, and, 
in compounding, tin* algebraical sum of the stresses for each load 
will lie tlto total stress on the bars, 

(3) There is one particular case, that in which the girder is 
uniformly loaded, which it is advisable to examine separately. 

Ill general, the "load on the platform of the bridge is by means 
of transverse beams or girders transferred to the joints of the lower 
boom. The transverse beams may be the same in number as the joints 
in the lower boom. In that ease the girder will be loaded with equal 
weights at all the bottom joints. If the transverse beams arc more 
numerous their ends will rest on the bottom booms, and tend to 
produce a local bending action in each diwsiou, in addition to the 
tensile stress which, as the bottom member of the girder, it will hjive 
to bear. In some cases, to lessen or get rid of this bending action, 
vertical .suspending rods are introduced, by which means the middle 
pointswif the lower divisions are supported, and the loads transmitted 
to the upper joints of the girder. In such a ease we may take all the 
joints liotli i*i the upper and lower booms to be uniformly loaded. 

We will, however, suppose equal weights applied to the joints of 
'the lower boom only. First as to the shearing forces. Between 
the end and the first weight the shearing force - tlm sup|>orting force 
- half the total load--/' say. In the next division the shearing 
force is l$ss by the amount of the load at the first, lower joint = /’- II'. 
In the third division of the lower boom from the end the shearing 
force «* 1‘ - '1 ft', and so on. The,stresses on the diagonals can now.be 
found by multiplying the shearing force in the.division within which 
any one diagonal lijs by the secant of the angle which the diagonal 
makes with* the vertical. Thesatresses will dimmish in arithmetical 
progression as we pass inwards from the ends towards the centre. 
It will be'observed that on the first and second diagonals from the 
end the stress is of the same magnitude. On the third and fourth 
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iff 

t is alike also,, and so on. The stresses are alternately compression 
ttal tension, commencing with compression on the first bar. • 

To find the stresses on the booms we must determine the bending 


Moments at all the joints 1 . 

/' 

,, p * 


r (I: 

•) 


A!.. ■ 

■ J ‘:tn - ivu. 



■->>- it'). 

!',<»/’ ->/r t 


■>/ I/O. .1/,="(B/'-cw). 

♦ 

>ivision of the J/’s by //, the depth of the girder, will give the 
luvemi horizontal stresses. They will be found to increase as we 
mss from the ends towards the centre. , 


25. y.Tnws The web of the girder, instead of consisting of bars 
doping both ways, forming a series of equilateral triangle^ may be 
■onstrueted of bars placed alternately vertical and sloping at an angle, 
to forming a series of right-angled triangles, looking like a succession 
>f capital letters N. (See Fig. HI.) For this reason it is sometimes 
•ailed an N girder. Tlie ordinary practice is to divide the girder 
nto a number of squares by means of the vertical bars, so that the 
liagonals slope at an angle of to". It is advantageous to place the 

Fift-tr 
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diagonals so as to lie in tension For a load in the centre, or a 
uniformly distributed load they should slope upwards from the centre 
towards the ends. The vertical bars will then be in compression. A 
short bar is better able to resist compression than a long onq, whereas 
it tension bar is of the same strength whether short or long; so it is 
manifestly economical of material, ami a saving of weight, to place 
the long bars, that ta the sloping huts, so as to t lfc-in tension. The 
same methods will apply to find the stresses on the bars, since, as 
before, the web resists the shearing action, and the booms Vhe bending. 

The simple queen truss, considered in Chapter I., Section Ik, is 
another example of a web consisting of alternate vertical ahd diagonal 
bars, but the diagonal is not usually inclined at lb* to the vertical. 
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KXAMPLKS. 

* J. A trapezoidal truss is 2f feet itp&ii ami 3 feet deep. The central jiart is 8 feet long # 
ami is braced by a diagonal stay so placed as to lie in tension. Kind the stress ou each 
part wIk*u loaded with 4 tons at one joint and 5 tons nt* the other. * 

• . • * Stress on diagonal stay ton. 

2. A bridge is constructed of n pair of \V«m*u girders, witl^ the platform resting on 
the lower boftins, each of which i» in (► divisions. The bridge is loaded with 2l^toin in 
the middle, ttnd the stress on each part. ’ 

«3. In exaniplo 2 obtain the rctml! when the load is supported at either of the other 
joints. | 

4. Kroln t^e results of examples 2 and 3 deduce the stress on esch part of tile girdsr 
when the bridge is loaded with <*0 tons, divided equally lietweeit the three pairs of joints 
frtUn one end to the centre. 

Kesuits for <]ui-stions 2, 3, 4. the bars being tmuilterod ns in Fig. 30. 
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5. A bridg* of 80 feet span is constructed of a pair of N girders in 10 divisions, thefilat- 
form resting on cross girders Mippoiled by the lower Ism mis, and the diagonals so arranged 
as to lie all in tension. A load of 80 tons is uniformly distributed over the platform. 
Find the strew on each bar. Draw polygons of shearing force and bending moment. 

• 


SECTION III. (IlUliKIlS WITH IjKDl NIIANT IUHK. 

26. I'relminarii Explmuitiwi.t Again, returning to tin: (p. 411) Iteani 
out of which a portion has been cut ami replaced by burs, let us sup¬ 
pose that instead of one diagonal bar only, there arc two. We reijuiro 
to find the stresses on the bars. First, on the diagonal liars. In this 
case also, the stress on these bars will be due to the shearing force. 
Together they prevent the structure yielding under the shearing action, 
but the amofint each one bears is indeterminate until we know hpw 
the diagonals are Amstructed and attached to the rest of the structure. 
Suppose, for example, the diagonals are simple struts placed across the 
corners of tfee rectangle, but not secured at the etyls. The stmts will 
be incapable of taking tension; and the diagonal EJ>, which slopes in 
the direction, to be subject to compression will have to bear the whole 
shearing force. The other diagonal is ineffective. Secondly, suppose 
C.M.* V 
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the diagonal! 14 be simple ties, such as a chain or slender rod, and so 
intapable of withstanding compression. The# the Bar >'F will carry 
the whole shearing force. We may bavo any number of intermediate 
cases between these extremes according to the material of the diagonals 
and the method of attachment. In all cases one diagonal tends to 
lengthen, and the other to shorten, and according to theirpowers of 
resistance to these tendencies they otter resistance to the shearing. If 
.S', ami .S', be stresses on the two bars; then in all cases 
* (.S',+.S',) cos Or-F. 

If the diagonals are exactly similar rigid pieces similarly secured at the 
ends, et|ual changes of length will produce the same stress whether in 
compression or tension, so that each will bear an equal share of the 
shearing force. We shall then have 

.V, N, - - \F see tf. 

The foregoing is one of the simplest examples of a frame with 
redundan* bars, and shows clearly why, in such cases, the stress on 
each liar cannot be determined by statical considerations ahmc, but 
, .lepends upon the materials and mode of construction. In structures 
such as those considered in Chapter 1„ Section II., in which the 
principal part is an incomplete frame, stiffened by bracing or other 
moans to provide against'variatious of the load, the bracing is usually 
redundant, and the stress on it cannot be calculated with certainty. 
Allowance has to be made for this in designing the structure bv the 
use of a larger factor of safety. Redundant material is often no 
addition at all to the strength of the structure, and may even he a 
source, of weakness, as will appear hereafter. 

When framework girders were first introduced, it was objected by 
eminent engineers that failure of a single part would destroy the 
structure. Experience appears to have shown that risks of this kind 
are not serious, and the tendency of modern engineering design 
appears to lie rather towards the employment of structures with as 
few parts as possitde. 

Next, as to the horizontal liars. These still sustain the bending 
moment, hut not precisely in the same way ns when there is only one 
diagonal. To find the magnitude of the forces we employ a method 
similar to that used before, but insteud of removing a bar we suppose 
the girder exit through one or more liars at •any place convenient to 
our purpose; then the principle wbi«h we make use of is, that the 
action of each of the two halves on the othor must be in equilibrium 
with the external forces which are applied to either half. In fig. 32 
let us take a vertical section through the point of intersection of the 
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diagonals, four bars are cut by the section, ami through the medium of 
these four Jiars tlfe structure to the left will act on‘the portion of tie, 
structure to the right of the section, and sustain it against the action 
of the oxternal loads which rest on it. 

First, there is flic force //, polling at A', and the force II, thrusting 
at L, and <»t <1 there are the two forces .S, 
ami .% on ^|i« two diagonals. Now, if we 
consider the tendency for the external forces 
to bend the right hand |iortion round O. we 
see that tlfe diagonal bars oiler no resistance 
to*this bending action, and must so far be 
left out of account. The whole resistance to 
bending is due to the bars ('l> ami FF along 
which tin? forces II i and II., act, so that if 
M 0 la) the besniing moment at (> due to the external forces, 



This will be true whatever la- the proportion between N, and S,, t ami 
//, and //,. Instead, therefore, of taking the bending moment ahouT" 
a joint, as we did previously, we have in this case to take the moment 
ahout the |*>int where the two diagonals cross. 

Hut besides the balancing of the bending moment, there aro other 
conditions to which the forces are subject, in order that the right-hgiid 
portion may be in equilibrium. One is, that all the forces which act 
oil this portion must balance horizontally. There are no external 
forces jrhicli have any horizontal action, so that it is only the four 
internal forces which act along the bars cut, of which we have to take 
any account, and these must, on the whole, have no resultant hori¬ 
zontal action. The two thrusts must equal the two pulls ; that is, 

//, + sin 0 /y, + .S’, sin U. 

H'., - //, f'f.s', - No) sin tf. 


This also is true whatever lie the distribution of the shearing force 
ijctween the two diagonals. 

If, now, we suppose N, = ,sj, then II. II t - II, say. And the above 
formula becorSes the same as we had before; but it must be 

applied a little differently, the moment qow lasing taken about the 
point of intersection,of the diagonals. If .sj is not equal S v then H 
will be the iffean of //, and U.„ • « 

• 

27. lattice Girders. Flanged Beams .—Constructions with a double set 
of diagonals are common in practice. If, for example, in the N girder 
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(Fig 31) we pi dke in each division two diagonals instead of one only, 
t the construction is tailed a lattice or trellis t/irdef. WBen employed for 
heavy hxgls, the diagonals are generally inclined at an angle of 45° 
to the vertical. In light structures, or when used for giving stiffness, 
they are often inclined at a much greater angle. * ' 

To determine thw stresses, it will be necessary to make ^n assump¬ 
tion ftr tlie distribution of the shearing force betwe^i the two 
diagonals for each division of the girder, and it will generally be 
sufficiently correctito suppose each to carry half, and tq write 
IF sec o, and Hh M for the points where the diagonal# intersect. 

In lattice girders we more frcipiontly find the double set of sloping 
liars introduced, but the vertical bars omitted. In this case it will not 
be true that the two diagonals in any one division are exposed to the 
same stress. \\ o can determine the stresses otherwise. The structure 
may lie divided into two elementary girders, each with it£ own system 
of diagonal bracing, and each with its own set of loads. Suppose, for 
simplicity, the number of divisions in the complete giitler even, and 
each half girder loaded with ecpuil weights applied to all Ahe lower 
nts. I hen it we make the simple, and in most eases safe, assumption 
thut the thrusts on the two end vertical bars are eipial, the forces on 

. Fltr-as 



all the bars of the structure will bo determinate. In the example 
shown in I ig. .t.f the thrusts on the vertical end bars will*be t‘. 

After we have calculated the stresses on each bar in each elemontary 
girder, then, for any bar which is a portion of both, we must compound 
to obtain the total stress. 

\\ e may further increase the number of diagonal liars and obtain a 
girder, the web of which is a network of liars. In this case it will not 
be exactly, but will lie very nearly, true tl^it the horizontal bars take 
the bonding, and the sloping bars the shearing action, the shearing 
force being regarded.as equally distributed between all the diagonals 
out by any one vertical section. • , 

W e may go on adding diagonal brifting bars until the space between 
the booms is practically filled up, and even then assume that the 
bending is taken by the horizontal hare and the shearing by the web. 
The numerous bracing bare may then be replaced by a vertical plate, 
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which will forni^a continuous web to the girder. Su?h a construction 
is a very common one* in practice, the horizontal *menibers are ca 
the toj> and bottom flange* of what ia still a girder, and oftep called ao, 
,but more often a flanged or I beam. In the smallest class of these 
beams, they are rolled or cast in one piece; but for largo spans 
they are •built up of plates and angle irons rivfeted together. For 
figures shoeing the transverse sections of such beams sro lUrt iT. In 
taking the depth of such a girder, to make use of in the equation 
Uh — M, we ought to measure the vertical distance*between the centres 
of gravity of the parts which wo consider to be the flanges of the Imam 
or girder. In the simple rolled or cast heum this will bo the distance 
from centre to centre of depth of flanges. In the built-up beam 
account must lie taken of the effect of the angle irons. 

It must be remembered that this method of determining the strength 
of an I beat* is only approximate. It* strength will be determined in 
a more exitpt way hereafter, when it will lie found that the web itself 
assists in resisting the bending moment, but, area for area, to •the extent 
only of ifbotit one-third that liornc by the flange. On the other hand, 
the effective depth is less than the distance from centre to centre of Si**, 
flanges. In rough preliminary calculations we may often neglect this, 
and employ the same formula as for lattice girders. 

Girders are often of variable depths, so that the booms are not 
parallel; when this is the case the Issues assist in resisting the 
shearing action of the load, as will be seen hereafter. * 


i EXAMPLES, 

1. A lx*ani of I Auction in 24 feet kj*h am) Hi inchcN deep ; the weight of the beam in 
1,380 lb*. It is loaded in the centre with fi ton*. Assuming the resistance to bending 
to lx* wholly ifue to the Hanged, fiiyi the maximum total stress on each flange and the 
sectional area of each the resistance to compression being taken to iw 3 ton* and to 
tension 4 ton* per square inch. 

Maximum total Mire** - lUt.fiOfi Ilw.23*88 ton*. 

v Sectional area of up|*.-r flange H square in. 

,, bottom „ -C ,, 

2. A trelli* girder, 24 feet span ami 3 feet deep, in three divisions, nojiarated by 
vertical bar*, with two diagoual* in each divi*ion, i* supported at the end* ami loaded 
(1) with 20 ton* Symmetrically ifistributed over the middle division of the top flange, (2) 
with 20 ton* placed oyr one of the vertical bar*. Find the Htress on each part of *the 
girder, assuming each diagonal to carry half the eorrq*| tending shearing force. 

Strew onsiiaguflaU—Cane 1. 14*2 0 14*2 

* Gate 2. 183 H 

fthnark. —These remit* show the unsuitability of this conntruction for carrying a heavy 
load on account of the great inclination of the diagonals to the vertical. 

3. Abater tank, 20 feet square and 6 feet deep, is wholly supported on four beams, 
each carrying an equal share of the load. The beams are ordinary flanged one*, 2 feet 
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deep. Find approx&natelv the maximum strew on each Aange , assuming that the weight 

of eho tank is one*fourty the weight of water it contains. * c 

A Distributed load on one beam 46,875 lits., 

N mM 58,5M I bn. ~26'1 tons. 

<■ 

4. The Conway tubular bridge in 412 feet s|ian. Each tube is 25 feet deep outside And 

21 inside. The weight ofttube in 1, 150 tons, and the rolling load is estifaatejj at $ ton per 
foot-ru^ F(|m 1 approximately the sectional areas of the upper and lower |jarta of the 
tube, the stress per square inch being limited to 4 tons. ^ 

//m», =a,2«7 tons. 

Area ~H17 square in. *- 

5. In the girder shown in Fig. .*W, p. 52, suppose the weights /' and are each 1 ton. 
Find the stress on each memlier. If the girder bo stiffened by the addition of vertical 
niembors^at each joint of the beams ; find the stress on each member, making the usual 
assumption. 

fl. A rectangular tank with vertical sides and flat bottom is filled with water to a depth 
of 15 foot. The shies of the tank are constructed of iron plates riveted together and 
stiffened by vortical «L irons spaced 4 feet apart. Assuming these stijfening pieces to 
take the whole bending action due to the water pressure: find the maximum bending 
moment on one of the stiffening pieces. t 

• 

Hkkkhkntkm. 

Mafc'or details of construction of girders the reader is referred to 

(Hnlt r Mtekiwj . m Wrotuiht Iron. E. Hitchin.son. Spoil, I87l>. 




('JIA1TKR III. 

STHAININti ACTIONS DI K TO ANY VKKTICAI, l.o.\l>, 

28. I'rliminiiii/ Jtnntirh.- I ho preliminary discussion in Ihe pro 
ceding chapter of the straining actions to which loaded beams and 
framework girders arc subject will have given some idea of the in\|Kirt- 
ancc of the'effect of shearing and bending on structures, and we shall 
now go on to consider the ipiostion somewhat more generally. 

Let ll^ suppose any body or structure possessing, as it usually will, a 
longitudinal vertical plane of symmetry, to be acted on by a set of 
parallel forces in equilibrium symmetrically disposed with res]>ecf*Rf 
this plane, as, for example, gravity combined with suitable vertical 
supporting forces. Then these forces will .be equivalent to n sot of 
parallel forces in the plane of symmetry in question. Let the structure 
now be divided into two parts, .1 ami l>, by an ideal plane section, 
parallel to the forces and per|«uidicular to their plane. Then the forces 
acting on A may be reduced to a single force /■’ lying very near the 
sectioj) considered and a couple. .1/, while the forces acting on /.’ may lie 
reduced to an equal and opposite force /■' lying very near the section 
and an equal and opposite couple M. The pair of forces ale the 
elements of the shearing actum on the section, and the pair of couples 
are the elements of the bending action on the section. As the nature 
of the structure is immaterial, we may consider these straining actions 
for a given vertical section quite independently of any particular struc¬ 
ture, and describe them as the Shearing Force and Bending Moment 
due to the given Vertical laiad. We shall first consider the connection 
which exists iietween the^wo kinds of straining action and the method 
of determining thorn for any possible load. . 

* . • 

Gsnnkttion riKTWKfcN Shkaki.su anii Bkmunu. 

99 . Itelalion between the Khearimj Force and the ISendin// Moment .— 
Figure 34 shows the lines of action of weights IF,, IF,,, etc., placed at 
the successive intervals » 2 , etc. 
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In the first division the shearing force is 





in the second 

F, 



. 1’, + h\ 

< IF .; 

in the third 

n 

^llj + H'., + II\F.,i-ll 


■ ■ r. 

--IF,-, 


amhso on for all the divisions, so that in the a 11 ' division 
F„-F„ ,~ir„. 

Wo express this in words by saying that the difference between the 
shearing Junes mi two eon.vcutire intervals is equal to the. load applied at 
the point between the tiro intervals ; or it may be written 
AJ'= IF. , 4 

By setting down ordinates to a horizontal base line we obtain the 
stopped figure as the graphical representation of the shearing force at 
any point of the beam. It is drawn by first setting downwards at 1 an 
ordinate for the shearing force on the first interval, and then passing 
along the beam to the otiier end, on meeting the lines -of action of 
the successive weights the length of the originates is increased by the 
amount of the weights. In so doing we make use of the proposition 
which has just been proved., . 

This is called the Polygon of Shearing Force ,'or more generally, when 
the hauls are continaous, the Cum of Shearing Force. 

Next os to the bending moment. At the first point where ih\ is 
applied d/,=0, 

at the second point if* = H\a t = F,a t • 










STRAINING ACTIONS. 


to 


CH. HI. ART. 89.] 


at the third point 


+.!,)+//>,= /f;,!, |.(/r 1 + w' s) ,i u 

• = V, + • '• 


M 3 -:!/, = /Vi.,; 

at the fourth point i/ 4 - »>i +«* + <*,) + 

“ w "i(»i +«-) + »>, + («’, + /r 2 + #•>, 

- .i /3 + / r,, 


. J/, - J/ 3 = 

and generally, M„ - d/„ , = F„ , 

We may express this in words bv saying that the*, liffireiue between the 
bending nSments at the two ends nj an intemil is equal t,i the slienriw/ fare, 
MtiplmI by the length ojlhe intemil. Or the result may be written 

•Ail/ Fa. t 

We will now take a numerical example and see how we may make 
use of thh property* to determine a series of bending moments. 

Let AH hg a beam fixed at one end, and loaded with weights of 
2. 3, 5, lb 13, 7 tons, placed at intervals of •_>, :t, ft, 4 , <; f ( . eti . 


ir. 
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commencing from the free end. We adopt a tabular method of 
"carrying out the work of calculation. 

First set down a column of weights applied, as shown by the figures 
in the column headed /A'. In the next column write the shearing 
forces. Since the shearing forces are uniform over the intervals 
between the weights, it # will be best to write the A”s opposite the 
spaces between the weights. Any F is found by adding to the P 
above it the adjacent IP. In the third colijmn wse set down the lengths 
of the intervals. Jheit multiplying the F 's and corresponding u’a 
together, set the results in column 4. Lastly, w# can write down the 

colhmn of bending moments by the repeated addition of the Fa’* _the 

bending moment at any point being found by adding to the bending 
moment jt the point above the value of Fa between the points. 
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If instead of III the forces acting one way some of them act upwards, 
a \nimis sign should be set opposite, and all the opefation^ performed 
algebraically. 

The method is equally applicable however the beam is supported. 

For example, let a beam 23 feet long be supported at the ends and 
loaded with 3, 2, 7,«8, 9 tons, placc<l at intervals of 2, 2,‘3, 4, 5, 7 feet, 
reckolting from one end. ( 

First calculate one supporting force, say at the left-hand end by 
I 


! 

e. | 

j Fa. 

"• 

1 

i 


i 

1 « 

1 

.. 

IB'17 

! 

1 

U 

3 

IBI7 2 

32-34 



1,117 

26-34 

•»«£ »V| 

- 



58*04 


11-17 :t 

33*51 


1 7 



. 92*19* 

# | 

4 17 ! 4 

10*08 


; H 
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1H8-S7 

i 

:txi 

19*15 





89*72 


i-js.-t 1 7 

S9*Sl 


! I 12 SH 



0 
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taking moments about the other end. In the column of /F’s set this 
for the first, force, and since all the loads act in the contrary direction, 
put negative signs opposite them, and in writing down the next column 
of Fs add algebraically. We shall at the bottom of the column deter¬ 
mine the sup|K>rting force at the right-hand end. At the bottonfof the 
column of M’s , that is, at the point where the right-hand siipjiorting 
force acts, we ought to get a zero moment. The obtaining} of this will 
•k' a test of the accuracy of the work. In this example the small 
difference between 89‘7 j and 89 81 is due to our having token the 
supporting force only to two places of decimals. 

Observation of the process of calculation lends us to a very important 
proposition, viz., irhne the shearimj foree ehunyes , 0 / 711 , the bimiling moment 
is nt that paint <1 mnj-imum. This will lie true/or all important practical 
eases, but exceptional cases may be imagined in whiefi, where the 
shearing force changes sign, the bending moment is a minimum. 
Since A.W- Fa, then, so long its F is positive,'.If will be an increasing 
quantity as we pas* from point to pdint. But where F* changes to 
uegative there M commences to diminish. • 

Wo will now explain the construction of a diagram of bending 
moment for a system of loads: and first let ns consider ( how the 
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moment of a force about any point or succession of points may be 
graphically expressed. • * , 

Let IF be a force and 1) any (mint, and suppose the ntimgrieal mag 
nitude of the moment of IF about l> known. Draw a line through 1> 
parallel to the force at a distance a (Fig. 

35), and anywhere in this line take a 
length BC% to represent on some con- ; i ‘ 

venicnt scale the moment, M„ = ll'n, of : 

IF about l). The scale must be so many j * 
inch-tons,*foot-II>s., or similar units to the ;o 

iflfch. Then choose any point A in the M„ 


line of action of the force, join AH and 
AC, and produce these lines indefinitely. 
The monfbnt of IF about any (mint what¬ 


ever is represented by the intercept by ^ 
the radiating lines All , .!<' of a line 

drawn through the |toint parallel to the force. For exitmple, the 
moment %bout A'=* .1/, IFr, where y is tin- per|>cndicular distance 
of A from the line of action of IF. **■*■ 


.)/. IF, .. 

' M„ IFit ~ h' 

J^y similar triangles the intercepts are lo’uite another in the ratio 
.!•:<( so that they eorreelly represent the moments. 

We will first draw the diagram of bending moments lor a beam fixed 
at one end and loaded at intervals along its length. Returning to I'ig. 
34 , take a line representing the length ot the beam as base line. IVo 
dace ifpwards the lines of aetion of the loads, (.otnmetice by setting up 
at the point where IF, acts a line to represent the moment of II , almut 
that point, fhut is, take if 2 to represent //>,- 11 • ! *e j 0 ' 11 ®* 1 aml 

produced, then the intercept between this line and base line I 5 will 
represent on the same scale the moment ol II , about any point in the 
beam. Next at the point 3'. where 1 cuts IF. , 3 3', set up 3' 3" to 
represent IF.jt.„ join 2 " 3" and produce it. The intercept between 2 ' 3' 
and 2 " 3 " will represent the moment of //'.about any point in the beam. 
Then at the point 4 ', whgrc 2" 3" cuts IF,, set up 4' 1 " to represent 
/f> 3 . Join V 4 ', produce it, and so ou with all the weights. The 
polygon 1 , 2 ", 3 ,*", 5" ... will be obtained, the ordinates of which 
measured from the We fine All will represent the tending moment at 
any point 3ue to all the weights on the team. w This is called the 
Pofygon of Bending Mirnwnt In the case of a continuous distribution 
of load it is called the curve of bending moment. 

There jg a very important relation between the polygons of shearing 
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force and bendflig moment which hare been drawn in all cases of 
t loading. * 

The bepding moment at the point 2 = W\a v Now, referring to the 
shearing force diagram, wo observe standing underneath the interval 
«, a Rectangle whose area •=/A'a,. Next, for the point .'i, 

• M.j - IF l (a l + a.j) + ll'jt.,. ‘ , 

This !i represented on the iliagram of bendittg moment by phe ordinate 
33". In the shearing force diagram we notice that the area under 
tlfb portion of thr* beam from 1 to 3 consists of two rectangles, 
^\t a i +"•_.) + H'./’.r So that at this point also the bending moment 
is represented by the area of the [mlygon of Rearing force, reckoned 
from tl»3 Olid up to the point 3. And so on for every point. This 
important deduction may be stated generally thus:— ordimk of thr 
curee of bending moment at any /mvt i* proportional to the. area, iff the cur re 
o) shearing force reckoned from one end of the beam up to that faint. 


30 . Application to the case of a Loaded Hearn.—We will next take 
the case of a beam supported at the two ends. 


Fig.3e. 



Vint, calculate the supporting force P, se*t it up at tfie end of the 

subtracter the dra "' the 8te Pt* d P° l W”> by continually 

subtracting the IF a. At some point in the-beam we shall cross the 

base line. At that pent the shearing force changes sign, and there the 

bending moment is a maximum., The shearing force on the last 

interval will give the magnitude of the supporting force Q. The 

polygon thus drawn will be the polygon of shearing force. % 
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The polygon of bending moment may be drawn without previously 
determining the *uppo$ing force at either end thira:... , 

Commencing at 0 (big. 36), the |<oint of application of/’, draw any' 
.. sloping line 0 1 2' cutting //', in 1, and //'/in 2’. Then set up 

2' 2 to represent //>,, join 1 2. produce it to cut II’.. in ,T. 

3 ' 3 »> Wji 9 2 :), ., V’\ in 4'. 

^ * »® ^ » '*4, ,, //’, ill 5', Til 1(1 so Oil. 

7' 7 will represent //'.«„. 

T • # 

Now jAin 7 with the point t), where 0 I 2 cuts the line of action 

o# P. I his is called the Closing Line of the polygon of moments. 
Any vertical intercept of this polygon will represent the bonding 
moment at the corresponding point of the beam. The proof of this 
may be «tatod shortly thus: -If we produce 0 1 to meet, the line 
of action of # y in L, then /,7 will, from what lias been said liefore, 
represent the sum of the moments of all the weights //'about the end 
of the beaft where acts. And from the conditions of equilibrium 
this mug; equal the moment of /’ about that end. Accordingly, if we 
take any point K, the vertical intercept MT below it will represent 
the moment of /' about K. This is an upward moment. The four 
weights which lie to the left of' K will together have a downward 
moment about A’ represented bv MX. Therefore, the difference NT 
will represent the actual bending moment at the point K. 

It. sometimes happens that we want* the moment of the force* not 
about K, the section which separates the two parts of the structure, 
but about some other |Kiint, say A', in the figure. We can obtain 
this moment also with equal facility ; for if we prolong the line 4 5 
of the polygon to meet the vertical through A’ in the point .S', we 
find, reasoning in the same way, that HZ, the intercept between 
the side so prolonged and the closing line, is the moment required. 

Polygons of moments and shearing forces may also be constructed 
by making use of the fundamental relations shown above to exist 
between them and the load, as will be seen presently, while a third 
purely graphical method is explained farther on, based on a most 
important property which they possess. 

31. Applvu/hntt the aw* of a Vtwtl jhKdinrj iji thr Water.—We some¬ 
times meet with citfes in which the beam or structure is loaded not at 
intervals, But continuously, (he distribution oS the load not being 
urftform, but varied in some given way. In such a ease the diagram* 
of shearing force 2nd bending moment become continuous curves. The 
most convenient way of expressing how the load is distributed is by : 
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means of a curvu, the ordinate of which at any point represents the 
intensity of the load at that point. Such a cprve ii called a curve of 

loads. It may be regarded as the 
profile of the upper surface of a . 
mass of earth or other material 1 
resting on the beam: 

We wilt consider, fir^it, the case 
of a beam fixed at one end and 
loaded continuously throughout, in 
a manner expressed by \ curve of 
loads 1.1. (Fig. :16a). The total area 
enclosed by the curve of loads will 
represent tho total load on the beam, 
and between the two ordinates of any two points will be the load on 
tho beam between the two points. Now, the area of the cprve of loads, 
reckoned from the end A up to any point, K say, since it represents 
the total joad to the left of K, will be the shearing force at K. If at 
K we erect an ordinate KF, to represent on some convenient, scale the 
area ALK, and do this for many points of the beam, wc shall obtain 
a second curve FF, the curve of shearing force. Having douo this, 
wo may repeat the process on the curve FF, and obtain the curve of 
bending moment. For wo have previously prov ed that if the load on 
the beam is concentrated at givon points, then the ordinate of the curve 
of bending moments is at any«point proportional to the area enclosed 
by the curve of shearing force for the portion of the beam between the 
end and that point. The truth of this is not affected by supposing the 
points of application of the load to be indefinitely close to one another, 
in which case the load becomes continuous. Accordingly, if we set up 
at K an ordinate, KM, to represent on some convenient stale the area 
AFK of the shearing force curve, and repeat this for many points, 
we obtain the curve of bending moment, MM. Thus the three curves 
form a series, each being the graphical integral of the one preceding. 

This process has an important application in the determination of the 
bending moment to which a ship is subjected on account of the unequal 
distribution of her woight and buoyancy along the length of the ship, 
Ou the whole, tho upward pressure of the water, called toe buoyancy, 
must be equal to the downward weight of the shjj); and the lines of 
action of these two equal and opposite forces must be in the same 
vertical. But for aqy portion of the length, the upward pressure and 
the downward weight will not, in general, balance one another; so« on 
account of the difference, shearing and bending of the ship will be 
induced. In the case of a rectangular block of wood floating in water, 
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the upward pressure of the water will, for every portieu of its length, 
equal the downward wejght, and there will be no sbsaring and bending 
action on it. But in actual ships, the disposition of woight and 
buoyancy is not so simple. Taking any shiall portion of the length 
bf the ship, the difference between the weight of that portion of tho 
ship and tho weight of the. water displaced by that portion of the 
ship, will be^a force which acts on the vessel sometimes upwards and 
sometimes .downwards, according to which is the greater, just in the 
same tvay as forces act on a loaded beam producing shearing and 
bending. 'In the construction of the vessel, strength must be provided 
to resist these straining actions, and it is a matter of great practical 
importance to determine accurately the magnitude of them ,for all 
points of the length of the ship. IV e will select an example of very 
frequent cccurrence, that in which at the ends of the ship the weight 
exceeds the ljuoyancy, whilst at the centre the buoyancy exceeds the 
weight. If tho ship were very bluff ended, and carried a cargo of 
very heavy fliatcrial in the centre hold, the distribution of weight and 
huoyancy»would probably be the reverse of this. 


B 



In the example the ship is supposed to be divided into any number 
of equal jiarts, and the weight of watdr displaced by each of those 
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parts determinid; ordinates are set up to represent those weights, 
and so, what is caKed a curve of buoyancy, BfiB (Pig. 37^, is drawn. 

* The whole area enclosed by the curve will represent the total 
buoyancy or displacement of the vessel, and is the same thing as 
the total weight of the vessel. Next we suppose that the weights of 
tho different portions of the ship are estimated, and cfrdinates set up 
to represent these weights, then what is called a curvg of weight, 
IFIVIV, is obtained. In the figure it is set up from the same base line. 
The total area enclosed by this curve will also be the total wpight of 
the ship, and must therefore equal the area enclosed by tiro curve of 
bnoyancy. Thus the sum of the two areas marked 1 and 2 must equal 
the arqji marked 3. Not only must this be true, but also the centres 
of gravity must lie on the same ordinate. The difference at any point 
between the ordinates of the two curves will express by Low much 
at the ends tho weight exceeds the buoyancy, and iy the middle 
portion by how much the buoyancy exceeds the weight, representing, 
in the fiyst case, the intensity of the downward force,'and, in the 
second, the intensity of the upward force. Where the curve?, cross one 
another and the ordinates are the same height, as at if, ami K.,, the, 
sections are said to he water-borne. If now we set off from the base line 
ordinates equal to the difference between the ordinates of the two curves 
BUB and li'IVIV, we obtain the curve of loads LLL; some portions 
whore the weight is in excess will lie below the base line, and the rest, 
wtere the buoyancy exceeds the weight, will lie above tho base line. 
From what has been said before, the area above the base line must 
equal the area below. Having obtained the eurvo of loads, the curve 
of shearing force is to bo obtained from it in the manner previously 
described, by setting up, at any point, an ordinate to represent the 
area of the eurvo LLL between the end of the ship arid that point. 
In performing the operation, due. regard must be paid to the fact 
that the loads on different parts of the ship act in different directions, 
and for one direction they must be treated as negative, and the 
corresponding area of the curve as a negativo area. 

Having thus determined the curve of shearing force FFF, the 
same operation must he repeated on that curve to determine the 
curve of bonding moment. In drawing the curve of “Shearing force 
it will be found that at the further end of the .ship we return again 
to the base line from which we started et fijst, for the shearing 
force at the end must be zero. Ateo the bending moment at the 
end must be zero. This gives us tests of the accuracy of our work. 

In this example the bending is wholly in one direction, tending to 
make the ends of the ship droop or the ship to “ hog ” in the technical 
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language of the naval architect, hut in somo examples tho direction of 
bending qhange? one or more times. Curves of* shearing force and, 
bending moment were first explained in relation to a vessel .floating in 
the water by the late Professor Rankine in his work on shipbuilding. 
It does not, however, appear that any such curves were ever constructed 
in any actual'example until 18fi9, when some weto drawn for vessels 
of war by r. (now Kir E.) Reed, at that time chief constructor of 
the Navy. The results obtained by him are described in a paper 
read hpfore the Royal Society (Phil. Trims, for 1671, part 2). They 
now form part of the ordinary calculations of a vessel. 

•Since the water exerts on the vessel not only vertical but also 
horizontal forces, the straining actions upon her do not consist solely 
of shearing and bending, but include also a thrust. The horizontal 
pressure'also produces bending in a manner which we shall hereafter 
explain. . 

32. Maximum Alraiiiimj Adams. —The set of forces we are considering 
are in equilibrium, and must therefore be partly upwards and partly 
downwards. The downward force is the total weight IT, and .is 
generally more or less distributed, the upward force is of equal magni¬ 
tude, and is usually concentrated near two or more points. In the case 
of the vessel, however, the upward force is distributed like the weight, 
though not according to the same law. In any case the greatest 
shearing force must be some fraction of the weight, and the greatest 
bending moment must be some fraction of the weight multiplied by 
the length l over which the weight is distributed. We may therefore 
expre* the maximum straining actions by tho formulae 
IF; . IFl, 

where k, m are numerical quantities depending on the distribution of 
the load and the mode of support. Thus for a uniformly loaded beam 
supported at the ends k= I, ai = J. The greatest value m can have 
in a beam resting on supports without attachment is ]; this occurs 
when the beam is supported at the ends and the load concentrated in 
the middle or conversely. In vessels where the supporting force is 
distributed wj is much lew; its maximum value is estimated by Mr. 
{now Sir W. H.) \\'hite at in ordinary merchant steamers. 

• • • 

. EXAMPLES. 

1. The buoytfhcy of a vessel is 0 at the ends and increaseswmiformly to tho centre, 
whi|f the weight is 0 at the centre and increases uniformly to the ends. Draw tho 
curves of shearing force and bending moment, and find tho maximum values of these 
quantities in terms of the displacement and length of the vessel. 

Answer — k -\; m - tV 
E 


C.M. 
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2. A Warren girder with 12 divisions in the lower boom is supported at the ends and 
loaded with 250 tons, which may he supposed to be equally distributed among all the 
‘25 joints. Fiuii the stress on each bar by calculating the series of shearing force and 
bending moments. ( 
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3. A bourn, 18 foot span, is supported at the ends and loaded with weights of 5* 10, 

13, 5, ami 7 tons, placed at intervals of *1, 5, 0, 7, 13, and 8 feet respectively, com¬ 
mencing at t one end. Calculate the shearing force in each interval and the series of 
bending moments. 

4. In the last question construct the jfolygons of shearing force and bending moment, 
•s., 5. In the. case of a uniformly loaded beam supported at the ends, verify the principle 

that the area ef the curve of shearing force is proportional to the ordinate of the curve 
of bending momeut. 

0. When a beam is supported at the ends and loaded in any way, show that - an 
ordinate at the point of maximum moment divides the area of the curve of loads into 
parts, which are equal to the supporting forces. Further, if «, b are the distances of 
the centres of gravity of these parts from the ends of the beam, and l the span, show 
that the maximum moment is mWt where 

1 J I 

m~~u h 

n 

Tiuvm.UNcj Loads. 


33. We have hitherto been investigating the effect of- a permanent 
fixed load on a structure in producing straining actions on it. We next 
examine the effect of a load which is not permanent, hut which at 
different times takes up different positions on the structure, and we 

require to know what position 
; p of the load will produce the 
A greatest straining action at any 
particular part ofthe structure, 
and also tjvh amount of that 
maximum straining action. 

« This question Arises princi¬ 
pally in the design of bridges 
8 across which a travelling load. 
We will take first the simple case of a 



such as a train, may proceed. 
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beam of spari l, exported at the ends, and suppose swingle concentrated 
load W to travel across it in the direction of the arrow. Let ns* 
consider any point K (Fig. 38) in the beam, distant a and If from the 
#nds. As'the loiyl traverses the beam, each position of the load will 
produce a certain shearing force and bending moment at the point K. 
To find their greatest value let * = distance of it' from A, then the 
« 

supporting force at 11 = P- II ^ So long as the weight lies between 
A and*A' # the shearing force at K will be simp)/ 1\ 

consequently the shearing force will increase as t increases, until the 
load reaches the point A'. So long its the weight lies to the left of K, 
the tendency will bo for the portion Kl! to slide upwards relatively 
to the portio# Ah'. This wc describe in accordance with our definition 
on p. 34 negutire shearing force. Therefore, putting x = a, 

• Max. negative shearing force at K- iv"^ 

Now, supposing the weight to move onward, it will in the next instant 
have passed to the other side of K, and the shearing force will have 
undergone a sudden change. It will now he, equal to the supporting 
force at the end A, ,,.b 

V ”■'' i’ 

But not only is the magnitude of the shearing force suddenly changed, 
but the tendency to slide is now in the other direction, and the 
shearing force is positive. As the weight moves further to the 
right of K the shearing force diminishes, thus 

• Max. positive shearing force at A'= 


Wherever wo take the point K it will always bo true that the maximum 
positive shearing force will oceur when the weight lies immediately 
to the right of AT, and the maximum negative when the weight lies 
immediately to the left. The maximum negative shearing force for 
every point in the beam may be represented by the ordinates of a 
, sloping line 4P’ below tbo beam, the length JIB" being taken to 
represent IF. Ami similarly the maximum positive shearing force 
at any point by the brdinates of the sloping lint A'B about A A' also 
being taken Jo represent IF. t t 

Next as to the bending moment. When the weight lies to the left 
of j?, and is at a distance from A equal to x, the bending moment 
at K is given by Ph=whr 
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This goeB on mortising as x increases until the wgight reaches the 
'point K. After having passed K the bonding moment at K must 
be differently expressed, being then 

Wll-*) 

l 

which becomes smaller as x increases; so that the greatest bending 
moment at K occurs when the load is immediately over K, and then the 

.\fii.v. bending Moment at K=^ a ^ 

If the point K is taken in the centre of the beam, 

Max. Moment at centre = \!Vl as before. 

If ordinates be set up at all points to represent the maximum bending 
moments at these points, a parabola (ACJ1) will be obtained. For 
the expression for the maximum bonding moment is just twice that 
previously obtained for the same weight distributed uniformly. 

If there are more weights, /A',, IV 2 , etc., on the beam, and IV, lie to 
the right of K, the shearing force at K- P - lf \, whero P is! the right- 
'hand supporting force. Now, suppose we shift ll\ to the left of K, we 
shall diminish the supporting force to I' 1 say, and this will bo the new 
shearing force at K. The difference between P and P' will be less than 
IP ,, and the shearing force will be increased by passing IV t to the left 
of K. If we were to removo IV l altogether the diminution of P will 
be less than the whole of IV v and so the shearing force at K will be 
increased by so doing. Wc obtain the greatest positive shearing force 
at K when all the weights are to the right of K, but as near to K 
as possible. The greatest negative shearing force will occur when 
all the weights lio to the left of K, as near to K as jrossiblo. 

The maximum bonding moment at K will occur when the weights 
arc as near K as possible, whether to the right or left. Any addition 
to the load, on whichever side of K it is placed, will cause an addition 
to the bending moment. 

There is another important case, that in which wo have a continuous 
load of uniform intensity passing over the beam, as when a long 
train passes on to a bridge. We observe that as the train, coming 
from A, approaches K, the supporting force at }/, and therefore the 
shearing force at K, increases. When any portion of the weight lies 
to tho right of K, the supporting force will ‘be increased by a part of 
the weight lying to the right of K ; but when we have subtracted the 
whole of that weight, the difference, which will be the shearing 'force 
at K, will be less than before; thus the maximum negative shearing 
force at K will occur when the portion AK is fully loaded, and no 
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part of the load is on KB. To find its value wo have 8nly to determine 
the supporting fifrce at B, by taking moments aborft A ; then 
„ bat 1 

=‘ / *’ 

• A . . 

that is, the magnitude is proportional to the square of the distance of 
the point from the end A. It will be graphically represented by the 
ordinates of* a parabola which has its vertex at A, and axis vertical, 
cutting the vertical through B in a point B' such that BB'-bcl, that 
is, half.the weight on the beam when fully loaded ' As the load travels 
onward the shearing force diminishes at last to zero, and then changes 
sign, becoming positive,the numerical magnitude increasing as the rear 
of the load approaches K. The maximum positive shearing ffiree will 
occur when the portion KB only is loaded. Tho ordinates of a para¬ 
bola set Irelow the line of the beam having its vertex at B and axis 
vertical, will* represent the maximum negative shearing foree. 

The question of maximum bending moment is more simple. It will 
occur at any point when the beam is fully loaded ; for at any* point the 
bending Ihomont is the sum of the bending moments duo to all the 
small portions into which the load may bo divided, and the removal of 
any one of them will cause a diminution of bending action throughout 
the whole length of the beam. A parabola, with its highest ordinate 
at the centre = £w/ 2 , will represent it at any point. 

34, Comiter-lnncimj of Girders.- -In the design of a framework giTder 
it is very important to take account of the maximum positive and 
negative shearing forces due to a travelling load. 

In fbch a structure the shearing force is resisted by the diagonal 
bars, and in general these bars are so placed as to be in tension, for the 
bar may then be made lightef than if subject to a compressive force of 
the same amount. Suppose the diagonal bars so arranged as to bo all 
in tension when the girder is fully loaded, or when there is only the 
dead weight of the girder itself to be taken account of. There may be 
ample provision made for withstanding tho tensile forces, and yet it 
will be important to examine if there may not be some disposition of 
the travelling load whiqji would cause a thrust on some of the 
diagonals. If so, the maximum amount of this must be calculated, and 
the structure made capable of withstanding it. t If the shearing force 
at any section of thq girder is what we have called a positive shearing 
force, that *n which the left-hand portion tends to slide upwards 
relatively to the right, then, in order that it may be withstood by 
the tension of a diagonal bar, the bar must slopo upwards to the left. 
If the bar so slopes, and by the movement of the travelling load the 
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shearing force becomes negative, then the bar will be subjected to com¬ 
pression. Now, it Vill frequently happen that in thC central divisions 
of a girder the positive or negative shearing forces duo to the dead 
load are less than the negative or positive shearing forces due to the 
travelling load, so that if those bars are arranged to be in tension 
under tho dead load, then, on the passage of the travelling load, the 
stress will bo changed to compression. In some cases ,ttie bars are 
slender and not suited to sustain compression; tho shearing force is 
then provided for by the addition of a second diagonal, sloping in the 
opposite direction, which, by its tension, will perform the duly the first 
bar would otherwise have to perform by compression. Such a bar' is 
called s counter-brace. Wo frequently see such additional bars fitted 
to the middle divisions of framework girders. 

Again, the powers of resistance of a piece of material to a given 
maximum load are greater tho smaller the fluctuation iq the stress to 
which it is exposed; and therefore, in determining its dimensions, it is 
important to know not only the maximum but also the minimum stress 
to which it is exposed. This can bo done on the principles vihich have 
just been explained. 

EXAMPLES. 

1. A single load of 50 tons traverses a bridge of 100 feet span. Draw the curves of 
maximum shearing force and bending moment, and give the values of these quantities 
for the quarter and half span. * 

2. A train weighing one ton per foot-run, and more than 100 feet long, traverses a 
bridge 100 feet span. Draw tho curveB of maximum shearing force and bending moment, 
And give the values of these quantities at the quarter and half span. 

3. In the last question, suppose the permanent load £ths ton per foot-run. Find 
within what limits counter-bracing will be required. Ans .—21 feet at the centre. 

4. In Ex. 5, p. 49, the maximum rolling load is estimated at 1 ton per'oot-run. 
Determine which of the diagonals will be in compression, and the amount of that com¬ 
pression, assuming a complete number of divisions to be loaded. 

The two oentre diagonals are the only ones whiclj can be in compression, the maximum • 
amount of which will be=(3’2-2)v / 2=l'7. It will occur when the rolling load occupies 
four divisions only of the bridge. 

5. In the last question, supine a single load of 20 tons to traverse the bridge. Find 
the maximum stress, both tension and compression, on each part of the girder. 


DivlftlOMR. 

l 

3 

8 

4 

a 

Max. tension, bottom boom, - 

0 

1-7 

48 

•33 

72 

Max. compression, upper boom, 

27 

48 


72 

76 

Max. tension of diagonals, 

38‘1 

31-1 


17 

9-8 

Max. compression^ diagonals, 


- 

- 

0 

2'8 


0. In the two preceding questions, find the fluctuation of stress on eaoh part of the 
girder. 
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Method of Sections. 

• • 

35. Method of Sections applied to Incomplete Frames. Culmmn V 

Theorem .—The straining actions due to a .vertical load may either be 
» wholly resisted Ijy internal forces called into play within the structure 
itself, or also in part by the horizontal reaction of fixed abutments: the 
supporting forces being in the first case vertical, and in the second 
having a hAfizontal component. The distinction is one of the greatest 
importance in the theory of structures, which are thus divided into two 
classes; larders and Arches, including under the list head also Chains. 
It is the first class alone which we consider in this chapter. 

The general consideration of internal forces is outside the limits of 
this part of our work, and we shall here merely consider some cases 
of framework structures, commencing with that of an incomplete frame. 

Incomplete frames are in general, as in Chapter I., structures of the 
arch and chifin class, but by a slight modification we can readily convert 
such a fram* into a girder and thus obtain very interesting results. 



Fig. 39a sSows a funicular polygon such as that in Fig. 11, pago 14, 
except that the supports are removed and replaced by a strut 06. By 
this addition the polygoft becomes a closed figure, and 06 is therefore 
called its “closing line.” The’structure is carried by suspending rods 
at‘the joints 06, and loaded as shown. The construction of the 
diagram of forces, Fig. 39b, has been sufficiently explained on the 
page referred to, and it only remains to observe that the supporting 
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forces PQ are immediately derived from the diagram by drawing OV 
parallel to tho closing line, which is not necessarily horizontal. The 
horizontal thrust of the strut and tension of the rope is found as before 
by drawing ON horizontal. ' 

The structure may now be regarded as a girder, the load on which, ' 
together with the vertical supporting forces, produce definite straining 
actions M and F on any section. Let the section be KK' ip the figure, 
cutting one of the parts of the rope and the strut as shown in the 
figure : let the intercept be //. Consider the forces acting at the section 
on tho left-hand half of the girder, the horizontal components of these 
forces arc equal and opposite, acting as shown in the figure, each being 
11 or ON in the diagram of forces. The vertical components are 
balanced by the shearing force, and the horizontal components by the 
bending moment, which last tact we express by the equation <• 
llr-M, 

that is to say, the funicular polygon corresponding to a given load is 
also a polygon of bending moments, the intercept between the poly¬ 
gon and its closing line multiplied by the horizontal force is, equal to 
the bonding moment due to the load. Hence, by a purely graphical 
process, we can construct a polygon of moments, for we have only to 
construct a funicular polygon corresponding to the load as shown in 
the article already cited, and complete it by drawing its closing line. 
This is one of the fundamental theorems of graphical statics, a 
subject which of late has been extensively studied. The construction 
is intimately connected with the process of Art. 29 as the reader 
should show for himself. In its complete form it is due to Culmann 
and is generally known by his name, having been given in hiff'work 
on graphical statics. 



* 

36. Method of Sections in general, liidn’s Method ..—In frames which 
are complete the number of bars cut by the section, instead of being 
two only, as in the preceding case, is in general three at least. 

In Fig. 40 let KK' be the section cutting the three bars in three, 
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points, which may be considered as the points of application of three 
forces PQR due to the reaction of the liars, which balance the shearing 
send* biding actions to which the section is subject. Resolving* 
horizontally and vertically, and taking lnomcnts, we should —re¬ 
membering that*the load being wholly vertical the sum of the. 
horizontal components must be zero- obtain thjee equations which 
would detdtonine 1\ Q, 11. It is, however, simpler to employ a method 
introduced by Ritter which enables us to obtain the value of each 
force at once. Let the lines of action of 1\ Q intersect in the point 1, 

Q and /fin 2, V and 1{ in 3, and let the perpencfieular dropped from 
each intersection on to the lino of action of the third force be r, p, 
g respectively: by measurement on the drawing of the fnymnvork 
structuro we are considering it is always easy to determine these 
perpendiculars. Then taking moments about the three points we get 
. Hr = L l ; Rp =1-,; Qg = L :t , 

where L v L. t /,, arc the moments of the forces acting on the left-hand 
half of the structure about the points i, 2, 3 respectively. On page hi) 
it was sh#wn how to get these moments graphically from the polygon 
of moments, but they also may be obtained by direct calculation. 

We may write down a general formula for this method, thus— 

where II is the stress on any bar, h its perpendicular distance from the 
intersection of the two others cut by a section, and L is the momeyt of 
the forces about that intersection. The special case in which the 
intersection lies on the section considered so that the moment L 
becomes the bending moment (M) on the section has already been 
considered in Chapter II. When the stress on a single bar is required 
as a verification of results obtained by graphical methods, or whore the 
maximum stress due to a trhvelling load has to be determined, this 
method is often serviceable, but as a general method it is inconvenient 
from the amount of arithmetical labour involved. 

The shearing action on the section is resisted by the components 
parallel to the section of the stress on the several bars. In the case 
of the incomplete frame of Fig, 39, p. 71, these components are given 
at once by the diagram of forces. In general, however, three bars 
and only three, must bo cut by the section if the frame be neither • 
incomplete nor redundant; when two of these* are perpendicular to 
the section the case* is that considered in Chap. ,111. of a framework 
girder with booms parallel, in which the diagonal bars alone resist 
the shearing. When one bar only is perpendicular to tho section, the 
other two collectively resist the shearing action ; this case is common 
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in bowstring arid other girders of variable depth. The upper boom 
together with the \teb here resists the shearing. 

When more than three bars are cut by the section, the stress in 
each is generally indeterminate on account of the number of bars 
.being redundant. On this question it will be Sufficient for the* 
present to refer to (Jhaptcr II., Section II. 


EXAMPLES. 

1. In example 3, page (36, construct the polygon of bending moments bg- Culmaim’s 
method 

2. Jn example (», page 32, find the stress on each part of % tho roof by Ritter’s method 

3. In example 7, page 32, find the stress on each by Ritter’s method. 

4. If a parabolic bowstring girder be subject to a uniform travelling load, represented 
by the application of equal weights to some or all of the verticals, sh^w that the 
horizontal component of the maximum stress on each diagonal is the same for all. 

5. In the roof shown in Fig. 21, p. 28, employ Ritter’s method to fin^the stress on the 
sloping struts and deduce the stress on each division of the tie rod. 

6. The curve of shearing force for a vessel consists of two similar pArabolas plotted 
with vertical axes on a base line representing the length of the vessel. The excess of 
weight over buoyancy of each end of the vessel up to the nearest waterbftne section is 

her displacement; find the maximum bending moment. Am.—faWl. 

7. A uniform raft of rectangular section, which when floating freely is immersed to 
|rds of its depth, has one end stranded so that the lower edge of that end is in the 
plane of flotation. Draw a diagram of shearing force, giving the value of some ordinates 
in terms of the whole weight of the raft, and show that the maximum bending 
moment is 

8. ^ circular ring cut out of a piece of sheet metal is balanced in a horizontal plane 
upon knife edges placed in a central line. Find the shearing force and bending moment 
at any radial section. 

lb In question fi, p. 54, draw curves of shearing force and bending moment for one 
of the stiffening pieces. c- 

10. A fiat-bottomed vessel of length L and beam B floats horizontally in the water 
The sides are vertical and the water lines curves of sines given by the equation 
B . x , 

where x is measured from one end. The weight is uniformly distributed.—Find the 
curves of shearing forco and bending moment. Deduce their maximum values. 

Ant.-F,=~W; WL nearly. 


References. % 

For further information on subjects connected with the present chapter the reader 
may refer to * 

Naval Architecture. W.*H. WfliTE. Murray. , 

Elements of Graphic Statics. L. M. Hoskins^ Macmillan. * 

Graphical Statics. Cremona. Clarendon Press. 

The last mentioned work is a translation by Professor Beare, revised by Professor 
Cremona, of two small treatises on graphical calculation aud reciprocal figures. (See 
Note in Appendix.) 



CHAPTER IV. 


FRAMEWORK IN GENERAL. 


37. Straining Actions on Ihi' liars of a Frame. General Method of 
Reduction .—Whon the bars of a frame are not straight, or when they 
carry loitds at some intermediate points, the straining action on them 
is not geneijilly a simple thrust or pull, but includes a shearing and 
bending action. The prosont and two following articles will he 
devoted to some cases of this kind. ’ • 

First suppose tho bars straight, but let one or more be loaded in any 
way, and in the first instance consider any one bar, AR (Fig. 41), apart 
from the rest of the frame, and suspended by strings in an inclined 



position. Let any weights act on it as shown in the figure, then the 
tensions of the vertical strings will be just the same as in a beam, AJJ, 
supported horizontally at the ends and loaded at the same points with 
the same weights. Resolve the forces into two sets, one along'the bar, 
the other transverse to the bar. The second set produce shearing and 
bending just as if applied to a beam in a horizontal position, while 
the first set produce a longitudinal stress, which will be different in 
each division of the bar. Let 6 be the inclination of the bar to the 
vertical, then the pulls oh tho successive divisions are 

P. cosd: (P - }F 3 ) cos 0 :(/'- W t - IV.,) cos 6:... , 
the last being a thrust equal to Q. cos 6, so that the stress varies from 
Q cos 6 to - P . cos 6. Now observe that we can apply to AB at its ends, 
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in the direction &f its length, a thrust, //„, of any magnitude we please 
without altering P dtid Q, but that we cannot apply a force in any other 
direction, whence it follows that when AB forms one of the bars of a 
frame, its reaction on the joint A must be a downward force, P, and a 
force //„, which must have the direction BA, while the reaction on B 
in like manner consists of a downward force, Q, and an equal force, //,,, 

.in the direction /IB. The downward forces Q are described as the 
part of the load on AII carried at the joints A, B, and it is now clear 
that if these quantitjes be estimated for each bar and added to the load 
directly suspended there, we must be able to determine the fof-ccs lf„ by 
exactly the same process as that by which we find the stress on eac'ii 
bar of a4'rame loaded at the joints. The actual thrust on A B evidently 
varies between U„ - P . cos t) at the top, to //„ + Q . cos 0 at the bottom, 
so that //„ may be described as the mean thrust on the bar, while 
the shearing and bending depend solely on the load on khc bar itself, 
and not on the nature of the framework structure of which it forms 
part, or on the load on that structure. In the particular case where 
the load on the bar is uniformly distributed, the forces Q are 
each half the weight of the bar, and the thrust lf 0 is the actual 
thrust at the middle point of the bar. 

This question may also be treated by the graphical method of Art. 

35 with great advantage. • Through .7 and B draw a funicular polygon 
corresponding to the load on All, the line OV in the diagram of forces 
will'-be parallel to All and may be taken to represent H 0 . This 
funicular polygon will be the curve of bending moment for the bar, 
and the other straining actions at every point are immediately dc- 
ducible. It will be seen presently that tho bar need not be straight. 

For simplicity it has been supposed that the forces acting on the 
bar are parallel: if they be not, the reduction is not quite so simple. , 
It will then be necessary to resolve the forces into components along 
the bar and transverse to the bar, the second set can be treated as 
above, while the total amount of the first sot must be considered as 
part of the force supplied to the joints either at A or B. Such 
cases, however, do not often occur, and it is therefore unnecessary 
to dwell on them. , 

The joints have been supposed simple pin joints or their equivalents, 
but the method used for frames loaded at the joints will apply even 
if the real or ideal centres of rotation of the bars are not coincident, 
provided only the centre lines prolonged pass through the'point where 
the load is applied. The method of reduction just explained then 
requires modification. Such eases are of frequent occurrence, and 
the next article will be devoted to them. 
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38 . Hinged Girden. Virtual Joint *.—The case of^a loaded beam, 
the ends of which overhung the supports on which it rests, has already, 
been considered in Art. 21, where it was shown that the straining 
^actions at any jwiint might be expressed in terms of the bending 
moments at the points of support, which of course will be determined 
by the load on the overhanging part. If the overhanging parts be 
supported, »s in the case of a beam continuous over sever,tl spans, or 
with the ends fixed in a wall, the same formula will serve to express 
the straining actions at any point in terms of therbending moments at 
the points of support, but those bending moments will not lie known 
unless the material o|j the beam and the mode of support are fully 
known. Hence the full consideration of such cases forms part of a 
later division of our work. Certain general conclusions can be drawn, 
however* which arc of practical interest. 

The graphic construction for the bending moment at any point of a 
beam, CD, tjhieh is not free at the points of support, is given in Fig. 28, 
p. 40. The figure refers to the case whero the bending 1 action at 
C and /*is in the opposite direction to the bending action near the 
centre, as it is easily seen must be the case in general. The points of 
intersection of the moment line with the curve of moments drawn, as 
explained in the article cited, on the supposition of the ends being 
free, show where the negative bending at'the ends passes into the 
positive bending of the centre. Here, there is no bending at all, and 
the central part of the beam (EF in figure) is exactly in the position of 
a beam supported but otherwise free at its ends. Wo may therefore 
treat the case as if E and F were joints, the position of which will be 
know! if the bonding moments at the ends are known, and conversely. 
In some cases there may be actual joints in given positions, while in 
others there will be “virtual joints,” the position of which may be 



Fig. 42 shows a beam'll) continuous over three spans, the moment 
•curves for which will be known when the load resting on each span is 
k *own. It is evident from what has been said that the moment line 
must be the broken line AalB, cutting the moment curve of the centre 
span in fwo points, and the moment curves of the end spans each in 
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one point, the otters boing the ends of the boam. Thus there are four 
^virtual joints, of which two must be supposed known in order to find 
the straining actions at any point. Their position will depend (1) on ' 
whether the supports are on the same level or not, (2} on the 
material and mode of construction of the beam, (3) on the load. Such 
a beam is in a condition analogous to that of a frame with redundant 
bars, considered in Chapter II., Section III.; the straining actions 
are indeterminate by purely statical considerations, for the same 
reason as before. 'We can, however, see that the bending action at 
each point is in general less than if the beam were not continuous. 

In one particular easo the position of the. virtual joints can lie 
foreseen:' Suppose a perfectly straight beam, of uniform transverse 
section, to be continuous over an indefinite number of equal spans: let 
the weight of the beam be negligible, and let equal weights lie placed 
at the centre of each span. Then since the pressure on -each support 
must be equal to the weight, the beam is acted on by equal forces 
at equal distances alternately upwards and downwards, and there 
being perfect symmetry in the action of the upward and downward 
forces, the virtual joints must be midway between the centre and 
the points of support of each span. 

In the special caso where the beam is uniformly loaded we can 
further see that the load resting on the supports is not one half 
the weight of the parts of the beam resting there, as it would be if the 
beam wore not continuous, but must in geueral bo greater for the 
centre supports and less for the end supports. For if tbo virtual joints 
.be LNML', as in the figure, it is easily seen that A carries half the 
weight of AL, not of AC, while C carries half the weight of A'L and 
NM, togothcr with the whole weight of CL and CN. This observ¬ 
ation shows that in trussed beams where, as is usually tho ease, the 
loaded beam is continuous through certain joints, the effect of 
tho continuity is generally to transfer a part of the weight from tho 
joints where tho ends are free to the joints where the beam is con¬ 
tinuous. We shall return to this point hereafter. 

The principle of continuity is frequently taken advantage of in 
the construction of girders of uniform depih by making them con¬ 
tinuous over several spans. The virtual joints then vary in position 
for each position of the travelling load, rendering it a complicated 
matter to determine the maximum straining actions, while there 
is always an element of uncertainty about the results, for reasons 
already referred to and afterwards to be stated more fully. 

In some structures, however, the joints have a definite position. 

Fig. 43 shows a cantilever bowstring girder, consisting of a central 
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bowstring girder NM, the ends of which rest on .parts ACN, M)M, 
projecting from the piers, technically described as “ cantilevers.” The. 
joints here are at N and M. In structures of great span,’ in which 



the weight of the structure is the principal element, so t|iat the 
variations in distribution are small, this type of girder is economical 
in weight. In the great bridge over the Forth, the central portion 
for each of two principal openings consists of a simple girder 350 
feet span, wTiile the cantilevers are each no less than 075 feet in 
length, malihig a total span of 1700 feet. These cantilevers arc of 
great depjh near the piers, and to provide against wind pressure, 
they are there likewise greatly increased in breadth, and solidly 
united to them. Full descriptions of this bridge, a structure which,' 
from its gigantic dimensions and other unusual features, deserves 
attentive study, appeared in the engineering journals for 1890, and 
several have since been re-published in a separate form. 

39. Hinged Arche*. — In the second section of Chapter 1. certain 
forms of arches were considered which are simply inverted chains, 
and require for equilibrium a load of a certain definite intensity at 
each pfiint. We shall now take the case of an arch rib capable of 
sustaining a load distributed in any way. We shall suppose the load 
vertical, and* to take the thaust of the arch, we shall imagine a tie 
rod introduced so as to convert it into a bowstring girder. If the 
straining actions at each point of the rib are to be determinate without 



reference to the relative flexibility of the several parts of the rib, and 
other circumstances, we must have, as in the case of the continuous- 
beam, joints in some given position. The necessary joints are in this 
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instance three in number, and, we shall suppose, are at the crown 
°C (Fig. 44), and one at each springing A and IS. 

Taking « vertical section, ATT through the rib and tie, let the bending 
moment due to the vertical load and supporting forces be M. This 
bending moment is resisted, first, by the horizontal forces called into 
play; that is to sajf, the pull of the tie rod II at K', and the equal 
and opposite horizontal thrust of the rib at K; sermdly, ay the resist¬ 
ance to bending of the rib itself, the moment of which we will call /;. 
Hence if// be the ordinate of the point considered, we must have 
.!/ llg-g. 

To determine H we have only to notice that at the crown where g-h 
there is f a joint, that is, /» = 0, 

.-. M 0 = Hh, 

where M 0 is the bending moment due to the load for the central 
section. Thus, to determine g we have the equation .■ 

The graphic representation of /t is very simple. Let us imagine the 
.curve of moments drawn for the given vertical load, and let it he so 
drawn as to pass through A, 11. and C, which is evidently always 
possible. Then, if Y lie the ordinate of the curve, 

' M = II. Y. 

Therefore, bv substitution, 

So that the bending moment at each point of the rib is represented 
graphically by the vertical intercept between the rib and the curve of 
moments. In the figure, the curve AZCli is the curve of moments, 
and KZ is the intercept in question. 

Arched ribs in practice are rarely, if ever, hinged, and the straining 
actions on them occasioned by a distribution of the load not corre¬ 
sponding to their form depend, therefore, upon the relative flexibility 
of the several parts of the. rib, and other complicated circumstances. 
If the position of the virtual joints he known, or the handing moments 
at any three points, the graphical construction just given can be 
applied. 

Instead of a rigid arch, from which a flexible platforiA is suspended, 1 
we may have a stiff platform suspended from a 'chain. This is the 
case where a suspension bridge is adapted to a variable load by 
means of a stiffening girder. For tin's ease it will .be’ sufficient to 
refer to Ex. 3, page H7. ( 

40. Structures of Uniform Strength. —In any framework structure 
without redundant bars, the stress on each bar may be determined as 
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in. Chapter I., by drawing k diagram of forces for*any given load, 
r, and express*! by the formula * • 

H=kU', 

where k is a co-efficient depending on the distribution of the load. 
'If A be the sectkmal area of the bar wo find by division the stress 
per sq. inch, which must not exceed a certain limit, depending on 
the naturc^of the material as explained in Part IV. of this work. 
When the structure is completely adapted to the load which it has 
to carry, the stress per square inch is the same for all the bars, and it 
is then sllid to be of Uniform Strength. Uniformity of strength 
cannot be reached exactly in practice, but it is a theoretical condition 
which is carried out as far as possible in the design of the structure. 
Other things being equal, the weight of a structure of uniform strength 
is less than that of any other. Such a structure is therefore less 
costly, for weight, is to a great extent, a measure of cost. 

Whenever the load is known, the weight of a structure of given 
type, and oT uniform strength can be calculated thus. Suppose A 
the scctiogal area of a piece, H, the stress on it, f, a co-efficient of 
strength, then H-fA 

Next let w„ be the weight of a unit of volume, usually a cubic inch, 
and assume , 

X- , 

then A is a certain length, being in fact the length of a bar of*the 
material which will just carry its own weight. Its value in feet for 
various materials is given in Chapter XVIII. Then assuming the 
piece iftismatic and of length s, its weight is 


and therefore the weight of the whole structure must he for the same 
value of A., 


tho summation extending to all the pioces in the structure, and being 
performed by integration an a continuous arch or chain. It will Ire 
observed that's is the length of any line in the frame-diagram, and II 
that of the corresponding lino in the diagram of forces ; we have only 
then to take the sum.of the products of these lines and divide by A, the 
result will be the weight of the structure. It is, however, generally 
necessary to find the weights W j, W,. of the parts in compression and 
in tension separately, because the value of A is generally different in 
the two cases. 

e.M. • k 
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A remarkable connection was shown by the late Prof. Clerk Maxwell to exist between 
W( t and IFj. Let us toRe a structure of the girder class and suppose the total load upon 
• it 0, and the height of the centre of gravity of that load above the points of support h. 
Imagine thin structure to become gradually smaller without altering either its pro¬ 
portions or the magnitude and distribution of the load (!, then 0 descends and does 
work during the descent in overcoming the resistance (T) of the bars in compression 
to diminution of length, while at the same time the bars in tension (P) do work during 
contraction. The values of T and P do not alter, for the diagram of forces remains 
the same, told therefore if we conceive the process-to continue till tb*j structure has 
shrunk to a point, 

Uh=2Ts-ZP*=\ l W l ~\.,W.u 

In particular, if the cerftre of gravity of the load lies on the line of supjio't, fend if the 
co-efficients he the same, the weights of the parts in compression and tension will bo 
equal. A corres|>onding formula may be obtained for structures of the arch-class oy 
taking iqto account the thrust. 

The weight of an actual structure is always greater than that found 
by this method. First, an addition must be mado to allow for joints 
and fastenings. Thus, for example, in ordinary pin joints the eye of 
the bar weighs more than the corresponding fraction of the length of 
the bar, and in addition there is the weight of the pin. ! Secondly, in 
all structures there is more or less redundant material ntjpessary to 
provide against accidental strains not comprehended in the useful 
load. Thirdly, there are local straining actions in the pieces occasioned 
by their own weight and other causes. 

41. Stress (hie to the JVHijht of a Structure .—The total load on any 
structure consists partly of external forces applied to it at various 
points and partly of its own woight: the total stress on any member is 
therefore the sum of that due to the external load and of that due to 
the weight of the structure itself. As that stress cannot euceed a 
certain limit, depending on the strength of the material, it necessarily 
follows that the stress due to the weight is so much deducted from 
the strength. Thus the consideration of the weight of a structure is an 
essential part of the subject, even if we disregard the question of cost. 

The weight of each member is, of course, distributed over its whole 
length, and so also may he a part or the whole of the external load. 
Applying the general method of reduction explained in Art. 37, we 
suppose an equivalent load applied at epeh joint, and drawing a 
diagram of forces, wo determine the mean stress, H, on' the member. 
If the unsupported length of the bars he not tQo'great, a matter to 
be considered presently, this stress will he .the principal part of the 
straining action on the bar, and the Sending may be neglected as in 
the preceding article. 

Now, consider two structures similar in form and loaded with 
the same total weight, distributed in the same way, so that the only 
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difference in the structures is in size: thon the stress on correspond ipg 
bars must be the same, for the structures have the same diagram of* 
forces. That is to say, in the formula 
, H=UI\ 

the co efficient k depends on the type of structure and the distribution 
of the load upon it, but not on its dimensions* Dividing by the 
sectional arch, the intensity of the stress is ' 


Next let //’, be the weight of the structure itself, and suppose the 
relative sectional areas of the several pieces the same, then 

c.ll, 

where c is a co-efficient depending on the typo of structure, and / a 
length depending on the linear dimensions of the structure. For 
example, in wiofs and bridges l may conveniently be taken as the 
span. Then if be the value of k, which corresponds to the dis¬ 
tribution of the weight of the structure, which will be the same 
whether the structure be large or small, 

?»=*«• K rl 

will be the stress due to the weight of the structure. In other words, 
the stress due to the weight of similar structures varies as their linear 
dimensions. 

• 

Since p t cannot exceed /, it follows at once that there must be a 
limit to the size of each particular type of structure, beyond which it 
will not carry its own weight. If L be that limit given by 

* /- A 
/> — , -> 

• the stress due to the weighs of any similar structure of smaller 
dimensions will be simply 


and 

is the strength which may»be allowed in calculations made irrespect¬ 
ively of weight. If f the structure be of uniform strength throughout 
under its own weight, the value of p„ wjll ba the same for each 
member, but this is .not ‘necessarily tho caBe, and there may be a 
different value of f for each member. The actual limiting dimensions 
of tBe structure will, of course, he tho least of the various values 
corresponding to the various members. „ 

The conclusion here arrived at is obviously of the greatest import- 
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ance, for it immediately follows that in designing a roof, bridge, or 
, other structure of great size, the weight of the structure is the principal 
thing to be considered in estimating the straining actions upon it, while, 
a certain limiting span can never be exceeded. On the other hand, in 
small structures the straining actions due to the weight are unimportant; 
it is the magnitude? and variations of the external load which have the 
greatest’inHuence. This remark also applies to the Ucal straining 
actions which produce bending in the pieces, their relative importance 
increases with the t size of the structure, and it. is necessary to, provide 
against them by additional trussing. A large structure is therefore 
generally of more complex construction thay a small one, as is ilhts- 
trated'bv the various types of roof-trusses considered in Chapter I. 

The dill'cronce of type of largo structures and small ones, as well as 
the circumstances mentioned at the close of the last article, render 
tentative processes generally necessary in calculations respecting 
weight. If the type of structure and the distribution of the total load, 
//■’, be supposed known, the value of the co-eHicieiits /.■ and c will be 
known for some given member. By assuming the stress on that 
member equal to the coefficient of strength /, we find 

a formula which gives tVie weight of the structure in terms of the load, 
btjt the co efficients will generally vary according to the span. Among 
the circumstances on which they depend, the ratio of the vertical to 
the horizontal dimensions of the structure is most important. For a 
given span k diminishes when the depth is increased, while on the other 
hand e generally increases, so that for a certain ratio of depth to span, 
the weight of the structure is least. In ideal cases c iqay remain the 
same (Ex. 10, p. 88), but in actual structures the redundant weight of 
material necessary to give stiffness and lateral stability increases, so 
that the most economical ratio of depth to span is generally much less 
than would be found by neglecting such considerations. These points 
arc illustrated by examples at the end of this Chapter and Chapter 
XII., where the question is again considered briefly; hut for detailed 
applications to actual structures the reader is referred to works on, 
bridges, in the design of which it is of the greatest importance. 

42, Straining Action* tm a Loaded Structure in General —The results 
obtained in the last chapter for the case of parallel forces acting on a 
structure possessing a plane of symmetry in which the forces lie', may 
he readily extended to structures which have an axis of symmetry 
acted on by any forces passing through that axis and perpendicular to 
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it. This is the case, tor example, of a beam aettyl on by a vertical 
load, and also by some horizontal forces arising say from the thrust of* 
a roof or from wind pressure. We have .then only to consider the 
vertical and horizontal forces separately. Each will produce shearing 
> and bending in its own piano, which may be represented by polygons 
as before. The total straining action will be limply shearing and 
bending, anoV will be as before independent of the particula/structure 
on which the forces operate. The magnitude of tho straining action, 
whethea shearing or bending, will bo tho square root of the sum of 
the squares of its components, and may therefore he readily found 
by construction and exhibited graphically by curves. In shafts such 
cases are common, and some examples will bo given hereafter. 

Another entirely different kind of straining action sometimes occurs 
in structures proper (roofs, bridges, etc.), and in machines is one of 
the principal*things to be considered, imagine a structure of any 
kind to be divided by an ideal plane section into parts A and 
and to be acted on by forces parallel to that plane. Let fhe forces 
acting on *. / reduce to a couple the axis of which is perpendicular 
to the section, the forces on J! are equal and opposite, and the two 
equal and opposite couples tend to cause A and 11 to rotate relatively 
to each other. As already stated in Art. 16, this effect is called 
Twisting, and the magnitude of the twisting action is measured by 
the magnitude of either of the couples which form its elements. 

Simple twisting sometimes occurs in practice, for example, when 
a capstan is rotated by equal forces applied to all the bars, but it is 
generally combined with shearing and bending. It is then necessary 
to kno& about what axis the twisting moment should be reckoned, 
which will depend on the nature of the structure. In shafts and 
• other cases to be considered hereafter the geometrical axis is an axis 
of symmetry which at once determines this. 

When twisting exists the shearing and bending arc determined by the 
same method as before, for they are independent of the axis of refer¬ 
ence. Should, however, the structure be subject to a thrust or a pull 
(Art. 16), the axis about which the bending moment should be reckoned, 

, must be known, for it will depend on the nature of the structure. 

These general enervations will be illustrated hereafter, and are 
only introduced here Co show how far straining actions can be regarded 
as depending t solely on tho external forces operating on the structure 
without reference to any other circumstances. 

43. Framework with Redundant Faiis .—In a complete frame, without 
redundant .bars (pp. 11, 50), suppose a link applied to any two bars, 
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one end attached t<? each. Let the link be provided with a right and 
'■left-handed screw, or other means of altering its length at pleasure, 
then by screwing up the fink a pull may be produced in the link of 
any magnitude we please, while a corresponding stress will bo pro, 
dneed in each bar of the frame which will bear a given ratio to the 
pull. Such a link 'hiay be called a straining link, and by its addition 
we obtaih a frame with one redundant bar. The stress*ratio on the 
parts of a frame of this kind is completely definite, but the magnitude 
of the stress may rbo anything we please. Instead of onj; straining 
link wo may have any number, and if the stress on each of these links 
be given, the same thing will be true. Thus it appears that a frame 
with redundant parts may be in a state of stress even though no 
external forces act upon it. This is of practical importance on account 
of the effect of changes of temperature. If all the bars of a frame 
with redundant parts are equally heated or cooled, the frame expands 
or contracts as a whole, but no other effect is produced; apy inequality, 
however,'causes a stress which may, under cortain circumstances, be 
very great. This (at least theoretically) is one of the riSasons why 
redundant parts are a source of weakness. The necessity of providing 
against expansion and contraction is well known in large structures 
resting on supports. The ground connecting the supports suffers 
little change of temperature, and the structure, therefore, cannot be 
attached to the supports, but must be enabled to move horizontally 
by the intervention of rollers. The magnitude of tho stress produced 
when changes of length are forcibly prevented will bo considered 
hereafter (Chapter XII.). 

There is no essential difference between a frame the stress' on the 
parts of which is due to the action of straining links, ( and a frame 
acted on by external forces; for every, force arises from tho mutual 
action between two bodies, and may therefore bo represented by a 
straining link connecting the bodies. Even gravity may be regarded 
as a number of such links connecting each particle of the heavy body 
with the earth. Accordingly, if we include in the structure wo are 
considering, the supports and solid ground on which it rests, we may 
regard it as a frame under no external forces, but including a number 
of straining links screwed up to a given stress. If the original frame 
be incomplete, its parts wjll bo capable of motion, and it becomes a 
machine, as will be explained in Pajrt III. of this work. 

44. Vimrhuling Remark .—Various other questions relating to frame¬ 
work remain to be considered, especially with reference to the joints 
by which tho parts are connected, but these, involving other than 
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purely statical considerations, do not come within $he present division 
of our work, but are referred to at a later period. 

EXAMPLES. * 

• 1. In Ex. 4, pago 1®, if the weight be supposed uniformly distributed, find the thrust, 
shearing force, and bending moment at each point of each rafter, and exhibit the results 
graphically by drawing curves. ® 

Diagrams of ’^hearing force will be sloping lines crossing each rafter at thS centre. 

Max. shearing for short raftcr= 91 lbs. 

„ „ long ,, =158*5 „ 

Diagrafiis^jf bending moment will be parabolas. 

Max. moment at centre of short rafter=117 ft.-lbs. 

• „ „ long „ =290 „ 

2. A triangular frame ABC, supi»orted at A and C, with AC horizontal, is constructed 
of uniform bars weighing 10 lbs. per foot, the length being— A 71=3 feet, BO~\ feet, and 
AC= 5 feet. Suppose, further, that AB and BC each carry 50 lbs. in the centre. Draw 
curves of tffrust, shearing force, and bending moment for each bar. 

3. The platform of a suspension bridge is stiffened by girders hinged at the centre and 
at the piers. Tlie chains bang in a parabola, and the weight of the platform, chains, and 
suspending rods # may be regarded as uniformly distributed. Find tho bending moment, 
at any point of the stiffening girder, and exhibit it graphically by a curve utoen a single 
load W is plyed (1) at the centre of the bridge, and (2) at quarter s)*an. 

First case. On account of W each half of the girder will tend to turn downwards 
about the ends, and will be supjKjrted by the uniform upward pull of the suspending 
rods. .*. total upward pul! for each 4 girder = IE, because the centre of action is at I 
span. Thus each £ girder will be in the state of a beam loaded uniformly with W, and 
supported at the ends. 

Max. moment at middle of each half=J W x half span. 

Second case. The upward pull of the suspending rods will still be uniform, byt for 
each half girder will now be only ^W, found by assuming an equal action and reaction 
at the centre joint, and taking moments of each half about the ends. For the half 
girder which carries the weight the bending moment will be the difference between that 
due to W concentrated in the centre and 4IF distributed uniformly. 

* .*. Max. = t'V, W x half span. 

On the othor half it will be due simply to a distributed load of $ W. Max. = iV W x half 
span. * 

4. A timber beam 24 feet span is trussed by a pair of struts 8' apart, resting on iron 
tension rods forming a simple queen truss .T deep without a diagonal brace. Tho beam 
is loaded with 5 tons placed immediately over one of the vertical struts. Find the 
shearing force and bending moment at any point of the beam, supposing it jointed at the 
centre, and the centre only. 

The thrust on each strut must bo 2£ tons; therefore, curves of shearing force and 
bending moment for each half of the beam are the same as those for a beam 12 feet long 
loaded at a point 4 feet from one tml with 24 tons. 

The problem slfould also be treated bv the method of sections. Results should also be 
obtained for tho case whlrc one half tho beam is uniformly loaded. 

5. A beam uniformly loaded infixed horizontally at*the twfl ends, and jointed at two 
given points. Draw the tXagrams of scaring force and bending moment. Show that 
the beam will be strongest when the diatauce of each point from centre is rather lets 
than»§ span. 

6. The platform of a bowstring bridge of span 2 a is suspended from parabolic arched 
ribs hinged at crown and springing. One half the platform only is loaded uniformly 
with w lbs. j)er foot-run. Show that the greatest bonding moment on the ribs is iW 3 . 
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7 ( . In the last question if a weight of W tons travel over the bridge, bow great will lie 
f the maximum bending moment produced ? 


* Ann. 


Wa 

V3 


8. A girder is continuous over three equal spans, and is hinged r-t points in the centre 4 
span midway between centre and piers. Find the virtual joints in the end spans when 
uniformly loaded throughout. 


Ans. 


jjj span from end. 


9. The weight of the chains, platform, and suspension rods of a suspension bridge may 
he treated as a uniform load per foot-run which at the centre of the bridge w double 
the weight of the chain. The dip of the chain is j^th the span. The weight of iron 
being 480 lbs. per cubic foot, ami the safe load per square jnch of sectional area of chain 
being ft trtis, find the limiting span, and deduce the sectional area of chains for a load of 
£ ton per foot-run on a similar bridge, 300 feet span. 

If i4=sectional area of chains at centre in sq. ins., then V-d—weight of bridge per 
foot-run in lbs. 

Horizontal tension = Vi4Z/=5 x 2240 . A, 

L= 1034feet. 

If A' •- area pf ono chaiu of the bridge 300 feet span, 

Whole load on chain=(YA' + 8 Y°) 300, 

Horizontal tension = J (YA'+^Y 0 ) 300 x 13=5 x 2210A', * 

A '=34 4 square inches for eacli chain. 

Remark.—tty the use of steel wire ropes and by lightening the platform and other 
parts of the structure, as much as possible, the limiting span of suspension bridges is 
much increased, there being several examples of a span of 1250 feet ami upwards. 

10. In a girder with booms parallel and. of uniform transverse section the weight of 
the web is equal to the weight of the booms. Assuming a co-eflicient of strength of 
OOOOMjs. per sq. inch, and the weight of a cubic inch Vsths of a lb., show that the limiting 
span in feet is 

£= 5400 ^, 

where N is the ratio of depth to span. 

11. The weight of a rib of parabolic form, span l, rise nl, with transvertfc section 
varying for uniform strength under a uniformly distributed load W, is 

■'•=(s + »»K 

This is least when n='^--='4.'i3, then W„ = -577 W 

The formula fails if W {) be nearly equal to W, for the external load would then have to 
he partly acting upwards to secure uniform distribution of the total load. 
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45. Iiitrodiiduri/ Remarks .—The object of ;i machine is to enable t he 
forces of nature to do work of various kinds. In this operation some 
given resistance is overcome, which is accompanied by a given motion, 
while the driving force is accompanied by some other given motion, 
often at a distant place. Hence a machine may be regarded as an 
instrumei/t for converting and transmitting motion. When considered 
tinder this aspect it is called a Mechanism, or sometimes a Movement, 
a Motion, or a Gear, the first being the scientific term, and the others 
occurring in practical applications. 

Every mechanism consists of a set of pieces possessing one degree 
of freedom, that is to say, they are so connected together that when 
one changes its position all the rest do so too in a way precisely 
defined by the nature of the mechanism. Thus, for example, when 
the piston of a steam engine moves through any fraction of a stroke, 
the connecting rod, crank shaft, and the parts of any machine which 
it may be ^riving, all shift their position in such a way that the 
connection between the various changes is completely determinate, 
and can be studied without reference to the work which the engine 
is doing, or the speed at which it is running. This branch of study 
is called the Kinematics of Machines. 

The changes of position may he of any magnitude we please, and 
if they are very small are proportional to tho velocities of the moving 
parts, hence j part of tin? subject, and generally an important part, 
is the consideratioji of the comparative velocities, or, as they are 
usually called, the velocity-ratios, of the moving parts. Further, since 
the comparative velocities are fifed by tho nature of the machine, the 
same must be true of the rates of change of these velocities, that is 
to say, the accelerations. Hence the general question is to study 
completely the comparative motions of the several parts of a machine, 
so that wjen the position, velocity, and acceleration of any piece are 
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given, those quantifies may be known for every other piece. It is 
the* positions and velocities which are chiefly considered. 

The converse problem is to discover the mechanisms by which any 
required motion may be obtained, and for this purpose the connection 
which exists between different mechanisms is considered. The subject 
therefore forms an introduction to the science of Descriptive Mechanism 
in which oxisting machines in all their vast variety are classified and 
studied systematically. 


Authohitikm. 

The principal treatises on the theory of mechanism are— 

s Willis. Principles of Mechanisms. Lofigman. 

Kankine. Millwork ami Machinery. Griffin. 

Hkulkaux. Kinematics of Machinery. Macmillan. 

The modern form of the theory is due to Professor Reuleaux, whose nomenclature 
and methods arc followed with some modifications in the present work. The treatise 
referred to is a translation from the German by Professor A. I>. Kennedy. 


METRIC MEASURES. 

• 

When metric measurement is employed the unit of length is the metre decimally 
subdivided into decimetres, centimetres, and millimetres; the kilometre (1000 metres) 
being employed for long distances. The kilometre is 3281 feet, or about five-eighths of 
a mile, and for units of velocity wo have therefore 

One metre per second »-3'281 feet per second 

--197 feet per minute (nearly). 

Oqp kilometre per hour —54 08 feet per minute 

— § mile per hour (nearly). 

The unit of acceleration will be 1 m.s., or 3 281 f.s. per second. Thus the acceleration 
duo to gravity (g.) which, in British measures is 32‘2 nearly, is in metric units 32 - 2/3*281 
or 9’81 nearly. 



CHAPTER V. 


LOWER PAIRING. 

Suction, I.— Ki.kmuntaiiy Pkintth.ks. 

46. Di'timtiim oj Lmfn■ Pniix—Rt ich piece of a mechanism is in 
direct connection with at least one other, and constitutes with it what 
is called a P*nt, of which the two pieces are said to ho the Elements. 
The whole mechanism may he regarded as made up of pairs, and its 
nature depends on the nature and mode of connection of the pairs 
of which «t is constructed. 

In the present chapter we consider exclusively mechanism composed 
of pairs of rigid elements which arc in contact with each other, not 
merely at certain points or along certain lines, but throughout the 
whole or part of the area of certain surfaces. Such pairs are of 
peculiar importance from the simplicity of the relative movement of 
their elements, from their resistance to wear when transmitting heavy 
pressures, and from their tightness under steam and water pressure. 
They are called Lower Pairs, and in many eases this kind of pairing 
is aloite admissible. 

In order that two rigid surfaces may be capable of moving over each 
other while continuing to fit,.they must either bo cylindrical, including 
undor that head all surfaces generated by the motion of a straight line 
parallel to itself, or surfaces of revolution, or screw surfaces. In the 
first case the relativo motion of the elements is one of translation along 
the line, in the second of rotation about the axis of revolution, in the 
third the motion of translation and rotation are combined in a fixed 
proportion. Hence there# are three kinds of lower pairs, known as 
Sliding Pairs? Turning Pairs, and Screw Pairs. In each ease one of 
the surfaces is hollow, and wholly or partly encloses the other which 
is solid, and the mptiori* depends on the surfaces only, and not on 
the other parts of the elements which assume very various forms, 
aeflbrding to the purpose of the mechanism. Either element may be 
fixed and the other move, or both olements may move in any way 
whatever^ the relative motion is still of the same kind. 
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As an example of ( a sliding pair may be taken a piston and cylinder, 
4n'which either the cylinder may be fixed and the pilton movo, or the 
piston be fixed and the cylinder move, as in some steam hammers, or 
both cylinder and piston move, as in the oscillating engine. Tho ( 
relative motion is always a simple translation. Velocities of translation 
are most conveniently measured in feet per 1" or feet per 1', but miles 
per hour -and knots arc also used, as to which it is convenient to 
remember that 1 mile per hour is 88 feet per 1’, and one knot, that 
is, one nautical mile per hour, approximately 101 feet per l'. For 
metric measures of velocity see page 92, 

As examples of turning pairs may be taken a cart and its wheel,‘a 
shaft and its bearing or a connecting rod and crank pin. The relative 
motion here is one of simple rotation, which may be measured by the 
number of revolutions (n) per unit of time, or by the speed of periphery 
(F) of a circle of given radius (r), or by the angle (-•/) turned through 
per unit of time. The first two modes of measurement are common 
in practice, the third is used for scientific purposes only. Whon 
employed tho angle is always expressed in circular measure, and the 
three methods are therefore connected by the equations 
V=Ar = iirnr. 

When angular velocity is used as a measure of speed of rotation, the 
unit of time is nearly always 1", but the minute and hour are common 
in other cases. 

A' screw pair consists of a screw and its nut, and the relative motion 
consists of a motion of translation along the axis of the screw combined 
with a rotation about that axis. Tho motion of translation is often 
called the “ speed of the screw,” and is equal to np, where p is the 
pitch, that is to say, the space traversed in one revolution, and n the 
revolutions in the unit of time. Strictly speaking, the two first lower 
pairs are limiting cases of the screw pair: in the turning pair the 
pitch is zero, and in the sliding pair infinite. 

In all three cases the motion of either element relatively to the other 
is identically the same, and the rate of that motion may properly bo 
called the Velocity of tho Pair, whether the movement considered be 
translation or rotation. When the volocity of a sliding pair and a 
turning pair are compared, rotation may be measured by the speed 
of periphery of a circle of given diameter; it is tho velocity with 
which bearing surfaces of that diameter woidd mb each other. The 
radius of this circle may be called the “ radius of reference.” The 
velocity of a screw pair may be measured by the rate either of its 
translation or its rotation. 

In these three simple pairs the motion of one element relatively 
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to the other is completely defined, each point ^scribing a definite 
curve. Such a (fair is called a “complete” or “closed” pair, but Vo, 
may have pairs in which the motion is jiot dotinod unless further 
^constraint be applied, and the pair is then said to be “incomplete.” 
An incomplete pair cannot be used in mechanism without employing 
such constraint, and this process is called “closing” the pair. A pair 
may be incomplete, because there is nothing to prevent the disunion of 
its elements, as, for example, a shaft and its bearing when the cap 
is removed, but it also may bo incomplete in itself. Lower pairing is 
sometimes, though not very frequently, incomplete in this latter sense ; 
there are three possible cases, first, when the surfaces are spherical, as 
in a ball and socket joint; second, where a rod fits into a hole, and is 
free to move endways as well as rotate; third, where a block fits in 
between parallel plain surfaces. r l be methods of producing closure 
will be considered hereafter. 

It may be here remarked, in anticipation of what will be said 
hereafter, that cases of lower pairing may be imagined in which the 
elements qf e not in contact over an area but along a line. For example, 
a rod may fit into a square hole. It is the simplicity of the relative 
motion which is the essential characteristic. 

The motion of the elements of a pair may be prevented by a pin key 
or other fastening removable at pleasure; the pair is then said to be 
“locked.” In capstans and windlasses, provided with ratchet wheel 
and pawls, wc have pairs which arc locked in one direction onlJ\ 


47. Definition of a Kinematic Chain— It has been already said that a 
machino consists of a number of parts so connected together as to be 
capablo of moving relatively to one another in a way completely defined 
by the natuft of the machine. Faeh part forms an element of two 
consecutive pairs, and serves to connect the pairs so that the whole 
mechanism may be described as a chain, of which the parts form the 
links. Such a series of connected pieces is called a Kinematic Chain. 

The motion of any piece may be considered either relatively to one 
of the pieces with which it pairs, or with reference to any other piece 
which we may choose to regard as fixed. In the fin?t case the rate of 
movement ha^already been defined as the Velocity of the Pair. In the 
second, the fixed piece is usually the frame of the machine, which unites 
the rest of the pieces, and" is commonly attached’ to the earth or some 
structure of Urge size, such as a vessel. For pieces which pair with the 
frame the velocity of the pair is the same as the velocity of the moving 
element, and this element alone need be mentioned. In some common 
practical cases the speed of an element means the speed of one of the 
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pairs of which it fijrms part. For example, the speed of piston of an 
, oscillating engine would be understood to mean its Velocity relatively 
to the cylinder, in other words, the speed of the “cylinder-piston pair.” 
In the present chapter wo consider exclusively chains of closed lower 
pairs, so that the motion of the pairs is a simple translation, rotation* 
or screw motion. The motion of some of the pieces relatively to the 
frame may be much more complex, but this is a subject for subsequent 
investigation: it is the motion of the pairs alone we consider at 
present. We shall first direct our attention to the very comipon and 
important piece of mechanism employed in direct-acting steam engines. 
An example is shown in Fig. 1, Plate I, p 108, which represents-a 
direct-acting engine of the vertical inverted cylinder type which is 
common in marine engines and often occurs in other cases. 

^Lot. ns consider the pairs of which this mechanism is constructed. 
We have, first, a cylinder, to which are rigidly attached,guidcs for the 
crosshead, and bearings for carrying the crank shaft. The cylinder- 
guide bars and crank shaft bearings all form one part rigidly connected 
together, and must be considered as being one piece or Jink of the 
kinematic chain. It may conveniently be called the frame. Seamdly, 
there is a piston, which fits and slides in the cylinder. To tho piston a 
rod and crosshcad are rigidly attached, forming practically one piece. 
Not only is tho piston guided in the cylinder, but the crosshead also 
between the guide bars, and the piston rod in the stuffing box ; but yet, 
sinfce there are practically two pieces only which move relatively to one 
another, we must look on the cylinder, stuffing box, and guide bars as 
altogether forming the hollow element of a sliding pair, and the piston, 
rod, and crosshead as together forming the solid element of ttiie pair. 
Thirdly, there is a connecting rod which is attached by a gudgeon or 
crosshead pin to the piston-rod head. These two parti? will together, 
compose a turning pair. At the other end the connecting rod embraces 
the crank pin, forming a second turning pair with it. The crank pin is 
one of the elements contained in the fourth piece of the mechanism. 
This piece consists of the crank pin, crank arms, and shaft with its 
journals. The journals turn in the bearings of the fixed frame of the 
machine, tho first link mentioned, and so, form a third turning pair. 
Thus the chain is complete. It consists of four link's forming one * 
sliding pair and three successive turning pairs. * 

The same mechanism, in a different form,’ is sjiown in Fig. 2 of the 
same plate which represents the air-pump of a marine engine worked, 
as is not unusual, by a large eccentric keyed on the crank shaft. ‘The 
crank pin is here enlarged so as to become an eccentric; and to save 
room, the piston rod is replaced by a trunk within which the eccentric 
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rod vibrates. We have, however, exactly the same pairs arrange^ in 
the same way, afid the difference between the mechanisms is therefore 
merely eonstrncthe, the motions of the patts being identical. 

48. Mri’hanmfi of DM-Arfing Engine—Position of Piston. —This is 
such an important piece of mechanism that we will examine its motion 
somewhat fujly. ’ 

First, as to the relative positions of the crank in its revolution 
and thg jjiston in its stroke. The position of the piston in its stroke 
will compare exactly with the position of the crosshead, so instead 



of introducing the length of the piston rod into the diagram, we 
may just as well determine the relative positions of the point D 
(Fig. 46) in its straight-line path, and P in its circular path. 

Suppose the line of stroke to pass through the centre of the crank- 
pin circle. Let OP - length of the crank arm, and PI) the length of 
the connecting rod. When the crank arm is in the line of stroke, 
away from the piston, the piston will be in one extreme position, 
• and when tSe crank is in t-fye line of stroke towards 1), the piston 
will be in its other extreme position. The points A v A i on the crank- 
pin circle are called the dead points. If we take distances A X D X 
A„D. i ■- PI), the length of the connecting-rod, the points l) v /> 2 re¬ 
present the ends of the stroke of the piston. If now we place the 
crank in any position OP we obtain the corresponding position of the 
piston by cutting the line »f stroke with a circular arc of radius = PD 
and with.centfe P. DD V DD„ will be the distances of tho piston from 
the ends of its stroke. Since A X A.,----1)J\ the Jength of the stroke, 
it will be convenient,to ffnd the point in A X A., which corresponds to 
the position of the piston in its stroke. This may be readily done by 
striking a circular arc PN with centre V. N will be the point, for 
A x ]\ - PD = ND, therefore A X N^1) X D, and the point At is the same 
distance from A x and A.-, as the piston is from the ends of its stroke. 

C.M. * ’ G 
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fWe may just as easily solve the converse problepi of finding the 
'position of crank corresponding to any given position of the piston 
in its stroke. Let D be any position, cut the crank-pin circle by a 
circular arc of which 1) is the centre and I)P the radius, then OP or. 

O ... 

OF will bo the corresponding position of the crank. Let the direction 
A v PA 2 be the ahead direction of the cr»nk, and let us call the 
motion b,D, towards the crank the forward stroke, and D, D } the 
back or return stroke of the piston, then when the piston is at D 
in the forward stroke the crank will be at OP, and again .when the 
piston is at D in the return stroke the crank will be at OP'. Drop 
a perpendicular PM on to the line of stroke. Then the longer the 
connecting rod the smaller NM will be, and the more nearly the 
circular arc PN will coincide with the perpendicular PM. Hence in 
the limiting case of an indefinitely long connecting rod, M will be 
tho position of the piston corresponding to the position OP of the 
crank. M being the position, neglecting the effect of the obliquity 
of the connecting rod, and A 7 the true position, MN is what wc may 
call the error, or deviation due to obliquity. 

In general the slide valve is worked by an eccentric, the radius 
of which is set at a particular angle on the shaft, so that the cut-off 
takes place when tho crank occupies a certain angular position in 
its revolution, and it consequently follows that the fraction of stroke 
completed before cut-off takes place will be affected by the obliquity 
of the connecting rod, so that in the ordinary setting of the slide 
valve the rates of cut-off’ will be different in the two strokes. This 
is well illustrated by Ex. 4, page 103. 


Wo may obtain a convenient approximate expression for MN, the error due to 
obliquity. Referring to Fig. 40, -i 

NM^DN-DM^DN{ 1 - cos0). 

Now the length of the connecting rod may be conveniently expressed as a multiple 
of the length of the crank radius a or stroke *. 

DN=na supi>oae= 

. •. NM —n^(l - cos <p) — ns sin 2 ?). 


In the triangle POD, the sides being proportional to the sides of the opposite angles, 

sin0=~gain0 = ~ si i*0. 

DP n 

Now, the angle <p is in all practical cases a small angle, so we may write approximately 
■<* 

* o 2sin; J =sin0. 

Z 1 


NM~n. s 


^=^-sin 2 0 
4h 2 4n 


This is greatest when 0=90. NM xmx ,-^. 

If the connecting rod is four times the crank, the greatest error due to obliquity 
= 1*8 Btroke. 
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We see that, is the forward stroko, the effect of the obliquity of tfoe, 
connecting rod is to put the piston in advance of tho position due to an 
infinitely long connecting rod, and, in the return stroke when the 
•piston moves fronathe crank, the piston will be behind that position. 

The relative positions of piston and crank may be very conveniently 
represented by a curve in this way. Divide tho crank-pin circle (see 
Fig. 46) into k numbor of equal parts, and supposing tho crank pin at 
the points of division P, find the corresponding positions of the piston 
N. If fliAi we take along the crank arm a distance ON' equal to ON, 
tlje distance of the piston from the centre of its stroke, and do this for 
a number of positions, w S shall find the points N' will lie on a double- 
looped closed curve, shown in full lines in the figure. This may lie 
called a curve of position of the piston. If we had supposed the con¬ 
necting rod to be indefinitely long, and had taken a distance 0M‘ along 
OP = OM, the curve of position in such a case would have been a pair of 
circles, dotted in the figure, on 0A, i and 0A V as diameters. The true 
curves of position will deviate from these circlos more tho shorter the 
connecting rod. For the half stroke nearer tho crank the curve will lie 
outside the dotted circle, and for tho further half stroko inside. In 
Zeuner’s valve diagram the obliquity of the eccentric rod is neglected, 
and the circles employed to show the position of the slide valve. 

49. Velocity of Piston .—We will now pass on to tho question of*the 
relative velocity of the piston and crank pin. 

We will suppose the crank to turn uniformly at so many revolutions 
in the unit of time. If = number of revolutions and a - length of 
crank arm, s = stroko. 

« Velocity of crank pin V t) = 2imn = mrs. 

*Now, as the crank pin moves With uniform velocity, the piston under¬ 
goes continual changes of velocity, from being zero at the ends to a 
maximum at about the centre of the stroke. What is commonly 
spoken of as the speed of piston is the mean speed. If in the unit of 
time a complete number of revolutions are performed at a uniform rate, 
the mean speed will be the actual distance traversed by the piston in 
• the unit of time. In each revolution tho piston will complete a double 
stroke, so that speedV piston = V= 2 ns. This may be compared with 
the speed of crank pin V 0 . . 

fj,_*rns it 
V = 2ns 2' 

Next, as to the actual velocity of the piston at any point of its stroke. 
The piston and crank pin are joined together by a connecting rod of 
invariable length; one end of this rod has the velocity of the piston 
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aifj the other that of the crank pin. In Fig. 47b lej ab be a rod, the 
ends of which move with velocities V a , V b in given directions. If one 
of these velocities be given; the other can be determined. For in Fig. 
47a draw Oil parallel and equal to V„, and Ob parallel to V h to meet a 
line ab which is perpendicular to the line ab of the first figure; then, if 



'A 


we drop a perpendicular On on ab, this will be parallel to ab of the first 
figure, and must represent the resolved part of the velocity V a along 
the rod. But the velocities of a and b resolved along the rod must be 
equal, because the length ah of the rod is invariable; hence On also 
represents the resolved part of V b along the rod, and consequently Ob 
must represent that velocity in magnitude as well as in direction. The 
figflre Oab is called the Diagram of Velocities of the rod, and from it we 
can find the velocity of any point we please either in, or rigidly con¬ 
nected with, the rod. We shall return to the properties of this diagram 
frequently hereafter: it will be sufficient now to remark that the 
triangle Oab determines the velocity-ratio of the two ends. In drawing 
the triangle it is generally convenient to turn it through 90°, so that 
the lines ab in the two figures become' parallel, while the sides Oa, Ob 
become perpendicular to the velocities they represent. 



In Fig. 48, OP is the crank arm, PD the connecting rod ; through 0 
draw 0T at right angles to the line of stroke to meet the connecting 
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rod produced iri^ T, then P moves perpendicular to OP, and D to ()?', 
therefore OPT is a triangle of velocities, so that if V he the velocity 
of the piston, F (l that of the crank pin, 

V JOT 

: . V »' W ' 

This simple construction enables us very conveniently to draw a curve 

of piston velocity. In the first place, set off along OP a length'OJ’' = 0T, 

and do this for a number of jmsitions of the crank. The points T will 

be found*to lie on a pair of closed curves, shown in full lines in the 

figure, passing through 0 and also through Q, Q’, the upper and lower 

ends of the vertical diameter of the crank circle. Had the connecting 

rod been indefinitely long, the points T would have been found to lie 

on a pair of circles, of which the diameters are OQ and 0Q‘, shown in 

dotted lines. On account of the obliquity of the connecting rod, the 

curve of actuhl velocity lies outside the circle on the cylinder side of the 

crank, and inside the circle when the crank lies away from the cylinder. 

When the crank is at right angles to the line of dead centres, the 
velocity of the piston is the same as that of the crank pin, and neglect¬ 
ing the obliquity of tho connecting rod this will be the maximum 
velocity of the piston. , If the obliquity is taken into account, the 
greatest velocity of piston occurs when the crank is inclined a little 
towards tho cylinder; it is very approximately when the crank is at 
right angles to tho connecting rod, anu the maximum velocity vgilt a 
little exceed the velocity of the crank pin. 

The curve just described is a polar curve, the magnitude of the 
velocity being represented by the length of the radii vectored of the 
curve. But we may draw a curve of velocity in a different way, thus 
—from the qpd of the connecting rod which represents the position of 
the piston when the crank is vat OP, set up an ordinate DK-OT, and 
do the same thing for a number of positions of the piston, tho curve of 
velocity A KB will be obtained; the ordinate of which will represent 
the velocity of the piston when at any point of stroke AB. The longer 
the connecting rod the more nearly does the curve approximate to the 
dotted semicircle of which AB is the diameter. The eftoct of the 
obliquity is ip make the true curve of velocity lie outside the semi¬ 
circle in the first holf of the stroko of the piston towards the crank, 
and inside for the second half of the stroke. • 

The mean, velocity of the piston may be conveniently represented 
by an addition to the diagram, thusOn the same scale that OP, 
the* length of the arm, represents the velocity V 0 of the crank pin, 
take a length to represent 
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In the polar diagram draw a circle with 0 as centre and radius of this 
length. Where the circle cuts the polar curve of velocity the positions 
of the crank are given at which the actual speed of the piston is equal 
to its mean speed. In the second diagram of velocity, set up an 
ordinate to represent V , and draw a line parallel to the line of stroke. 
It will cut the curve of piston velocity in two points. 


Ah approximate expression for the velocity of the piston may be determined thus: 

v - V ~ v sin ^ + ^ • 

y ~ 0 *mbfi ~ 0 cos 0 ’ , • 

or expanding the numerator, 

V- F o {sin0+coH0tan 0}. 

Since 0 is in all practical cases a small angle, tan 0 /hay be written=sin 0 without 
sensible error. 

.*. V= F o {8in0+cos0sin0}. 


Now 


sin 0_ OP_ 1 
sin 6 PI) n 


v=v t 


jsin0-f^ sin 0 cos<?|- 


= F 0 /sin 0 + ^ sin 20 j- ^ 

By differentiation with respect to the time t we obtain the acceleration of the piston. 
Let a be the length of the crank, then 


dV dV 0 f . . , 
sm0+, 

<lt dt V 


2n 8 * 11 ^ | cob 0 + ~ cos 20 j 


If the length of the connecting rod be infinite, and the crank turn uniformly, wo obtain 
a simple harmonic motion, the deviation from which is therefore, approximately, 
assuming n large and dV 0 fdt small, 

y 2 d V 

Deviation =— cos 20+-.7° sin 0, 
na at 

A graphical construction for the acceleration when the crank turns uniform^ will be 
found in the Appendix. See also Ex. 10, 11 next page. 


EXAMPLES. 

1. The driving wheels of a locomotive are 6 feet in diameter, find the number of revolu¬ 
tions per minute and the angular velocity, when running at 50 miles per hour. If the 
stroke is 2 feet, find also the speed of piston. 

Revolutions per minute=233^. 

Angular velocity = 24£ per second. 

Spoed of piston =933 6 feet per minute. 

2. The pitch of a screw is 24 feet, and revolutions 70 per minute. Find the speed in 
knots. If the stroke is 4 feet, find also the speed of piston in feet per minute. 

Speed of screw =16’58 knots. 

„ piston=560 feet per minute. 

3. The stroke of a piston is 4 feet, and the connecting roil, is 9 feet long. Find the 
position of the crank, when the piston has completed the first quarter of the forward and 
backward strokes respectively. Also find the position of the piston when the crapk is 

upright. 

Am. The crank will make, with the line of dead centres, the angles 55° and 66°. 

When the crank is upright the piston will be 2f inches from the middle of its Btroke. 
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4. The vftlvo gear is so arranged in the last question as to c^t off the steam when the 

crank is 45° from till dead points both in the forward and bnckward strokes. Finrr thp 
point at which steam will be cut off in the two strokes. Also when the obliquity of the 
connecting rod is neglected. • 

• Ans. Fraction of stroke, at which steam is cut off is— 

•175 in forward stroke, 

'118 in backward stroke, 

*140 neglecting obliquity. 

5. Obtain the results of the two last questions for tho case of an oscillating engine, 0 
feet stroke, the distance from the centre of the trunnions to the centre of the shaft being 
9 feet. • % 

Am. Angles 51 J and 68 J : Cut-off 2 and *115. 

• 6, In. Ex. 3 construct both curves of piston velocity. If the revolutions lie 70 per 
minute, find the absolute velocity of the piston in the positions given. Find also the 
maximum velocity of the piston. 

Ans. | stroke forward, velocity -- H10 feet per V. 

^ „ hack, ,, = 730 ,, 

# Maximum „ = 900 „ 

Find also the points in the stroke at which the actual speed of piston is equal to the 
mean speed. 

A ns. 4J in. from commencement of forward stroke. 

$ in. ,, end ,, 

7. The travel of a slide valve isfi in., outside lap 1 in. Find, in feet per second, the 
velocity with which the port commences to open when the revolutions are 70 per minute. 

Ans. Port commences to open when the valve is 1 in. from the centre of its stroke. 
Neglecting the obliquity of the eccentric rod, velocity of valve is then 172 feet per second, 

8. Show that the maximum velocity of the piston occurs when the crank is nearly at 
right angles to tho connecting rod, the difference being a small angle, the sine of jvhich 

is— \ —nearly, where n is the ratio of connecting rod to crank. 

«(n 2 +2) 

<). Referring to Fig. 48, p. 100, show that when the crank rotates uniformly the 
angular velocity of the connecting rod is proportional to PT. Draw a curve represent¬ 
ing it. With the notation of Art. 49, p. 102, show that approximately 

Y 

Angular velocity of rod= u . cos 0. 

* 

Angular acceleration ~ - —-, r sin 0. 

10. At any point K of a linear curve of velocity (such as UK A in Fig. 48, p. 100) draw 
an ordinate KD to meet the base line in V and a normal KZ to meet this line in Z. 
Show that the acceleration of the piston or other moving piece is proportional to DZ. 

Note.- -This well-known construction is due to Proell. It is perfectly general, but 
difficult to apply with accuracy, l^cause the exact direction of the normal is generally 
unknown. • 

11. Referring to Fig. *48, page 100, draw additional lines as follows. (Mohr’s con¬ 
struction)— f • • 

(1.) TO horizontal to meet the crank JP produced in O. 

(2.) OS verticil to meet the connecting rod PD in S. 

{\) SZ&t right angles to the rod to meet the line of centres in Z. 

Prove that when the crank turns uniformly 

A cceleration of Piston _ OZ 
Acceleration of Crank Pin OQ 
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, Suction II.-±-Examples of Chains of Lowip Pairs. 

60 . Mechanisms Derived from the Slider-Crank Chain .—In the investi¬ 
gation just given it has been supposed, for simplicity, that the crank 
turns uniformly, but if this be not the case the curve constructed will ' 
show the ratio of the velocities of the piston and crank pin. In all cases 
it is the vplocity-ratio of two parts, not the velocities themselves, which 
are determined by the nature of the mechanism. The velocities are of 
course reckoned relatively to the frame, but as both piston and crank 
pair with the frame, they are also the velocities of the piston ftame pair 
and the crank-frame pair (see p. 95), the crank being the radius of 
reference. The velocities of the other pairs will*bo determined presently, 
but in this mechanism arc! of less importance. We will now direct our 
attention to other examples of the simple chain of lower pairs,, of which 
the direct-acting engine is only a particular case. In Fig. 49, D is a. 





blocjt callable of sliding in the slot of the piece A. By means of a pin 
this block is connected with one end of the link C. It is a crank capable 
of rotating about a pin attached to the piece A, and united to C by 
another pin. Each of the four pieces of which this mechanism is com¬ 
posed, together with either of the adjacent pieces, constitutes a “ pair,” 
of which there are four, viz., three turning pairs, AB, Bf, CD, and a 
sliding pair, DA. This simple combination of pairs is known, in the 
modern theory of machines, as a Slider-Crank Chain. 

Since the relative motions of the parts depend solely on the form of 
the bearing surfaces of the pairs and the position of their centros, not 
on the size and shape of the pieces in other respects, we may vary these 
at pleasure, and thus adapt the same chain to a variety of purposes. 
Especially we may interchange the hollow* and solid elements of the 
pairs, a process which occurs constantly in kinematic analysis, and is 
called “ inversion of. the pair.” 

Again, any one of the four pieces rray be fixed and thp other move, 
so that we can obtain four distinct mechanisms from the same chain,, 
simply by altering the link which we regard as fixed, a process called 
“ inversion of the chain.” 

(1.) Let A be fixed, then we obtain the mechanism of the direct-acting 
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ongine already ^dly considered. In this, however,* the connecting ljnk 
C is much longer than the crank 11 ; by supposing them equal we 
obtain a mechanism well known in various i 
• forms. In Fig. 50, C is prolonged beyond 
the crank pin a to a point d, sueli that 
ad-at\ a circle struck with centre a then 
passes through c, d, and the centre of the 
block, thus cd is at right angles to the line 
of strok* so that d, when the crank turns, 
describes a straight line. This property 
renders the mechanism,applicable to a parallel motion. It has also 
been used in air-compressing machinery. (Sec page 11(1.) 

The various forms of the well-known toggle joint, some of which 
will bo referred to hereafter, are examples of the same mechanism 
with diflerertt proportions of 0 to 11. 

(2.) Instead of A, let us suppose C to lie the fixed link, so that A 
and the other pieces have to take a corresponding motion. With 
this, by exchange in the shape of the pieces, we are able to derive a 
mechanism well known in two forms. C being fixed, and 11 caused 
to rotate, A will have given to it an oscillating motion about the 
block D, and, at the same time, will slide to and fro on tho block, 
the block itself having a vibrating motion about the other end of the 
piece C. Now, the relative movement of tho parts of this mechanism 
is identical with that of the oscillating steam engine, and by a suitable 
alteration in the shape of the pieces, that mechanism may be derived. 
Thus, suppose, in the first place, tho hollow element of A to become 
the solid one, in the shape of a piston rod and piston, whilst tho block 
1) is enlarged into a cylinder to surround the piston, and so becomes 
the hollow element of the >pair. The cylinder 1) will oscillate on 
trunnions, in bearings in the fixed piece C, which must be so con¬ 
structed as to be a suitable frame for carrying the engine, and have 
bearings in which the crank shaft and crank D can turn. 

The oscillating cylinder is in goneral mounted on bearings, the centre 
line of which coincides with the centre of the stroke of the piston, so 
that the distance apart of*tho shaft and trunnion bearings is equal to 
the length of the pston rod. An oxample is shown in Fig. 4, Plate I. 

Next let us consider the relative motion^ of thp parts. Returning to 
Fig. 49 aboje, suppose a'b, c to,be the centres of the turning pairs, and 
draw ct, an perpendicular to the lino of centres Ac, to meet C and A in t 
ancl n, then it was shown above (page 100) that the velocity-ratio of the 
pairs DA, BA in the direct-acting mechanism was ct/m, and as fixing a 
link makes no difference in the relative motions, this must also be the 
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ratio of the speed of the piston of the oscillator in its cylinder, to the 
speed of the turning movement of the crank relatively t'o the piston rod. 
Again when C is fixed, as in ,the oscillator, the link A (Fig. 49) slides on 
the block I) with a velocity the direction of which is perpendicular to ( 
an, while the point c in it moves perpendicular to at. * Hence it follows 
that the triangle of velocities is am, and therefore the velocity-ratio of 
piston and crank pin is anlac. The curve of piston velocity can he 
drawn as before; it differs little in form from that of the direct actor, 
but the maximum velocity of the piston is equal to that of Jlyi crank 
pin, instead of being somewhat greater. Once more, remembering that 
fixing a link does not alter the relative motions, it appears that, in aK 
cases, the velocity-ratio of the pairs DA, ISC must be aa/»r, so that we 
have determined the ratio of the speed of piston in the direct actor 
to the speed of the turning movement of the crank relationty to the 
connecting rod. , 

Comparing our results, we see that the velocity-ratio of tho turning 
pairs BC, BA must be d : an, or what is the same thing, bt : ah. Since 
the three angles of the triangle abc aro always together equfl to 180”, 
it is clear that the sum of the speeds of the three turning pairs must be 
zero, duo regard being taken of the direction of rotation, and it follows, 
therefore, that in any slider-crank chain the speeds of tho three turning 
pairs are as a t-.ab-.U. By the introduction of a suitable radius of 
reference, we may compare these velocities with that of the sliding pair. 
The’most convenient radius to take is that of the crank, then assuming, 
as before, ab = n . ar, the velocities of the pairs are shown by the annexed 
table:— 


Vki.ocitv-Ratios is a Si.ideb-Cbank Chain. 







Pair, 

DA 

BA 


DC 

Velocity, 

ct 

ac 

u 

n 

at 

n 


In the oscillator the angular velocity-ratio of the cylinder and crank 
is the velocity-ratio of the pairs CD, CB, and is therefore tit : bt or cn : be. 
This can readily be constructed by drawing nz parallel to sc, then, since 
ab is constant, the angular velocity of the cylinder is proportional to az, 
as may be verified by an independent investigation. The result may 
be exhibited by a polar curve similar to the curve of piston velocity 
already drawn. In Fig. 51, c is the crank pin, TST'S' the crank circle, 
az is set off along the crank radius equal to az, then a curve with two 



CH. V, ART.-fiO.] 


LOWER PAIRING. 


107 


unequal loops is obtained, which shows the law $i vibration of the 
cylinder. The fcotion of the cylinder is such that, in the swing to ftie. 
left, whilst the crank pin moves along 
^the arc T'ST, the angular velocity is 
much greater tharf in the return swing 
to the right, whilst the crank pin moves 
along the arc TS'T'. Supposing the 
crank to revolve uniformly, the times 
occupied hy the forward and return 
swings are as the arcs T'ST and TS'T', 
which are proportional to the angles 
subtended by them, fty measuring 
or otherwise estimating these angles, 
the mean* angular velocities in the for¬ 
ward and backward oscillation may be 
determined. This peculiar vibration, 
rapid one way and comparatively slow 
the other , t has been made use of to 
obtain a quick return motion of a 
cutting tool in a shaping machine. 

The velocity with which a tool will 
make a smooth cut in metal is limited, 
and since in general the tool is made 
to cut in one direction only, time is 
saved by causing the return stroke 
to be made more quickly. One construction of such a quick return 
motion* may be thus described. A slotted lever D vibrates on a 
fixed centre in the frame-piece C, its motion being derived from the 
, revolution of*a crank B on another fixed centre in the same frame-piece 
C. The crank pin of B turns in the block A, which slides in the slotted 
lever D. There is in addition a connecting rod, by moans of which a 
to-and-fro motion of a headstock carrying the cutting tool is communi¬ 
cated from the oscillating lever, the headstock sliding in a guide. 

Omitting the connecting ml, we have the same kinematic chain, with 
the same fixed link C, as in the oscillating engine. There has been a 
* change made bnly in the form of some of the pieces. What was the 
oscillating cylinder is now the slotted lever, and instead of a piston and 
rod, we have here tlje siihplc block A slkfing in the slot. The crank 
B and frame-fink C remain practically unaltered. The slotted lever will 
vibfate according to the same law which we have investigated for the 
oscillating cylinder, and thus with a uniform rotation of the crank, a 
quick return motion of the tool will be obtained. This mechanism 
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is shown in Fig. 5; Plate L, in a form employed for giving motion 
•to the table of small planing machines. 

(3.) Let us next take example in which B is the fixed link, 
and becomes the frame, its form being of course modified to suit 
the new conditions. 

A crank arm C (Fig. 52) turns on a fixed centre in the frame-piece 
B ; so also does another arm A on a second fixed centre, 1) slides 
on A, being connected by a pin to the second end of C. Both A 
and C may make complete revolutions. If we supposo G> ‘so turn 
with uniform angular velocity, A will rotate with a very varying 
angular velocity, the movement of A in the ,upper part of its revolu¬ 
tion being much more rapid than in the lower. This device has been 
employed by AVhitworth to get a quick return motion of a cutting 
tool in a shaping machine. When separated from the rest of the 
machine, the construction may be thus describedA ipur wheel C 
which derives its motion through a smaller wheel from the engine 
shafting, revolves on a fixed journal B, of large dimension. Standing 
Fig.si. ^ from the faco of the journal is a fixed 

. P> n placed out of the centre of the 

dy journal. On this fixed pin a slotted 
a lever A rotates, in which a block 

' . D slides, a hole in the block receiving 
ll V ' a P' n w l ] ' c l’ stands out from the face 

j 'of the spur wheel. A second slot in 

\ A, on the other side of the pin, 

contains another block, which, by a 
screw, can be adjusted and secured 
at any required distance from the 

.centre of rotation, so as to give any 

stroke at pleasure. This mechanism, omitting the adjustment by 
which the stroke is varied, is shown in Fig. 6, Plate I. The same 
mechanism in a somewhat different form is often employed in sewing 
machines to give a varying motion to the rotating hook. 

(4.) Tho fourth possible mechanism which can be derived from the 
slider crank chain is obtained by fixing the block D. This case is 
not so common as the three preceding, but in Stannah’s pendulum 
pump, shown in Fig. 3, Plate.I., we find an example. In a simple 
oscillating engine driving a crank shaft and fly-wheel, suppose the 
cylinder D fixed instead of the piece C which carries the cylinder and 
crank shaft. The crank and fly-wheel B has become the bob, and 
the link C the arm of the pendulum, from which the mechanism 
derives its name \ D is a fixed cylinder, and A is a piston and rod. 








Plate. I. 
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As the crank rotates the crank pin moves up and down, while its 
centre vibrates in the arc of a circle. 1 

(5.) The four mechanisms here described.are all which can be obtained 
. from the simple slider-crank chain, but an additional set may be derived 
)y supposing that the line of stroke of the slider does not pass through 
the centre of the crank. A common example ih found in tho chain 
■communicatiug motion from the piston to the beam in a beam engine. 

Although the mechanisms derived by inversion from a given kine¬ 
matic (tain may be described as distinct, it must be carefully observed 
that there is in reality no kinematic difference between them, the 
distinction consisting merely in a different link being chosen to reckon 
velocities from. If we consider the volocities of tho pairs which consti¬ 
tute the .chain, those velocities arc always related to each other in the 
■same way, and the same machine may be regarded sometimes as one 
mechanism dhd sometimes another. For example, suppose a direct- 
acting engino working on board ship : the ship may be imagined to 
roll so that the connecting rod of the engine is at rest relatively to the 
earth, an# the engine becomes an oscillator to an observer outside 
the ship. Dynamically and constructively, however, there is a great 
difterenee, for the fixed link is the frame, and is attached to the earth 
or other large body, the predominating mass of which controls the 
movements of all bodies connected with it. To illustrate and explain 
the inversion oi a slider-crank chain, Plate I. has been drawn. Tho 
six examples which have just been described are hero placed side by 
side with the same letters ./ 11 C 1) attached to corresponding links so 
that tbey may readily be recognized. It will be seen that each link * 
assumes very various forms; thus, for example, the link A is the 
frame and cylinder in l<’jgs. 1 and 2, a piston and rod in Figs. 3 and 4, 
a block in Fig. 5, and a rotating arm in Fig. (i. The relative motions 
of corresponding parts arc, however, always the same. 

61. Duulle Slider-Crank Chains .—We now pass on to the consideration 
of a kinematic chain consisting of two turning pairs and two sliding 
pairs. Wo will commence by showing how this chain may be derived 
from that previously described. Suppose the piece I), instead of being 
simply a block, is a sector shaped as shown in Fig. 1, Plate II., having 
a slot curved to the arc of a circle of centrp 0, wjiile tho piece C, which 
was before tfie connecting rod, is compressed into a block sliding in tho 
curved slot. The law of relative motion of the parts of this mechanism 
will bo precisely the same as in the direct-acting engine, for the block C 
will move just as if it were attached by a link, shown by the dotted 
line, to a point 0, a fixed point in the piece D. The piece 1) will slide 
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in x A, just as if there were a connecting link from C to 0 and no 
sector—that is, it will slide just as the piston does in the cylinder of a 
direct-acting engine. Moreover, there are in reality exactly the same 
pairs in this as in the mechanism of a direct-acting .engine, for 0 and 
D together make a turning pair, although only portions of the surfaces 
of the cylindric elements are employed. 

This being so, let us now imagine tho radius of the circular slot in 
the piece D to be indefinitely increased, so that the slot becomes 
straight, and is at right angles to the line of motion D. In such a 
case the pair CD would be transformed into a sliding pair, and the 
mechanism would consist of two turning pairs,, and two sliding pairs, 
and is known as a double slider-crank chain. 

The most important example of this kinematic chain is that .found in 
some small steam pumping engines. (Fig. 4, Plate II.) The pressure 
of the steam on the piston is transmitted directly to the pump plunger. 
The crank B and sliding block C serve only to define the stroke of the 
piston and plunger, and, by means of a fly-wheel, the shaft of which 
carries an eccentric for working the slide valve, to maintain a continual 
motion. The law of motion of piston and crank pin may be readily 
seen to be tho same as that in a direct-acting engine, in which the con¬ 
necting rod is indefinitely long. P being the position of the crank pin, 
M will represent the position of tho piston and reciprocating piece, and 
PM will represent the velocity of the piston at the instant, OP being 
taken to represent the uniform velocity of crank pin. (See Fig. 4t>, 
p. 97.) In this case the polar curve of velocity would consist of a 
pair of circles. This motion, shown in dotted lines in Fig. 48, is. called 
a simple Harmonic motion, because the law is the same as that of the 
vibration of a musical string. 

By a chango of the link which is fixed, we may now derive other 
well-known mechanisms from this kinematic chain. 

Instead of A, which forms part of a sliding and part of a turning 
pair, being fixed, let B be the fixed frame-link. B contains the 
eloments of two turning pairs, so that the frame must contain two 
bearings or journals. An example of such a mechanism is that known 
as Oldham’s coupling, Fig. 5, Plato II., used for connecting parallel 
shafts, which are nearly but not quite in the same straight line, and 
which are required to turn with uniform angular velocity-ratio. Each 
shaft terminates in a disc, in the face of which a straight groove is cut. 
The two discs, A and C in the figure, with the grooves, face each other, 
and are placed a little distance apart, with the grooves at right angles 
to each other. Filling up the space between them is placed a disc D , 
on the two faces of which are straight projections at right angles to one 




To face, page 111. 
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another, which fit into the grooves in the shaft discs’. In the revolution 
of the shafts each of these projections slides in the groove in which it 
lies, and rotates with it. The two grooves are, therefore, maintained 
•always at right angles to one another, and the two shafts rotate one 
exactly with the othor. 

Next, let the fixed link of the chain contain the elements of two 
sliding pairs, .which would be obtained if we made D the frame-piece. 
An interesting example of this is the instrument sometimes omployed 
in drawing ellipses. (Fig. 2, Plate II.) Two blocks slide in a pair of 
right-angled grooves. By means of clamp-screws a rod unites them at 
a constant distance from one another. Pins fitting in holes in the 
block allow the rod to rotate relatively to the blocks. Any point in 
the rod will describe an ellipse, as indicated in the figure. 

If the link C be fixed, the resulting mechanism does not differ from 
that derived by fixing A, and the three mechanisms just described are 
therefore all which can be obtained by inversion of a double-slider chain. 
In Figs. 2, 4, 5 of the plate referred to they are shown side by aide 
with the saPne letters attached to corresponding links, as in Plate I. 

The directions of motion of the two sliding pairs have been supposed 
at right angles, but any other angle may be assumed, and mechanisms 
obtained which we need not stop to examine. A more important 
change is to suppose that the sliding pairs and turning pairs alternate, 
so that each link forms an element of one sliding and one turning pair. 
A mechanism known as “ Kapson’s Slide,” employed as a steering gear 
in large ships, will furnish an example. Fig. 3, Plate II., shows one 
way in which '^“'-applied. A' is an eidarged pin made in two pieces 
between which the tiller B slides while turning about an axis fixed in 
the ship D. a A' is carried by the piece 0, which slides in a groove 
fixed transversely to the ship, being drawn to port or starboard by the 
tiller chains passing round pulleys mounted on C, as shown in the 
figure. The further the tiller is put over the slower it moves (Ex. H, 
p. 124), and therefore the greater the turning moment (Ch. VIII.), 
a property of considerable practical value. Another example occurs 
in the motion of the compensating air cylinders employed in the 
Worthington direct-acting {lumping engine. In this kinematic chain 
the same mechanism is obtained whichever link is fixed. 

The mechanism shown in Fig. 6 of this Plate ij a compound chain, 
to be referred,to hereafter. 

5la. Wedge Chain.—K chain also may be found which consists of 
sliding pairs alone: the number of pairs being 3, and the directions 
of sliding parallel to the same plane. 
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This chain consists of two sliding pairs, AB and AC, having a 
common element A. A block attached to B slides m an oblique slot 
cut in C, thus forming a third sliding pair, BC. The effect of this 
» arrangement is that the pairs AB, AC are connected with uniform 
velocity-ratio. It is employed when it is desired td alter the direction 
and magnitude of a sliding motion. An incomplete form occurs in the 
strap and cotter employed to tighten the brasses of a bearing as they 
wear. The action of a wedge or the raising of a weight by drawing 
it up an incline furnishes another example of the same chain, here 
reduced by omission of one link which, as in various other instances, 
is replaced by force-closure (p. 12.')). We may describo it as a Wedge 
Chain; only one mechanism can be derived from it. 


PiS.SS. 



62. Crank Chains in General .—Instead of having a chain of sliding 
pairs or of turning pairs, connected by one or two sliding pairs, we 
may have turning pairs alone. The number will be four, and their 
axes must meet in a point or be parallel. Taking the second case, the 
chain in its most elementary form consists of four bars uvjted by pin 
joints at their extremities, as in Fig. 53. It is called a crank or four- 
bar chain, and from it may be derived the slider crank chain already 
considered, in the same way as from 
that chain we derived the double¬ 
slider chain. All the mechanisms 
hitherto considered may therefore be 
regarded as particular cases of it. In 
its present form, however, many now 
mechanisms are included, some of 
which will be briefly indicated, referring for descriptions and figures 
to works specially devoted to mechanism. 

Assuming A the fixed link, B and D which pair with it are called 
for distinction cranks or levers, according as they are or are not 
capablo of continuous rotation, while C, the connecting link, is called 
for shortness the ampler. 

(1.) Let B be a crank and 1) a lever, then the mechanism is a 
“lever-crank,” an example of which occurs in the common beam engine, 
D being the beam, B the crank, C the counectjing rckl, and A the 
entablature, foundation, and all other parts connected therewith. 

(2.) The links B and D may be equal, and G may be equal to A. 
This may be called “parallel cranks” when B and D are set parallel, as 
in the coupled outside cranks found in locomotives, or “ anti-parallel 
cranks ” when they are set crosswise, a case to be hereafter referred to 
(page 163). 
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(3.) The links I) and B may still both be cranks tf C be greater tlyui 
A, provided that the difference between B and I) be not too great. 
The mechanism is called “double cranks,”-and occurs in the common 
,draglink coupling, and also in the mechanism of feathering paddles. 

(4.) If the coupling link lie too short, neither B rior D will be 
capable of a complete rotation. The mechanism is then a “double 
lever,” and an example occurs in the common parallel motion to be 
considered hereafter. 

(•>■) ^number of additional mechanisms may be derived by sup¬ 
posing the axes of the four turning pairs to meet in a point, instead of 
bfeing parallel; we thus obtain a “conic crank chain.” Hooke’s joint 
is a particular case of this, but in general these mechanisms are of less 
importance. 

53. Screw Chains .—We have hitherto considered oidy chains of 
turning pairs and sliding pairs, but screw pairs also occur in a great 
variety of mechanisms which we can only briefly indicate. 

(1.) In the Differential .Screw, there are two screw pairs with the 
same axes but of different pitch, combined with a sliding juiir, forming 
a three link chain. The connection between the common velocity of 
rotation of the screws and the velocity of translation of the sliding 
pair is the same as that between the rotation and translation of a 
screw, the pitch of which is the difference between the pitches of 
the actual screws. The arrangement has often been proposed for 
screw presses, a mechanical advantage being obtained, at least theo¬ 
retically, with screws of coarse pitch, which would otherwise require 
“TTireafl so fine as to be of insufficient strength. The right and left- 
handed screwjs an example in common use. 

* (1) In the Slide Rests ofj lathes and other machine tools, the 

traversing motion of planing machines, and many other cases, we 
find a three-link chain, consisting of a screw pair, a turning ]>air, 
and a sliding pair. This may be regarded as a particular case of 
the preceding, the pitch of one of the screws being zero. 

(3.) In presses, steering gear, and many other kinds of machinery, 
^ we find a simple screw chain employed to work a slider-crank chain. 
Some examples will be given hereafter. 

54. Parallel Motions Derived /font Crank Chains .—In beam engines 
' the connecting rod by which the reciprocating motion of the piston 

is communicated to the vibrating beam is necessarily short, in order 
to diminish the height of the machine, and therefore, if guides are 
employed to retain the end of the piston rod in a straight line, there 
c.M. H 
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will be considerable lateral pressure which is difficult to provide 
against, and which involves a large amount of friction. The guides 
may then be replaced with advantage by some linkwork or other 
mechanism. Such a mechanism is called a Parallel Motion, and in, 
the early days of engineering was employed more extensively than 
at the present time. In its most simple form it consists of two 
levers citpablo of turning about the fixed centres a and h (Fig. 54). 
The ends of the levers are connected by a coupling link pq, then, so 
long as the angular movement of the levers is not too gf»at, there 
is a point in the link pq which will describe very approximately a 
straight line. In the first instance let us,suppose the link so Set 

■ / 
i / 

! / 

! / 

:/ 

1/ Fi£.54. 



that when np 0 and hp„ are parallel, p t q a is at right angles to them. 
Let apqh be the extreme downward movement of the levers, then p 
lying to the left and q to the right, there will be some point P in 
pq which in this extreme position lies in the straight line p 0 q„. In 
the upward extreme position the same point of pq will, approximately, 
also lie in this line. If, then, p 0 q 0 be the line of stroke, and the 
point P be selected for the point of attachment of the piston-rod head, 
then this point will be exactly in the line at the middle and bottom 
of the stroke, and af other, points will deviate but little from it. 

To find the point where pq intersects pjqp we must first obtain 
expressions for the amount that the point p deviates to the left of 
p 0 and q to the right of q a ; these amounts being tho versines of the 
arcs in which the points move, and shown by dp 0 and eq 0 , where pi 
and qe are drawn perpendicular to ap 0 and bq 0 . By supposing the 
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circle of which ^ is the centre to be completed, it ^s easy to sec that 
(ad + «p 0 )dp 0 = pd 1 , 

, _ _piP l 

. > • ’ aPo ~a d + up' 

If the angle p„ap is not greater than 20°, wc may write 
. pd- 

the error not being greater than 1 per cent. Now, neglecting the 
small ef%t due to the obliquity of the connecting link when in the 
extreme positions, pd =.] stroke: therefore, supposing up = r„ and 


pm - dp„ = 


(stroke) 3 

ft,- ’’ 


(stroke) 2 

. «*-*»•* Dr. ' 

Now P being the point where pi/ intersects p 0 q 0 , we have similar 
triangles in which 

• pP J m and .-. 

i/l ,/» r„ 

Thus the point P, which has most correctly the straight-lino motion, 
is such that it divides the coupling link into segments which are 
inversely proportional to the lengths of the levers. If the levers 
be placed into all possible positions, then in the motion the connect¬ 
ing link will be inverted and the point P will trace a dosed curve 
resembling a figure of 8. There are two limited portions of this 
curve which deviate very little from a straight line. 

We (bay approximate still more nearly to a straight lino by a 
little alteration in the setting of the levers. Suppose the eentros 
■ of vibration, «, are brought a little nearer together so that the 
line of stroke bisects the two versines, dp 0 and cq lr Then when the 
levers are parallel, the link slopes to the left upwards, whereas at 
the ends of the stroke the link will slope to the right upwards. At 
two intermediate positions about quarter stroke from the ends, the 
link will be vertical. If we choose the point P as previously 
described, the maximum deviation will be only about one-fifth of 
*its former amount. Jn practice, the final adjustment of the centres 
of motion is performed by trial. 

In steam engines the use of parallel motions is almost exclusively 
confined to beam engines. In that case bq will be the half length 
of tlfc beam, and in order that {the angle through which the beam 
vibrates should not exceed 20° above and below the horizontal, the 
length of the beam should not be less than three times the stroke. 
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Tbe radius rod may be somewhat shorter than the; half beam, but 
should not be less than the stroke, or the error in the motion of P 
will be too great. This tnechanism will, therefore, occupy a con¬ 
siderable space. To economize space, and also to provide a second' 
straight-line path to guide the air-pump rod, a modification of the 
mechanism is made use of. 

In Fig. 54a, be being the half length of beam, a point q is chosen 
so that 

hq _ stroke of air pump < ' 

be stroke of piston ’ 

and a parallelogram of bars qeQp provided, united by pins. Tfie 



point p is jointed to the end of the radius rod tip vibrating on the 
fixed centre a. Consequently there will be some point P in the 
back link qp which will describe very nearly a straight liqe. This 
point is such that 

Ppjq 

Pq ap> 

Now, if the proportions of the links are such that bPQ is a straight 
line, bQ/bP will be constant, and therefore tho path described by Q 
will be an enlarged copy of the path described by P. That is to 
say, if P moves approximately in a straight line, then Q will do so 
also. If then the radius rod is of suitable length we provide a 

point Q for the attachment of the piston rod, and alfo a point P for, 
the attachment of the air-pump rod. To find this length we have 
‘ 1 ' bq qP 

whence multiplying by the preceding equation 


or 


bf =pQ x ap, 
Length of radius rod 









CH. V. ART. 54.] 


LOWER PAIRING. 


117 


The parallel motion just described which was introduced by W'att 
is that chiefly used in practice, but there is another form which 
possesses great theoretical interest because it is exact and yet in 
. volves only turning pairs. Scott Russell’s parallel motion (Fig. SO, 
page 105), modified by attaching I) to the end of a long vibrating 
lever, is known as a “grasshopper” 
parallel motion, but then is only ap¬ 
proximate. In its original form it is 
exact, ln»f. as it involves a sliding pair 
its accuracy depends on the exactness 
\tith which the guides of the slides 
aro constructed. Now, a straight 
edge or a plane surface can only bo 
constructed by a process of copying 
from some given plain surface or by 
trial and error, whereas a circle can be described by a pair of com¬ 
passes independently of the existence of any other circle. Hence an 
exact parallel motion, with turning pairs oidy, enables us theoretically 
to trace a straight line in the same way that a circle is traced with 
compasses. It has long been known that this could be done by u 
circle rolling within another twice its diameter, but this method 
does not satisfy the necessary conditions, and it was not till 1872 
that Col. Peauccllier invented a linkwork mechanism for the purposo. 
This mechanism consists of two equal bars, OA, OB , jointed to each 
other at 0, and at A, B to a parallelogram of equal bars, APBQ, so 
that OQP are in a straight line (Fig. 55). This being so then, how¬ 
ever tlfe bars aro placed, there will always be somo fixed relation 
existing between OQ and OP. Thus drop a perpendicular AN on 
’ OP, then 0Q-0N- QN and OP=ON+NP. Also, since AQ = AP, 
QN-NP, 

.-. OQ. OP = ON 3 - QN' 2 . 

But ON' 1 = OA 3 - AN° and QN- - QA' 1 - AN 1 , therefore OQ.OP = 
0A i -QA i , and is a constant quantity for all positions; that is to 
say, if we cause Q to move over any curve, thon P will describe its 
, reciprocal. 

We can now show’how this mechanism may be employed to draw a 
straight line. Let 0 be a fixed centre and PL be the straight line 
which it is required Uf describe. ’Draw the perpendicular OL on PL 
Then the mechanism being placed in any position with P at any point 
on tTie line to be drawn, draw QZ at right angles to OQ. Bisect 0Z 
in C and attach Q to 0 by means of a jointed rod which can turn 
on the fixed centre C. The circle which Q describes during the motion 


PiR.M. A 
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oMbe bars will hive OZ as a diameter, for OQZ js a right angle, 
and therefore the angle in a semicircle. We observe now that we 
have similar triangles OQZ and OLP. 

. nr- 0 F -°Q- 
■ UL ~ oz ’ 

but OZ = 2. 00 is a constant quantity and so is the product OP, OQ. 
OL is constant. 

That is to say, wherever P is, the length of the projection of OP 
on the perpendicular OL is a constant quantity. This car.* be true 
only so long as P lies in the perpondicular line PL. Thus, by the 
constrained motion of Q in a circle passing through 0, P is caused 
to move perfectly in a straight line. 

This mechanism has been applied to a small engine used for ven¬ 
tilating the House of Commons. 

Suction III.— Kinematics of Linkwork Mechanisms. 

55. Combination of a Sliding Pair and a Turning Pair. —The motion 
of the connecting rod in the mechanism of the direct-acting engine 

Fi* sea. 

I 



(Arts. 48, 49) may bo considered as a combination of a motion of 
rotation due to a turning pair, with a motion of translation due to 
a sliding pair, and wo now propose to consider the effect of such 
a combination more generally. 

In Fig. 56a, D is a block sliding in guides attached to the frame- 
piece A, C is a whcol turning in bearings attached to JO, the whole 
forming a chain of two pairs 1)A, CD. The block slides with velocity 
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V, while the \jhecl turns with angular velocity <» about an axis 
perpendicular to the plane of the paper. In consequence of the 
rotation, any point P at a distance r from the axis has a velocity 

-<or perpendicular to the radius, while at the same time it is carriod 
onwards in the direction of the sliding with velocity V. In a lino 
perpendicular to the direction of sliding and the axis of rotation take 
a point K distant It from the axis, and if outside the wheel, as in 
the figure, suppose it rigidly connected with it by an arm. Then 
evidently K moves forward with velocity V in consequence of the 
sliding, and backwards with velocity mil in consequence of the rota¬ 
tion. Thus K moves forwards with a velocity F - mil which may 
be reduced to zero by taking 11 so that 
^ ^-- mil 

It appears therefore that it is always possible to find a point K 
which when rigidly attached to the wheel C will be for the moment 
at rest, .loin AT and observe that the motion of translation of P 
is perpendicular to 1)K and equal to <o. 1)K, while its motion of 
rotation is perpendicular to DP and equal to iu .DP, then by a well- 
known kinomatical principle it follows that the actual velocity of P 
consequent on the combination must be perpendicular to KP and 
equal to (o. KP. Thus the velocity of 1 J is the same as if C were 
rotating with its actual angular velocity oj about an axis through K, 
and this will be true for any point in C or rigidly attached to it. the 
effect of combining a motion of translation with a motion of rotation 
being simply to shift the axis of rotation through tho distance 11 =■-- F/m. 
The point K does not remain fixed, but moves so as to be always 
in the perpendicular, and the axis through it is therefore described 
as tho Instantaneous Axis of the moving piece (1. Its position is 
completely represented by the point K which is often spoken of as 
an “instantaneous centre.” 

If, as in the figure, the rotation be in the opposite direction to the 
hands of a watch and the translation be from right to left, the point 
K lies below 11, but if either motion be reversed it will lie above, 
as in Fig. 56b, p. 120. 

( Further, there is nothing in the demonstration just given which 
renders it necessary* that the direction of the sliding motion should 
remain unaltered, and the construction wilj therefore be the same if 
the block U sljde in a’slot which »is circular instead of straight, or be 
attached to a piece turning in bearings on A. That is, the point K 
can *be found in the samo way for a combination of two turning pail’s, 
and the effect of the combination of two rotations about parallel axes 
is to produce a rotation about an instantaneous axis parallel to the 
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former and in the same plane. A particular case is wjjen the rotations 
are equal and opposite, the instantaneous axis is then at an infinite 
distance, and the effect of the combination is a motion of translation, 
the direction of which continually changes. A locomotive coupling 
rod (p. 112) is a common example which should bo carefully con¬ 
sidered, as a useful illustration of the meaning of this theoretical 
proposition. 

Fig. Mb. 



Fig. 56b shows in skeleton the mechanism of the direct-acting 
engine already considered at length. In this case, C is a rotating 
piece connected as just described with both the sliding block D and 
the rotating crank B. In consequence of the first connection it has 
an instantaneous centre K in the perpendicular through D, and in 
consequence of the second an instantaneous centre in the prolongation 
of the crank OP. Hence K, the intersection of those tvyo lines, must 
be that centre, and with the same notation as before 

v_n> 

V„ KF 

If all points in C lying in a plane perpendicular to the axis be joined 
to K, the corresponding instantaneous centre, the set of radiating lines 
may be considered as a diagram of velocities, but, as in the case 
of stress diagrams, it is generally far preferable to draw a separate , 
diagram on some suitablo scale. This may be<done, as previously 
described on page 100, by selecting a pole 0 and drawing Oa, Ob 
perpendicular and proportional to the velocities of a, and b, two 
given points in C. Two figures may thus be drawn, corresponding 
to the two positions into which the triangle Oab (Fig. 47a) may’ be 
turned by a rotation through 90°. In the first, ab is parallel to the 
corresponding line in C, and points in the same direction; the diagram 
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is now similar ^uid similarly situated to the scf of lines radiatjng 
from K. In the second, ah is also parallel to the corresponding line 
in C, but it points in the opposite direction, and the diagram may he 
described as “ reversed.” In plotting a point p in a reversed diagram 
which corresponds to a given point in C we have only to draw up, 
bp parallel to the corresponding lines in C. The pole 0, of course, 
always corresponds to the instantaneous centre K. 

56. Magram of Velocities in Liukwork.—A simple construction has 
already been given, by means of which the velocity-ratios of the parts 
of a slider-crank chain are determined, and we will now consider this 
question for any case of linkwork in which the axes of the pairs are 
parallel. ( 

Fig. 57a represents a chain of links, :0abal ..., united by pins so as 
to form a sufcession of turning jairs. The first link, 0:, is fixed, so 


Fig.67a. 



that the second turns about a fixed point, 0, as centre, and therefore a 
moves perpendicularly to Oa, with a velocity V„, which we may 
suppose known. The other points, b,d ..., move in directions which 
we suppose given, and with these .lata it is required to find the 
magnitudes of the velocities. In Fig. 56b from a pole 0 draw 
, radiating line* perpendicular to the given directions, and sot off on 
the first Oa to repAsent V„, then draw ah, be, cd... parallel to the 
links of the chain to meet the corresponding rays, then the lengths 
of those rays# represeht the verities. 

For drop a perpendicular ON from 0 on to ah, or ab produced, then 
OiV* represents the component of V. in the direction of the second 
link, but this must also be the component of V b in that direction, 
since ab is of invariable length; that is, Ob must represent V, 



122 KINEMATICS OF MACHINES. . [part ii. 

Similarly all the 'other rays must represent the yelocities of the 
corresponding points. 

The figure thus drawn may be called the Diagram of Velocities 
of the chain. It may be constructed equally well, if the magnitudes 
of the velocities be given, instead of their directions, also any of 
the turning pairs may be changed into sliding pairs. If both ends 
of the chain be attached to fixed points, the diagram will evidently 
be a closed polygon. Its sides, when divided by tho lengths of the 
corresponding links of the chain, represent their angular Velocities, 
for each side is tho algebraical difference of the velocities of the 
ends of the link perpendicular to the link. , 

In tho four-link chain (Fig. 58a), consisting of two links turning about 


z 



fixed centres, a, d, coupled by a link be, the diagram of velocities is a 
simple triangle, Obe (Fig. 58b), the sides of which when divided by 
the lengths of the links to which thqy are parallel, represent the 
angular velocities of the links. Through a draw aZ parallel to cd, 
and prolong be to meet it in Z, and the line of centres in T, then, since 
the triangle Zab is similar to the triangle of velocities, tho angular 
velocities of the levers cd, ah will be proportional to Za/cd and ab/ab. 
The last fraction is unity, and therefore we have 

, . . . 'Za aT 

angular velocity-ratio = —^ ' 

showing that the ratio in question is the inverse of the ratio of the 
distance of T from the centres. »> ” , 

If, instead of the link ad being fixed, the chain of four bars be 
imagined to turn about one joint such as d, the diagram of velocities 
would be a quadrilateral Oab'c, with sides parallel to abed. 

Returning to the general case, let p be any point rigidly connected 
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with one of thq^ links of the chain, say of, in the*figure; then if,we 
lay down on the diagram of velocities a point p, similarly situated 
with respect to the corresponding line at of that diagram, it follows 
at once, by the same reasoning, that the ray, Op, drawn from tin; 
pole 0, must represent the velocity of p in the same way that the 
other rays represent the velocities of the point u, h .... Thus it appears 
that for any.linkwork mechanism, consisting of pieces of any size 
and shape connected by pin joints, the axes of which are parallel, 
a diagr.'*i may be constructed which will show the velocities of all 
points of the mechanism. By constructing the mechanism and its 
diagram of velocities fov a number of different position*, curves of 
position and velocity may be drawn, such as those described in 
preceding articles for special cases. 

56a. Chmite of Kinemalir Vilnius. Ilaid PiMnin fjuiinirk. -A kine¬ 
matic chain, like a pair (p. 95), may be “incomplete,” that is, the 
relative moments of its links may not be completely defined. It 
then cannot be used as a mechanism without employing some addi¬ 
tional constraint, a process called “closing” the chain. In order that 
a chain may bo closed it must be endless, and the number of links 
must not be too great; for example, in a simple chain of turning 
pairs with parallel axes we cannot have more than four links. If 
there bo five the motion of any one link relatively to the rest,will 
not be definite, but may be varied at pleasure. 

So also a chain may be “ locked ” either by locking one of the 
pairs of which it is constructed ; or by rigidly connecting two links 
not foiling a pair; it then becomes a frame, such as was considered 
in a previous^ part of this book. 

As an example of an incomplete chain may be taken the combina¬ 
tion of a sliding pair and a turning pair considered in Art. fib, and 
shown in Fig, 56a (p. 118). The relation between the sliding and 
the turning is here undefined until the chain is closed by the addition 
of another pair as in Fig. 56b, or in some other way. 

A chain is often incomplete or locked for special positions of its 
links, though closed and free to move in all other positions; this, for 
example, is the casc*at the (lead points which occur in most linkwork 
mechanisms. A well-known instance is that of tjie mechanism of the 
steam engine, t in which the chaintis locked and the direction of motion 
of the crank indeterminate when the connecting rod and crank are in 
the’samo straight line. This instance further shows that it. is necessary 
to distinguish between the two directions in which motion may be 
transmitted through the mechanism, for the dead points in question 
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would not occur if the crank moved the piston instead of the piston 
the crank. A piece, then, which transmits motion is called a “ driver,” 
in relation to the piece in which motion is transmitted, which is called 
a “follower,” terms which will be frequently used hereafter in cases 
where both pair with the fixed link. (Compare Arts. 47, 86.) The 
dead [mints in a mechanism may be passed cither by the union of two 
similar mechanisms, with dead points in different positions, as in a 
steam engine with a pair of cranks at right angles, or by aid of the 
inortia of the moving parts. This last method involves whafois called 
“force-closure,” a term which will be explained presently. 

EXAMPLES. 

1. The stroke of an oscillating engine is G feet, and the distance betweer the centre 
line of the trunnions and the centre of shaft is 0 feet. Find the maximum and mean 
angular velocity of the cylinder in each of its two oscillations as com|nred with that of 
the crank. Find also the velocity of tho piston at half stroke as compared with the 
speed of piston. 

Am. Maximum angular velocity-ratios of cylinder and crank, £ and 

Mean ,, „ *277 andi T78. 

Velocity of piston at A stroke 1 54 
Mean speed of piston 1 

2. The travel of the tool of a shaping machine is to he 9 inches, and the maximum 
return, three times the maximum cutting, velocity. The connecting link is horizontal in 
the extreme positions of the lever and is attached to a point in it which is on a level 
with the crank pin when the crank is upright, find the proper proportions of the quick 
roturti motion (Fig. 5, Plate I.). Find also the revolutions per minute for a maximum 
cutting velocity of 6 inches per second, and compare the times of cutting and return. 

Am. The length of slotted lever -9 iuches. 

Distance apart of centres =twice length of crank. Time of cutting 2 
Revs, per minute of crank -191. Time of return - ']* 

3. In Whitworth’s quick return motion find the proportions that the maximum return 

may be three times the maximum cutting velocity, and compare the t times of cutting 
and return. „ 

4. In Example 1, draw curves showing the angular velocity and position of the piston 
for any position of the crank. 

5. A reciprocating movement is given to the table of a small planing machine by a 

uniformly rotating crank below connected by a rod to a projecting arm ho that tho rod is 
horizontal when the crank is upright. Find by graphic construction the ratio of the 
times of a forward and a backward movement. Also find tho velocity of the table in 
any position. ( 

6. In question 1, p. 102, supposing two pairs of driving wheels coupled, the lengths of 
cranks 1 foot, find the velocity of the coupling rod in any position. First, relatively to 
the locomotive; second, relatively to the earth. 

7. In Ex. 6, p. 103, find in feet per second the maximum and minimum velocity of 
rubbing of the crank pin, assuming its dinmeYer 12 in., anti the revolutions 30 per 1'. 
Draw a curve showing this velooity in any position of the crank. 

8. In Rapson’s Slide (p. Ill), if the tiller be put over through an angle d, show\hat 
the velocity-ratio of tiller and slido varies as cos a 0, and draw a curve of velocity. 

9. In a drag link-coupling the shafts are 6 in. apart, the draglink 1 foot long, and the 
oranks each 3 feet long. By construction, determine the four positions of the following 
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crank when the leading crank is on the line of centre*, and at right angle* to the line of 
centres. 9 » 

10. The length of the twain of an engine is three times the stroke. Supposing the end 
of the twain when horizontal is vertically over the centre of the crank shaft at a height 
equal twice the stroke, and the crank also is then horizontal, find the length of connect- 
ing rod and the extreme angles through which the lieain will sway. Adjust the crank 
centre so that the beam may sway through 20" above and below the horizontal. 

Length of rod=2 OGstroko. l'he beam sways 22V* above the horizontal, and 17° below. 

11. The depth ,of the fioats of a feathering paddle wheel is j\th the di ante ter of the 
wheel, and the immersion of the upper edge in the lowest position $th the depth of 
the float. ^Assuming the stem levers "tlis the depth of the floats, And the position 
of the oentre of the collar to which the guide rods are attached. Determine the length 
of the rods, and draw the float in its highest position. 

* If 0 be centre of wheel, K fentre of collar, OK- 054 of diameter of wheel, and is 
horizontal (very approximately). 

Length of guide rods = l’01 radius of wheel. 

12. In Ex. 9, find the angular velocity-ratio of the shafts when the cranks are in the 
positions mentioned. 

13. In Oldhamifl coupling, show that the centre of the coupling disc revolves twice as 
fast as the shafts, and hence show how to give two strokes of a sliding piece for one 
revolution of a shaft. 

14. In a simple parallel motion the length of the levers are 3 feet and 4 feet respect¬ 
ively, and thedength of the connecting link is 2.\ feet. Kind the jioint in the link which 
most nearly moves in a straight line, and trace the complete curve described by this 
point as the levers move into all jiossiblo positions, the motion being set so that, when 
the levers arc horizontal, the link is vertical. 

Ana. The required point in link is 17» in. from the 3-fect lever. 

V2'i in. ,, 4-feet „ 

15. In a beam engine the stroke of piston is 8 feet, of air-pump 4.j feet, length of beam 
24 feet, the front and back links of the parallel motion being 4 feet. Find the proper 
length of radius rod, and the point in the back link where the air-pump rod should be 
attached. 

Am. Length of radius rod -8 feet 8j inches. 

# Point of attachment of air-pump roil--2 ,, 3 ,, below beam. 

1G. Suppose in last question the parallel motion set for least deviation from a straight 
line, find the correct positions of the centre lines of air-pump and piston, and the position 
of the centre of motion of the radius rod. 

A ns. Horizontal distances from centre of beam— 

Line of stroke of piston, 11 feet 8 inches. 

„ air-pump, G „ ,, 

Centre of motion of radius rods, 15 „ H 

17. Draw diagrams of velocity (Art. 5G) for any position of ti e mechanism - 

(1) Jn the beam engine of Ex. 10; 

(2) In the quick return movement of Ex. 2; 

(3) In tSe Peaucellier parallel motion (Fig. 55). 

18. In the last*question, draw curves showing in case 1 the velocity of the piston for 
any position of the crank, and in case 2 the velocity of the tool at any point of the 
cutting and return strokes, assuming in each case tha^the ermik rotates uniformly. 

• • * kAkrkncb. > 

A good collection of linkwork and other mechanisms, some of which do not occur in 
the larger works cited on page 92, will be found in the later editions of Professor 
Goodeve’s Kkmenta of Mechanism. Much valuable information on the details of machiue 
design is contained in a treatise on Machine Design by Professor \V. C. Unwin, M.I.C.K. 
(Longman). 

* 



CHAPTER VI. 


CONNECTION OF TWO LOWER PAIRS BY HIGHER PAIRING., 

Suction I.— Tension and Pressure Elements. 

57. Preliminary Remarks. Tension Elements. —If one of the elements 
of a pair be not rigid, or if the contact be not of the simple kind con¬ 
sidered in the preceding chapter, the pairing is said to be “higher,” 
because the relative motion of the elements is more complex. Higher 
pairing is seldom employed alone; it is generally found in combination 
with lower pairs, the elements of which it serves to connect. The most 
important case is that where a chain of two lower pairs is completed by 
contact between their elements or by means of a link which is flexible 
or fluid. Motions may thus be produced in a simple way which are 
impossible or difficult to obtain by the use of lower pairing alone. The 
present chapter will be devoted to mechanisms derived from chains of 
this kind, the fixed link being generally a frame common to the two 
lower pairs. The velocities of each of the pairs are thus the same 
as those of their moving elements. We commence with the‘case of 
non-rigid elements. 

A body which was incapable of resisfjance to any kind of change of 
form and size would of course be incapable of being used as part of a 
machine, for it could not furnish any constraining force whereby the 
motion of other pieces could be affected, but if it resists any particular 
kind of change it will supply a corresponding partial constraint which 
may be supplemented by other means. The first case we take is that 
of a flexible inextensible body, such as is fuVnished approximately by a , 
rope, belt, or chain. This is called a Tension Elamcnt, being capable 
of resisting tension only, and it is plain chat when any two points 
are connected by it, their distance apart, measured along the element 
itself, must be invariable so long as the rope remains tight. If the 
rope be straight, it may be replaced by a link, and we obtain 'the 
mechanisms already considered, but we now suppose it to pass over 
a surface of any form. 
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In Fig. 59a, let A bo a fixed body of any shape, round which an 
inextensible rop% PQ passes, the ends hanging down. If P moVos 



pi |v 


4 

downwards with velocity V, <J moves upwards with the same velocity, 
the rope slipping over A at all points with velocity V. In practice A 
is generally similar, and is mounted on an axis, upon which it re¬ 
volves. We have then a “pulley block,” of which A is the “pulley ” 
or “sheave,” and the rope causes it to rotate instead of slipping over 
it, but this* makes no difference in the motion, and the only object 
of the arrangement is to diminish friction and wear. 

Next suppose the pulley movable (Fig. 59b), and imagine /’ attached 
to a fixed point, while Q moves upwards with the same velocity V 
relatively to A as before. Then A must move upwards with velocity 
V, because its motion relatively to the fixed point P is unaltered„and 
hence Q moves with velocity iV. More generally, if P, instead of 
being fixed, moves downward with velocity r, Q must move upwards 
with a velocity % 2V+o, or to express the same thing otherwise- llie 
difference, of velocities of the tico sides of the rope is twice the velociti/ oj 
lifting —a priiyu’ple applicable to all ipiestions relating to pulleys. The 
velocity of rotation of the pulley is P + r, its radius being the radius 
of reference ” (Art. ffi). The motion of rope and pulley may be repie- 
sented by a diagram of velocity. Thus, in Fig. 59c, describe a semi circle 
with radius equal to V+v, then the radius of that circle represents tho 
velocity of rotation or the volocity of any point in the rope relatively 
to the centro of the pulley. The actual velocity of any point K in the 

# I’ope is found bv compounding this with V , the velocity of the centre 

* of the pulley. The pole of the diagram is therefore a point 0, distant V 
from the centre of the circle, so that if* be the point in tho diagram 
corresponding,*) the point K of tbe rope, Ok represents the velocity of A. 

96. Simple Pullei/ Chain. Blocks and Tackle.—We have now a simple 
means of solving one of the most important problems in mechanism— 
namely, to connect two sliding pieces with a constant velocity-ratio. 
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In Fig. 60u, Bf C are pieces sliding in guides attached to a 

frame-piece ./, thus forming 
two sliding pairs with one link 
common. In B a number of pins 
are fixed, and in A an equal 
number placed as in the figure, 
so that a rope passing round 
them as shown may form a 
number of plies parallel to B’ts 
motion.* 

The rope is attached at out- 
end to C, and led to the 
nearest fixed pin, over a guide 
pin placed so that this part 
of the rope may be parallel 
to (”s motion, while the other end is attached to a fixed point K. 
The effect of this arrangement is that when C moves in the direc¬ 
tion of the arrow, B also must move with a velocity whiah is readily 
found by the principle just explained, for the difference of velocities 
of the two parts of each ply must be the same, being twice the 
velocity of B. Thus reckoning from the fixed end, if />'.< velocity 
be f' the velocities of the several parts of the rope must lie 

. o, -iv ,; •_>/', ti', ir, i>r, ii/’..., 

so that if there arc a pins in B, the velocity of the other end of the 
rope must be tin/' and the velocity ratio 2»:1. The diagram of 
velocities consists of a number of semicircles (Fig. tiOb), thy lower 
Fip.eoii. set struck with centre n and the upper 
with centre ft, where ft is the pole and 
c. On the velocity of lifting. 

\ , The simple kinematic chain here de- 

, V \ \ t 1 

V \ scribed may bo inverted, by fixing B 

j ( v” | ] or C instead of A. In the blocks and 

\ ' j / tackle so common in practice, the pins 

j are replayed by movable sheaves, 

\ ' usually, but not alvyays, of equal ( 

' - _ _ diameters, and phiccd side by side so 

as to rotato on the same axis. Some of the various forms they 
assume will lie illustrated hereafter. ‘ The diagrfim of velocities shows 
that, if the diameters of the sheaves are proportional to the diameters 
of the circlos shown in the diagram, they will have the same angular 

•This figure is taken, with some modification^ from the second edition (1870) 
of Willis's Mechanism. 
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velocity, ami m|y therefore he united into one, arf idea carried on; in 
White’s Pulleys. 

In all cases the mechanism which wo have been considering (Fig. 00a) 
is a closed kinematic chain only so long as the rope remains tight. 
One method of securing this would he to supply a second rope passing 
under another set of pins below II (not shown in the figure) and led to 
the other side of C by a suitably placed guiding pulley; .tr should 
then, by tightening up the ropes, have a self-closed chain similar to 
those considered in the preceding chapter. In practice, however, 
forces arc applied to II and 0 which produce tension in the rope ; thus, 
Tor example, when employed for hoisting purposes, the weight which 
is being lifted keeps the rope tight. This is the simplest example of 
what is called force-closure, where a kinematic chain, which is not 
in all respects closed, is made so by external forces applied during tho 
action of thin mechanism. In practical applications the principle of 
force-closure is carried still further, for the guides which compel the 
pieces II and V to move in straight lines are usually omitted. In the 
ease of II tho weight and inertia of the load which is being raised or 
lowered supply sufficiently the necessary closure, while in the case of (.' 
the end of the rope may be guided by the hand. 

59. /F/nv/ nnil Ash'.- When mechanical power is employed for 
hoisting purposes, the end of a rope is freipiently wound round an 
axle the rotation of which raises or lowers tho weight, and this leads 
us at once to a different and equally important method of employing 
tension elements,—namely, by attaching one end to a fixed point in 
the cylindrical surface of an element of a turning pair. The rope in 
this case passes over the surface and is guided by it, but does not slip 
over it as it docs over the |dn.x of tlm previous arrangement. The 
most useful case is that where the transverse section of the surface is 
a circle, anil the direction of the rope, always at right angles to the 
axis of rotation ; then it is clear that the motion of the, surface is the 
same as the motion of the rope. 

Tho well known Wheel and Axle is a combination of two chains of 
this kind. In its complete ideal form it consists of two sliding pairs 
AH, AD, with plane* parallel and one link A (Fig. 61) common. A 
rope is attached to D and, jiassing partly ropud a wheel, is attached to 
it at a fixed point K in its circumference; a second rope is attached to 
II, and passing partly round an axle, is attached to a fixed point k in 
its circumference, the two ropes lying in parallel planes. The wheel 
-and axle are fixed together, and form with A the turning pair AC. 
We have thus a second means of connecting two sliding pieces so that 
c.M. I 
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their velocity-ratio (bay be uniform, for the velocities of B and Z> 
must be inversely as the radii of the wheel and the axle. As before, 

the ropes must bo kept tight, 
also the guides of the pieces 
It and I) may be omitted and 
replaced by force-closure, and this 
will be necessary if the wheel 
is to make more than one re¬ 
volution, for then a« lateral 
movement is rei|iiired to enable 
the ropp to coil itself on the' 
surfaces. 

In practical applications the 
second rope is generally omitted 
and the wheel turned by other 
means; the lateral movement is 
sometimes provided for by permitting the axle to move endways in its 
bearings, but more often, in eases where the load is not free to move 
laterally, the effect of a moderate inclination of the rope to the axis is 
disregarded. Wo may, however, escape this difficulty by the use of 
force enclosure of a diflorent kind. Instead of attaching the rope to a 
fixed point in the surface, let it be stretched over it by a force at each 
end, .there will then he friction between the rope and the surface. 


Plg.«l. 




which will be sufficient to prevent slipping if the 
tendency to slip be not too great. 

llu? Differential Pulley is a good example of 
the application of these principles. As is shown 

Fi*.ea.| N_'I 1 > n l''b r ' there are two blocks, of which the 

upper, which is fix<;d, carries a compound sheave, 
consisting of two pulleys ./ and C, of somewhat 
different diameters, fixed to one another. The 
\}r ~' N \l ■ lower block carries a single sheaf B, the diameter 
’ ! ~ ~ 1 1 of " Inch should theoretically bo a mean between 
J i those of ./ and C , in order that the chain may be 
vertical. The chain is endless, and passes round 
the pulleys in the manner shown, so that when 
tho side /’ is hauled downwards with a given 
velocity V, it will raise the-lower bjock B with a 
velocity which we will now determine. 

In passing around A and C the chain is not capable of slipping. 
To ensure its non-slipping the periphery may bo recessed to fit the 
links of the chain. In passing around B the slipping is immaterial - 




& 
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the raising of it would take place with the same velocity, whether 
there were an actual slipping of the chain round the circumference, or 
whether K were a rotating pulley. 

When the point P is hauled downwards with velocity V, it neces¬ 
sitates the rotation of A. and with it of C. Thus the left-hand portion 
of the chain passing round li will he hauled upwards with the same 
velocity as tltp point P downwards, and the right hand will descend 
with a velocity which is less in the ratio of the radii, r, a, of the united 
pulleys, 8nd thus on the whole there will he an ascending motion given 
to li. Now, since the upward velocity of I! is half the difference 
between the velocities of'he two [mrtions of the chain, 

'< v '/) 

Thus, by making the difference between n and r small, the relative 
velocity of l! to P may be made as small as we please. 

This apparatus, in a somewhat modified form, is much employed. It 
is called W’colon’s Differential Pulley block, and possesses the valuable 
property that the weight will not descend when the hauling force is 
removed, for reasons which will be explained hereafter (Ch. X.). 

60. VnUnj Chuiits until Friction Closure. Hells. —A tension elcniont 
may also he employed to connect, the elements of two turning ]«iirs. 
The most important case is that where two shafts are connected by an 
endless belt passing over a pair of pulleys and stretched so tightly that 
the friction between belt, and pulley is sufficient to prevent slipping. 
If the li*lt were absolutely inextensiblc the speed of centre line of the 
belt would bo the same at all [mints, anil therefore the angular velocities 
of the pulleys would be inversely as their radii each increased by half 
the thickness of the belt. This mode of connection is unsuitable where 
an exact angular velocity-ratio is reiplired, for even though the belt 
may not slip as a whole, yet it will be seen hereafter (Ch. X.) that its 
extensibility causes a virtual slipping to a greater or less extent. In 
the case of leather belts, the error in the angular velocity-ratio due to 
this cause is said to be about*2 per cent. 

* There are two wajpa in which the belt may be wrapped around the 
pulleys, being either (roused or open. If the bolt is crossed, the pulleys 
will revolve in opposite directions. The crossed belt embraces a larger 
portion of the circumference of the pulleys than the open belt, and 
ther* is thus less liability to slip. 

There is a proposition of some importance connected with the length of a crossed belt, 
which it will lie useful to give here. 
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Af Mid BD (Fig. (3) being radii, each drawn at right angles to th<* utraight portion of 
the belt CD, will oeob mete the «une angle 0 with tbo line of centres. Hence the por- 



tioa of the belt in contact with the pulley A - (2jt 20) r A and that in contact with th«v 
pulley H (2jt - 20) > a . The length not in contact - 2. cl)~2(r A t r fl ) tan 0. 

Thun whole length of belt ■•••-. 2(ir - 0 t tan 0)(>' A + r H ). 

lint con 0 — ( r 4 + r 6 )f A Ji, * 

and coiiMerjucntly, if the tlistance Alt between the centres is acoiiMtant^juantity, and if, 
further, the sum of the radii r A + r H is constant, then the angle 0 will be coimtunt That 
being so, the total length of the Mt will he a constant quantity. 

Thin property is made use of when it i* desired to connect two parallel shafts with an 
angular velocity ratio, which may be altered at pleasuie. A set of stepped pulleys, such 
as are shown in Fig. 1, Mate III., are keyed to each shaft, and the belt being shifted from 
one pnir to another of the pulleys, the angular velocity-ratio is altered at will. If the 
belt is crossed, then the same belt will lie tight on any pair of pulleys, if the sum of the 
radii is the same for each pair. This does not hold good for open belts. The actual 
length of belt, required in any given example is best found by construction. 

THe tightness of the belt necessary to effect closure by friction of this 
kinematic chain may lie produced simply by stretching the belt over 
the pulleys so as to call into play its elasticity, but the axis of rotation 
of one pulley iH sometimes made movable, so that the belt yiay bo 
tightened by increasing the distance apart of the shafts, while in other 
cases an additional straining pulley is provided. The belt may then 
lx) tightened and slackened at pleasure; a method frequently used in 
starting and stopping machines. 

In order that the licit may remain on the pulleys they must be pro¬ 
vided with llanges, or, as is more common in practice, they must be 
slightly swelled in the middle, for when the shafts arc properly in line, 
a belt always tends to shift towards the greater diameter. Great care, 
however, is necessary in lining the shafts that each side of the belt lies 
exactly in the plane of the pulley on to which it Is advancing. Thus, 
for example, if the shafts be in the same plane, they must be exactly 
parallel, otherwise the belt will shift towards the point of intersection. 
This romark, however, does not apply to the receding side of the belt, 
and the shafts may make a considerable angle with each other, subject 
to the above restriction. 

Friction-elosurc is always imperfect, because the magnitude of the 
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friction is limited, but this is often it great advniftage, since it permits 
the chain to open when the machine encounters some unusual resist¬ 
ance, which would otherwise produce fracture. By the use of grooved 
pulleys provided with clips the friction may be increased to any 
extent, so that £reat forces may be transmitted, Imt these devices 
are only suitable for low speeds, as in steam-ploughing machinery. 
Slipping may be avoided altogether by the employment of gearing 
chains, the links of which fit on to projections on the pulleys; force- 
closuro*is here replaced by chain-closure, and the action is in other 
respects analogous to toothed gearing. The speed is limited, as will 
* be seen hereafter. 

« 

61. Shift) 111 / of It' Us. h'ltsm t'hitiii. — By the use of drums of 
considerable length as pulleys, the licit may be shifted laterally at 
pleasure. This principle is much employed in practice, us for 
example— 

(1) To stop and set in motion a machine. The drum on one of the 
shafts is divided into two pulleys, one fast and the other loose on the 
shaft. * 

(2) To reverse the direction of motion. The drum is divided into 
three pulleys, the centre one fast, the two end ones loose on the shaft. 
Two belts, one crossed and the other open, are placed side by side. By 
shifting the belt either is made to work on the fast pulley at pleasure. 

(.'!) To produce a varying angular velocity-ratio. The drurils are 
made conical instead of cylindrical. The fusee employed in watches to 
equalize the force of the main spring is a common example. 

Tin* kinematic character of these devices will be considered in tho 
next chapter. 

62. Simjih- Clinjii. Knipho/irtiitl. of ,Sj mim/s. —Incompres¬ 

sible fluids may be employed to connect 
together two or more rigid pieces forming 
a class of elements which may be called 
“pressure elements,” since they are capable 
of resisting pressure only. The pressure 
must lie applied in all directions, and the 
fluid must therefore Vie enclosed in a 
chandler which pairs with the different 
pieces to bij commuted. For •constructive 
reasons lower pairing must generally be 
adbptcd, and almost all cases ate included 
in the following investigation. 

Suppose two cylinders, each fitted with a piston (A and 1! in 
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Fig, 64), to be connfcctod by a pipe, the space intervening between the 
pistons being filled with fluid. Then when the piston B moves 
downwards with velocity r, the piston A will rise with velocity V, 
which is easily found by considering the spaces ^traversed by the 
two pistons in a given time. Let A, l! be the areas of the pistons, 
a, b the spaces traversed, then, since the volume of the fluid remains 
the same,* we must have An- lib, and therefore, 

V n 1! 

r " h ~ A' 

The chain hero considered, in which the elements of two sliding* 
pairs are connected by a fluid, is kinematically identical with the 
arrangement of Fig. 60a, p. It'S, the replacement of a tension-element 
by a pressure-element constituting merely a constructive difference 
between the mechanisms. In the hydraulic press, in ptipips, in water- 
pressure engines driven from an accumulator, and in other cases this 
kinematic chain is of constant occurrence, and will be frequently 
referred to hereafter. Combinations of an hydraulic chain,with blocks 
and tackle are common in hydraulic machinery. Some examples will 
be found in Chapter XX. 

Springs, compressible fluids, and even living agents, are employed in 
mechanism, not only in a manner to be explained hereafter as a source 
of energy, by means of which the machine does work, but. also in force- 
closure, and especially for the purpose of supplying the force necessary 
to shift pieces which open and close, or lock and unlock kinematic 
chains, and so produce changes in the laws of motion of the mechanism. 
The force of gravity, which, as has already been shown, frequently 
produces closure, should be regarded as the tension of a link of in¬ 
definite length connecting the frame-link of the mechanism with the 
link wo are considering. The inertia of moving parts likewise gives 
rise to forces which arc not unfretpiently applied to similar purposes. 
Examples will be given in a later section. 

i:\A.Mri.KS. 

f 

1. A shaft making 1H> revolutions per minute carries) n driving pulley It feet in t 
diameter, communicating morion by mean* of a belt to u parallel abaft, (> feet off, carry¬ 
ing a pulley 13 inches diameter. Find flic speed of belt and its length 1st, when 
crossed, ami 2nd, when open. Foul also the revolutions of the driven shaft, allowing 

a slip of two per cent. • * r 

Speed of belt —'‘.47’8 feet per minute, 

length when crossed - lit feet 2 inches. 

,, ojHMi - IN ,, 8 „ 

involutions of the follower=244}. 

2. Construct a pair of speed pulleys to give two extreme velocity-ratios of 7 to 1 ami 
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3 to 1, and two i,^erm«liate valuta. Thu bolt i» to he crumi-il aud the l«uff adaduiblu 
-diameter is 5 inches. 

Vel..citv-iatios - - ^ ^ 

3 3 3 X 

IJiameter of |.iill.-v« {.^ £ J* 

3. JJ'he diameters of the ccmijwund sheave of a differential pulley block are X iuohcs 
and i inches respectively ; coiujiare the velocities of haulier and lifting. 

, Velocity-ratio lti to 1. 

4. Ill a pair of ordinary three-sheaved blocks cumjiare the velocity of each part of the 
ro|ie wi^i the velocity of lifting. 

5. In a hydraulic press the diameter of the pump plunger is I? inches and that of the 
rain 12 inches, determine the velocity-ratio. A ns. ;ltl. 

.Suction II - WTikki.s in <Jknkuai.. 

63. Ilii/litr 1'uirimj of llii/iit Ehuunh. .Wo next consider pairs of 

rigid cleineTits in which the rolativo motion is not consistent with 
continuous contact over an area. The elements then touch each other 
at a point or along a line which is not fixed in either surface, but 
continually shifts its position. The form of the -surfaces is not then 
limited as in lower pairing, lint may lie infinitely varied, with a 
corresponding variety in the motion produced. 

This kind of pairing occurs when a chain of two lower pairs is com¬ 
pleted by simple contact between their elements. In the double slitler- 
erank chain shown in Fig. 4, Plate II., of the last chapter, let us omit 
the block C and enlarge the crank-pin so as just to fill the slot. By so 
titling the relative motions of the remaining parts will he unaltered, 
hut we shall have three pairs instead of four, the turning pair III' and 
sliding pair VI) being replaced by a single higher pair 111). This 
process is called UMnctiim of the chain, and when higher pairing is 
admissible the reduced chain serves the same purpose as the original, 
but with fewer pieces. The crank pin and slot are in contact along a 
line only which during the motion continually shifts its position. In 
practice, the elements not being perfectly rigid, the contact extends 
over an area, hut this area is of very small breadth, and consequently, 
if heavy pressures are to ho transmitted at high velocities, the wear is 
excessive. If we trace the development of pieces of mechanism we 
observe that in the* earlier stages higher pairing is much employed for 
the sake of simplicity of construction, bpt is gradually replaced by 
lower pairing. Netertlieless, •where the object of the machine is 
mainly to transmit and convert motion rather than to do work, or 
wliere the velocity of rubbing is low, higher pairing may lie employed 
In many cases it is necessary, because the required motion cannot bo 
produced by any simple combination of lower pairs. 
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ijighur pairing of rigid elements may be divided yito two classes 
aceonling as the surfaces in contact do or do not slip over one another, 
just as in the ease of tension elements considered in the last section. 
In the first ease the contact is spoken of as Sliding Contact and in the 
second as (foiling Contact. In rolling contact the difficulty of wear 
does riot occur, and friction is greatly reduced, so that it is always 
used when famihle. When a roller rests on a hard plane surface the 
/mints in contact lie on a line which, if there be no slipping, remains 
for an instant at rest as the roller moves. On reference to lirt. 5!>, 
page 118, it will be seen that the motion of the roller is completely 
represented by a turning about this instantaneous axis, the point K" 
(Fig. fifia) being in this ease on the periphery of the wheel of which R 
is now the radius. The same is true when one circle It rolls within or 
without another fixed circle A, a case to be considered further on ; the 
motion at IS at the instant is a simple rotation aboufthe point of 
contact. We first however consider the simple and important case in 
which both surfaces move, the line of contact being fixed. 

« 

64. Ilvllimj (tmihift. Hulling contact may be employed for the 
communication of motion between two shafts, the centre lines of which 
are either parallel or intersect, by means of surfaces rigidly attached 
to the shafts. In the first, case the surfaces are cylindrical and in the 



second conical, the apex of the cone being the intersection of the . 
shafts. By far the most important ease, and the only one we shall 
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here consider, is that in which the transverse sections of the surfaces, 
are circular. Poetic ns of the surfaces are used, as in Figs, file, <Uh, 
and are pressed together Icy external forces, so that sufficient friction is 
produced to prevent the slipping of the surfaces. In other words, 
force-closure is necessary, as in the case of connection Icy a licit. This 
being snpjiosed, it will immediately follow that the velocity of the two 
surfaces at the points of contact is the same, and hence, as before, the 
angular velocity-ratio of the shafts is inversely pro]Mirtional to the 
radii of'the wheels. In the case of intersecting shafts, the surfaces ate 
frustra of cones called “bevel,” or, if the semi angle of the cone be 4b", 

“ mitre wheels,” and tin ;r radii may be reckoned as the mean of that 
at the inner and outer periphery. The shafts revolve in opposite 
dircctiotts, unless one of the surfaces be hollow so that the other may 
be inside it, in which case the corresponding wheel is said to lie 
“annular.” IVlieti it is inconvenient to use an annular wheel, the same 
result may be obtained by transmitting the motion through an inter¬ 
mediate or “idle” wheel. If the radius of a wheel lie infinite, it 
becomes a*‘ rack,” and the surface a plane. 

In the case of bevel wheels the corresjionding cones may lie found, 
when the centre lines of the shafts and the angular velocity-ratio are 
given, by a simple construction. In Fig. 64b, let O/l, Oil be. the centre 
lines of the shafts, and let. distances tie, 1)1, be marked oil' upon them 
in the ratio of the required angular veloci'ies. Complete the parallelo¬ 
gram Onrh. then DO must be the line of contact of the required cones. 
For drop perpendiculars cm, r/i, on DA, Dll, then 

nn sitifiGc Dh 

ai sin litk On' 

so that the radii of any frost in of the cones employed for wheels will 
be inversely as the angular velocities of the shafts. 

The particular case may be mentioned in which one of the cones 
becomes a plane ; the corresponding wheel is then a “ crown ” or “ face " 
wheel. The shaft of a wheel which is to work correctly with a crown 
wheel must be inclined to tjic plane of that wheel at an angle depend¬ 
ing on the angular velocity-ratio required, a restriction not generally 
attended to, especially in the earlier stages of machinery in which face 
wheels were of common occurrence. • 

If, as generally happens, it is required to transmit a working force of 
a considerable amount, then the friction between the two circumferences 
wilf be found not to be sufficient to prevent slipping taking place, 
unless a considerable pressure to force the shafts together is employed, 
which involves an excessive friction on the bearings. In what is 
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known as “ frictional gearing,” this is partially avoided by the use of 
wheels with triangular grooves fitting each other as the thread of a 
screw fits into its nut; but, in general, to prevent slipping, teeth are 
cut on the two peripheries, and the motion is transmitted by the gear¬ 
ing together of the teeth. Since this is a substitution for the rolling 
contact of two surfaces, it is required to so design the number and form 
ot the teeth that the wheels on which they are cut ghall turn one 
another with the same constant angular velocity ratio as that due to 
the two original surfaces. If recesses are cut in each wheelfand pro¬ 
jections he added between the recesses so us to fit into the corresponding 
recesses of the other wheel, then the two wheels may be placed to gear 
together at such a distance that the two original surfaces woidd have 
been in contact and would have rolled together. In the case of a pair 
of toothed wheels, such a pair of imaginary surfaces which will roll 
together with the same angular velocity-ratio as that'obtained from 
the toothed wheels, are called pitch aur/uecn. Considering first the case 
of parallel shafts, the transverse sections of these surfaces are called 
pilch circles, and their point of contact is called the pitch point. The 
radii of these pitch circles must be to one another in the inverse of the 
velocity-ratio. The circumference of each circle is to be divided into a 
number of equal parts, which will include a tooth and a recess. The 
length of each part measured along the pitch circle is called the pitch. 

I jet* // - pilch , and «- number of teeth, il diameter, then 

7T(l 

P 

H 

The thickness of each, tooth is made a little less than Ip to .Vlow the 
clearance necessary for easy working. The magnitude of the pitch 
which governs the thickness of the teeth must be deternlined from con¬ 
siderations as to their strength. If n = number of teeth in the second 
wheel, and </’ its diameter, then the pitch being the same for each 
wheel 

nd W 

^ it it ‘ 

< 

The distance apart of the shafts is generally adjusted to allow tho, 
pitch to be some exact number of inches, half, m* quarter inches. The 
pitch is to be measured along the pitch circle, and is not the chord of 
the arc, as is sometimes stated. ‘ ‘ , 

In some small wheels used for spinning machinery, another kind of 
pilch is referred to. The diameter of tho pitch circle is divided by the • 
number of teeth, and the result is called the diametral pilch. In the 
smallest class of wheelwork used in clocks, the dimensions of the teeth 
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are stated as s^ many to the inch. The proper torm of teeth will he 
considered further on. • 

65. A u/jme illation of a Kinematic. Chain. Trains of IHnn k. Another 
important application of rolling contact is to diminish friction hy 
the intervention of rollers, hence called Friction Rollers. Thus the 
friction between the elements of a sliding pair, subject to heavy 
pressure, will be so great as to require a great force to overcome it, 
but if toilers bo placed between the elements the friction is greatly 
reduced, as will lie seen hereafter. In this ease sliding friction is 
wholly replaced by rolb'ng friction; in carriage wheels the sliding 
velocity which, without the wheel, would be the actual velocity of 
the carriage, is reduced to that at the periphery of the axle, that 
is to say, in the ratio of the diameters of the axle and the wheel. 
The sheaves tif an ordinary pulley block are, examples of the same 
principle. In all these cases where additional pieces are added to 
a kinematic chain, in order to reduce friction or to serve some other 
non-kinenwtieal purpose, the chain is said to be “ augmented." 

Chains are frequently augmented for purely constructive reasons; 
thus, if the velocity-ratio of a pair of shafts is great, the diameters 
of a single pair of wheels necessary in order to obtain it will bo 
inconveniently large or small. A train of wheels is then resorted 
to. This is also the case where the shafts to be connected ate too 
near or too far apart; in the latter case bevel wheels and an 
intermediate transverse shaft may lie employed. 

When, however, the shafts to be connected are in the same straight 
line, a Vain of wheels is kinematically necessary, and forms virtually a 
new mechanism. This is a common casein practice when a pulley or 
wheel is loose on a shaft, and it is required to connect the wheel and 
the shaft so as to revolve with 
different velocities. Such a train 
is shown in Fig. 65 in a simple 
ideal form. I! and l> are two wheels 
turning on the same centre hut dis 
connected. C' v V are two wheels 
gearing with II and•/* and turning 
about another centre but united. 

The two centtics are connected by the frame-link A. When B revolves 
it drives C, and 6" drives l). If the numbers of teeth in these wheels 
he Denoted by the letters which distinguish them, and the velocity of II 
he unity, the velocity of C or C will be BjC, and that of l) will be 
BC'IDC. Let it now be observed that the wheels B and I) form a pair, 
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th» velocity of which will be the difference between the velocities 
of these wheels. "We have then altogether four turning pairs in 
this train of wheels, the relative velocities of which are— 


j Pair, 

HA 

CA 

DA 

Velocity, 

Unity 

II 

~ i: 

lli:' 

CD 


HU 


1 + 


lie 

Cl) 


One of the wheels in this train may be annular, and all may be 
bevel; in either case the wheels (/, C majj be equal, and the train 
reduced to three wheels, though the number of simple pairs remains 
ns before four. Examples are given in the figures of Plate III. 

Either this or any other train of wheels may be inverted by 
fixing one of the wheels instead of the frame link, the resulting 
mechanism is then called an Epieyelic Train ; the velocity-ratios of 
the various pairs are unaltered, and are therefore shown by a table 
similar to that given above. .Should the angular velccity of any 
wheel be required relatively to the fixed wheel, we have only to 
add to the velocity of the corresponding pair the velocity of the 
frame link. Some examples of epieyelic trains are shown in the 
figures, but. for detailed descriptions we must refer to a work on 
mechanism. Their use in compound chains will he further referred 
to in the next chapter. 

68 . II hirl (liming iiii'olrimj Srrm J’niis.- In a simple wheel chain 
(Eig. 60) consisting of a wheel II, a pinion and a frame linl? .1, not 
shown on the figure, suppose C to be of con¬ 
siderable length, then there will be nothing 
to prevent the endways movement of II in 
its bearings if they be supposed cylindrical. 
This circumstance is often taken advantage 
of in machinery in shifting wheels in and out 
of gear, but the ease to be examined here is 
that in which the endways movement is given 
by independent means during the action of the mechanism. The 
simplest example is a three-link chain derived from the train of wheels 
just considered by changing the turning pair II. I into a screw pair ; II 
then travels endways through the pitch of the screw in each revolution. 
The pinion C sometimes slides on the shaft which carries it, but quite 
as often it is made long enough to permit the necessary traverse of 11. 
A well-known example of this mechanism is that of the feed motion 


Flg.OC. 

c 
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common in drilling and boring machines, in which* the train of wheels 
of the last article is used with B and D nearly equal, so that the velocity 
of the pair BD is very small. B is attached to the nut and /> to the 
screw, so that BI)\s a screw pair. I) then traverses through B by a 
space each revolution which may be made very small. 

To illustrate and explain preceding articles Plate ill. has been drawn, giving examples 
of trains of wheels, especially of the differential trains of Fig. tif*. 

Fig. 1 shows the slow motion of a lathe. D is a wheel keyed on the nutidrtd and con¬ 
nected witfc H , the driving-pulley, when the .notion is not in use. It rules loose on the 
mandrel, and by means of a pinion gears with (\ a wheel on the same shaft with , 
jvhich gears with D. CD being large compared with the speed of the mandrel is 

much less than that of tlie pr.lh-y, For lighter work CC are thrown out of gear by an 
endways movement of the shaft. 

Fig. 2 represents the train of wheels by which tlu* slow movement of a water-wheel is 
multiplied ami transmitted to all jmrts of a factory. It is now an annular wheel attached 
to the water-wheel gearing with C, C with D, and so on. A vertical shaft F with bevel 
wheels transmits*the motion to the upper Moors. TIim hearings of the secondary shafting 
are omitted for clearness, but they all form purt of a frame-link A , which is fixed. 

In Fig. II the kinematic chain is inverted. H is a fixed annular wheel, CC are of cipial 
diameter and reduce to one wheel, which, however, is in duplicate, in order to balance 
the driving foAcs. This epicyclic train is applied to many pui|s)ses. In the example 
shown the frame-link is a long arm, at the end of which a horse is attached, and a rapid 
motion thus given to the central pinion D. ‘1 he motion is further multiplied by the bevel 
gear shown below, and applied to driven tin ashing machine or some similar purjane. 
M'he same mechanism is employed as a purchase in capstans and tricycles. 

fu Fig. 4 the train consists of throe bevel wheels JtCD, (.'and <’ reducing to one, as 
in the preceding case. The simple chain consists of these wheels and the tinin ajm A. 
When A is fixed the wheels tt and D turn in opposite directions with equal velocities 5 
when U is fixed A revolves with half the velocity of D. The mechanism is much 
employed, but usually as a compound chain, and as such will he considered in the 
next chapter. The example shown is a dynamometer. 

Fig. I) te presents the feed rnol ion of :■ drilling iiuieliine. A is the frame of the machine 
in which rotates the vertical drill spindle K driven by a pair of mitre wheels D and t 
from a horizontal shaft. A screw thread is cut on the spindle, of which ll forms the nut. 
If It and D rotate at the same speed tjic drill moves neither up nor down, but any differ¬ 
ence will result in ft motion of the screw pair HE. and will thus give the necessary feed 
or raise the drill out of the hole. In the example chosen Ji is driven by a Mat diso gcating 
by friction with a wheel C' turning with D (Naish s patent). This wheel, by means of a 
lever, can be moved along the shaft so as to gear with It at any radius at pleasure, and 
can therefore he set so as to raise or lower the drill at any required speed. 1 he contact 
between <\ 1) here is not pure rolling <p. I»i); hut as C is of aiuall breadth the error is 
not of practical importance. • 

In Fig. 0 the sa*R* kinematic chain is employed as an epicyclic train to give motion to 
the cutters of large tairinf machines. The cylinder to he bored is fixed, and the boring 
bar rotates on the lathe centres. The wheel H is fixed; 1) is attached to the end of a 
long screw, which on turning causes a nut E (not showh in the figure) to traverse slowly, 
carrying with it flic cutting tools. The train arm A rotates and carries on it the wheels 
C, C\ and D. 

» EXAMPLES. 

1. The diameter of pitch circle of a wheel is 4 feet, and the number of teeth 120 
Find the pitch. 


Pitch= l| inches. 
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2. t Twu shafts about 4 feet Hjxirt are to be connected by spur wheel|, the velocity-ratio^ 
being 4 to 1. Find the diameters of the wheels and also the number of teeth, assuming 
the pitch to be 2 inches. 

Ann. The number of teeth in wheels are 20 and 120, and the exact distance aj>art of 
the shafts--47j inches. # 

2. Theiliameter of the ]»itclt circle of the annular wheel by means of which a water 
wheel communicates motion to a mill, is to be as nearly as possible 24 feet. The pitch is 
to be 4 inches. Kind the diameter and the number of teeth in the wheel. The velocity 
of the periphery is to be feet per second and the first motion shaft is to make 
20 revolutions per minute. Find the necessary diameter of pinion and the number of 
teeth in it. * 

Atm. The number of teeth in the annular wheel=22(5, and its exact diameter is ^ inch 
less than 24 feet. The number of teeth in the pinion is 32, making the revolutions per ' 
minute somewhat less than 20. The diameter of pinion -40^ inches. 

4. A pair of shafts, the centre lines of which intersect at an angle of (50°, are to be 
connected by bevel wheels so as to revolve, the one at 250 and the other at 90 revolutions 
per minute. Find the pitch surfaces. 

Angles of cones 90 1 and 20 . 

Two shufts intersecting at an angle of 75" are connected by a crown wheel gearing 
with u pinion. What must be the velocity-ratio? 

0. I he weight of a revolving turret rests on a ring of friction roller,**, the axis of 
rotation of which radiate horizontal !y from the axis of the turret; find the angle at 
which the rolling surfaces must he bevelled. Compare the rates of rotation of the ring 
and the turret. 


7. The feed motion of a boring machine consists of a nut working on a screw cut on the 
spindle of tbo drill or borer which is raised or lowered whilst the nut turns on it. The 
nut carries a wheel of 9(5 teeth which gears with one of 35. When the drill is at work 
the wheel of 25 teeth is secured to one of 55(5 on the same axis, and this latter gears with 
one of 95 teeth secured to tho spindle of the drill. The screw has four threads to the 
inch. Determine the depth of hide bored per revolution. 


Depth of bole bored per revolution j inch (l - *(K)95 inch. 

\ 2(5 *• IM»/ 

8. The train of wheels in the preceding ipiestion is used as an epicyclic train by fixing 
the wheel of 9(5 teeth. Find tho direction and number of revolutions of the train arm 
fur each revolution of the spindle. « 

An* For each revolution of 95 wheel forwards, the arm turns backwards through 


95 \ 35 _ 
9(5 x3ii 95 x3.> 


= 25*4 revolutions. 


Section III.- -Teeth ok * Wheels. 

67. Prelimimnt Ksplanafions .—Even though tluf number of teeth in 
a pair of wheols be sych as to give the correct mean angular velocity- 
ratio due to the rolling together of the pitch circles, yet if they be 
of improper form they will jam or work roughly. 

Theoretically the form of the teeth of one of a pair of wheels may'be 
chosen at pleasure if a proper corresponding form be given to the teeth 
of the other; the problem of rightly determining the form is therefore 
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one which admitg of many solutions. We commend with some general 
explanations applicable to all forms of teeth. 

The diagram (tig. 67) shows a section of a pair of spur wheels in 
gear, with three teeth in action, the lower wheel being the driver. 
BTB, ATA are the pitch circles in contact at the pitch point T. 
*T= 1L is the pitch, being the distance of a point in one tooth from 
the corresponding point in the next consecutive measured along the 
pitch circle. The teeth as shown in the figure pirtly project beyond 
the pitch*circle and fit into corresponding recesses in the other wheel, 
so that each tooth is divided into two puts, a part within and a part 
Without the pitch circle. ,The corresponding acting surfaces arc called 
the Flank and the Face of the tooth respectively. In annular wheels 
the flank is outside and the face inside the pitch circle. The teeth 
commence action before reaching the line of centres by the flank of a 



tooth of the driver A coniine into contact with the face of a tooth of 
( the follower li, jus shown at C in the diagram, and gradually approach 
that line till after thifwhecls have turned through a certain arc, which 
measured on the pitch circle is called the Ape of Approach : they are 
then in contact,at T thfc pitch point. After passing the line of centres 
they remain in contact till the w heels have turned through a second arc, 
caller! the Arc of Recess, and then cease contact as shown at D, the 
face of a tooth of the driver being always [in contact with the flank of 
a tooth of the follower. The sum of these arcs is called the Are of 
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Action, and must hi great enough to permit at least two teeth to be 

in contact at once. Their magni¬ 
tudes depend on the projection of 
the teeth beyond the pitch circle, 
a quantity which is called the 
addendum of the corresponding 
wheel, the arc of approach de¬ 
pending on the addendum of the 
follower, and the arc of jeeess of 
the addendum of the driver. 



68 . liirnliUt: 'Mil. —The question of the form of the teeth requires 
much explanation to render it completely intelligible; we shall only 
give a brief sketch, referring for full details to the works cited on 
page 92. Some [mints will he further considered at a later (leriod. 
Wo commence with what are known as Involute Teeth. 

Imagino a string AKL wound on a cylinder (Fig. Ok), if the string 
he gradually unwound, the string being kept tight all the time, a point 
Q of the string will trace out a curve ,SQI! called the hiniliih■ of the 
Circle. Instead of causing the string to he unwound around the fixed 
circle we may if we please move A in a fixed straight line and cause 
the unwinding to take- place by the revolution of the circle. If now a 

piece of paper he fixed to and revolve 
with the circle, the same involute 
curve will he traced on it as before. 

Now let A and II (Fig. 09) he two 
circles not in contact which lire each 
capable of revolution about its centre. 
If we connect them by a crossed belt, 
of which one half is shown in the 
diagram by the lino MT.\\ each will 
he Capable of driving the other with 
a constant angular velocity-ratio, 
namely, the inverse ratio of the radii. 
If, therefore, T be the point where 
the belt crosses .‘.he line of centres, 

a, 

A a m A I .'I 

Now, with centres A and K and radii 
AT and JIT, describe circles which touch one another. These' two 
circles would turn ono another by rolling contact with the same angular 
velocity-ratio as that due to the belt. If we were to form teeth on the 
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two wheels and^cause them to turn one another !>v the gearing o&the 
teeth, then the two circles passing through T may be regarded as the 
pitch circles of the two wheels. 

Now to trace the term ot the teeth. Attach a pencil ( l 1 ) to any 
point of the belt, itnd fix a piece ot paper to the wheel A so that it may 
turn with it, then the pencil will trace on the paper tho curve KVL, 
being an involute of the circle .7. Similarly, if we imagine !t piece of 
paper attached to H an involute l>l‘S of the circle li will be traced on 
that Whese two curves will be in contact at the tracing point and 
will always remain in contact as the circles turn. If, therefore, we 
•construct teeth of this form with any given pitch, and then removo the 
belt, the two toothed wheels will drive one another with the constant 
angular velocity required. In this form of tooth the face and Hank 
are one continuous curve, which is a property practically confined to 
involute teeth. From this fact a practical advantage follows, liy the 
continual action of the teeth together they wear and cause a looseness 
of fit, which may be remedied by bringing the centres of the wheels 
more nearly together, and this without altering the smooth action of 
the teeth or the exact uniformity of the angular velocity ratio. In no 
other form of tooth occurring in practice is this possible. 

The line of action of the mutual pressure between the teeth is always 
along the tangent line to the two base circles from which the teeth are 
generated, thus tending always to force the axles apart, if the angle 
between this line and the common tangent to the two pitch circles, or, 
as it is railed, the "obliquity," be large, much friction in the beatings 
would result. On this account the oblhpiily is made as small as 
possible, not being allowed to exceed 1 I}’ or If)'. With this a limit is 
introduced to the smallness of the number of teeth which may be used. 
The action of the teeth must ijways be along the line M'l'N, and hence 
cannot extend beyond the point X. If it is essential that when two 
teeth are in contact at the pitch point another pair of teeth should 
just be coming into action whilst a third pair arc just ceasing action, 
then the length of the arc of the pitch circle which corresponds to 
an arc on tho base circle equal to T.X will be the greatest length 
that can be given to the pitch of the teeth, and when the obliquity 
is UJ’ there will besabout twenty-five such pitches on the pitch circle, 
and hence the number of teeth cannot be less than,twenty-five. 

Having givpn the pitch circles we first lay off, through the pitch 
point, the line of oblique action which is to be allowed, and then draw 
the’base circles touching this line. The involutes of the base circles 
will give us the form of the teeth. The thickness of the tooth is to be 
taken a little less than half the pitch, and the addenda of the teeth 
cm. K 
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suelj as to give a sufficient number of teeth in contact at the same 
time. (Art. 71.) 

All involute teeth of the same pitch and obliquity will work to¬ 
gether ; tln,‘y have never been much used in practice, although there 
appears to be no reason why they should not be In eases where it 
is not necessary to have less than twenty-five teeth. Their wear is 
said to la? greater than that of teeth of other kinds. 

69. !'ulli nf (.'/intact the 1‘iteli Circle. —hi involute teeth thtvtracing 
point is attached to a belt stretched over pulleys, and therefore 
describes a straight line on paper, which is fyted to the line of centres 
so as not to revolve with either wheel. Now, tint tracing point is also 
the point of contact of the two teeth, and therefore the path of this 
point, or, as it is conveniently called, the “path of contact,” is a 
straight line. Teeth of any shape may be traced by tins method if, 

instead of simply stretching the 
belt over the pulleys, wc puss 
it over a fixed curve between 
u o I the pulleys, so that the tracing 

z j point describes the curve in 

question instead of a straight 
line, provided the fixed curve 
be such that the curves traced 
on the rotating circles touch 
one another. In other words, 
we may assume various “paths 
of contact” at pleasure and ob¬ 
tain teeth which ^vill work to¬ 
gether correctly. We shall next, 
suppose the tracing point at¬ 
tached to the circumference of 
a rotating wheel, in which case 
the path of contact is a circle. 

In the use of toothed wheels 
the earliest idea was, for sim¬ 
plicity of construction, to form the smallost wheel of a number of 
cylindrical pins projecting from a disc. Supposing one of a pair of 
wheels to be so constructed, it is required to -determine the proper 
form of the tooth for the other wheel. 

On the wheel 11 (Fig. 70) let pins be placed at equal distarices, 
with their centres on the pitch circle, and in the first place suppose 
the pins indefinitely small, being mere points. Now, if at one of 
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the points P a pencil be attached, then if It be caused to roll without 
slipping over the surface of A kept fixed, the pencil P will trace a 
curve on a piece of paper attached to the wheel A. The same curve 
w ill be drawn if we cause one wheel to drive the other without slipping, 
the centres A and It being fixed, while the paper is attached to A and 
turns with it. If the tracing point started from the pilch point 7', 
then the curve AP will have been drawn on the paper, which, by 
the further rotation of the circles, will be produced to This 
curve i.f called an Epicycloid, and will be the proper form of 
_teeth for the wheel A to drive the pinion II. for the pin 
/' will be always in i intact with the tooth K'/. as the wheels 
revolve with uniform angular velocity-ratio. We complete the 
form of the teeth by drawing a similar curve /.A for the other 
face, Ah being the pitch, in order to enable the wheels to be 

turned in the 1 opposite direction if ... Placing a number 

of such teeth on the pitch circle ./, wc see thev all touch one 
another at the roots on the pitch circle. The reason is because 
we have inRigined the pins of I! to have no definite dimensions, 
but to be mere mathematical points. In practice some definite 
dimensions must be given to the pins of It. In such a ease the 
proper form for the teeth of A is derived from the previous con 
struetion by drawing a curve which at all points shall be at a 
distance from the epicycloid, when measured along the normal, eipial 
to the radius of the pm. Below the pitch circle A a semi circular 
recess must be formed, as shown by the full curve in figure. 

These teeth possess the peculiar property of having faces but no 
flanks. The conseiptenec is that, the toothed wheel A being the 
driver, the action of the teeth is wholly after the line of centres ; 
there is no arc of approach, •but only an arc of recess. On this 
account the pin-wheel must always lie the follower, for if it be the 
driver the action of the teeth would lie wholly before the line of centres, 
in conseiptenec of which the friction is said to be more injurious. 

The angle w hich PT makes with the common tangent is, as in the 
ease of involute teeth, called the “oblhpiity” ; it is now no longer eon- 
,stunt, but varies from zero, when P passes the line of centres at T, to a 
maximum value when P escapes, ft is easily seen that this angle is 
always one-half the anlge PUT, which PT subtends at the centre of 
the pin-wheel, ‘and hence the obliquity increases uniformly as the 
wheels turn; its mean value may be taken at half the maximum, 
and is limited in the same way as in involute teeth to about 15“, 
•so that the greatest value of the angle PUT may be taken at 60’. 

If the two sides of the teeth are alike, as in the figure, the pin then 
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conies to the point of the tooth at Z. This circumstance determines 
the smullest number of pins which can be used, for one pin must 
not escape before tiie next conies to the line of centres ; that is to 
say, PT cannot be greater than the pitch, the pifch then must not 
lie greater than one-sixth the circumference of the pin-wheel, whence 
it appears that the least number of pins is six. 

Pins ure now rarely employed except in clock and watch work ; 
they have the great practical disadvantage that the toothed wheel 
to work with them must be specially designed, as it wfll work 
with only one diameter of pinion. 

If we imagine a pin-wheel to work with arr annular wheel, the teeth 
may lie traced in the same manner as shown in Fig. 71 (p. HU), to 
which the same letters are attached. The point /' now traces out a 
curve called a Hypocycloid, the general character of which may be 
seen by joining /' to /■', the other extremity of the diameter TP of the 
circle II ; for since the angle FPT must be a right angle, the angle 
APT will lie greater than a right angle if, as in the figure, F lies 
between A and 7’, and less than a right angle if F lies* beyond ./. 
Thus the hypocycloid must reduce to the radius .IK if F coincides 
with A, that is, if the diameter of the pin-wheel be half the diameter 
of the annular wheel; while, tor smaller diameters, it forms a curve 
always concave towards /’. Hence it appears that to work with a 
pin-wheel of half its diameter the teeth of the annular wheel slum d 
ho constructed simply by drawing radii of the pitch circle With 
a larger diameter of pin-wheel the teeth would lie undercut, and 
therefore weak: the annular wheel must be the driver as before. 

In all epicycloids and hypocyeloids the normal to the curve at the 
tracing point /’ passes through the point of contact 7< of the circles 
considered--for, as already shown (Art. til!, p. l.'iO), the motion of 
the rolling circle is for the instant a rotation about. T. 

70. I'nlli of Contort imi/ Cirrtf .—Teeth traced in the way just 
described are wholly within the pitch circle, and this circumstance 
suggests that by a combination with tins preceding case, where they 
were wholly without, a form may bo found which, may be more . 
suitable for practical use. 

In Fig. 71 a third circle-6' is shown, touching the two others at the 
same pitch point T. The three circles ABC turn each about its own 
centre without slipping. Imagine paper attached to A and C and 
rotating with them, while a pencil P is attached to I! as before; 
then P will trace out two curves as in the case of involute teeth, 
one outside the circle C, the other inside the circle A. A ’s curve 
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will be an hyppcycloid Kl‘Z. starting front A* in the circle A, wdiile 
C's curve is an epicycloid K'I'Z starting from A" in the circle C. 
Now these curves will, as in involute teeth, touch one another, 
having a common normal IT, and hence it follows that, while the 
circles turn with uniform annular velocity ratio, the curves will alwavs 
be in contact, and may lie taken as fare and Hank of a pair of teeth. 
Thus it appears that we can obtain the fares of the teeth of C, and the 
Hanks ot the teeth of A, by causing a third circle II of any diameter 
to rotatl within the circle A. if the diameter of l! be half the diameter 
of A, the Hanks for A will be simply radial lines, but if it be less 
they will be concave towards T, the effect of which is that the teeth 
will spread out at the root, which is desirable on the score of strength. 
\\ e can now imagine the faces of the teeth of A and the Hanks of the 
teeth of C to be traced by another circle A" rotating within instead 
of within A. " The diameter of this circle need not be the same as that 


Fig.71 _ 


of A: it may, for example, be half the diameter of while C’s diameter 
is half that of, A ; if so, the flanks of the teeth of both wheels will be 
radial. Teeth with radial flanks have the disadvantage of weakness, 
especially when the number of teetb is small, because the thickness 
at the root is less than that at the pitch circle, and they are, besides 
only capable of working correctly with wheels specially designed foi 
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them, fn order that a set of wheels of this kind may be interchangeable, 
it is necessary that the circles II'IS be of equal diameter and the same 
for all the set. This diameter should not be larger than half that of the 
smallest wheel of the set, for, if it is, the flanks of the teeth of the small 
wheels will be undercut and consequently weak, while, on the other 
hand, it should be as large as possible, for otherwise the teeth of 
the largo wheels will be too thick at the roots and too thin at the 
points, a form which is found to be unfavourable to good wearing. 
Honce the diameter chosen for II is half that of the smallest 'wheel of 
the set, the Hanks of which will be radial. As IS is a pin-wheel, its 
smallest circumference is six times the pitch (Art. 09), and the smallest’ 
wheel of tho set has consequently 12 teeth ; but if no wheel is required 
with so small a number of teeth as this, it will be better, for the reason 
stated above, to take a large describing circle. 

• 

71. Addendum and Clearance, of lAih, In any form of teeth it is 
clear from what has been said that the point of contact travels along 
the path of contact t)T (Fig. 07, page 143) from the pitch point T 
to the end of the tooth at I), where the contact ceases. The length of 
the path of contact thus traversed is equal to the are of recess in all 
kinds of cycloidal teeth, ami less than that arc in a given ratio in 
involute teeth. By stepping off a suitable length on the path of 
contact then, we can find the end of the tooth for any given arc of 
recess, and the distance of this point from the pitch circle A of the 
driver is what wo have already defined as the “addendum” of that 
wheel. The position of this point on the flank of tho tooth of the 
follower II gives the working length of flank necessary. Similarly the 
length of face in tho follower and flank in the driver depend on the arc 
of approach. Tho depth of the recesses between the teeth, however, 
must be made greater than is necessary for working length of flank, in 
order to allow the ends of the teoth to cloar ; the amount usual in 
practice appears to bo about one-fifteenth the pitch. 

The allowance necessary in practice for clearance in ihe thickness of 
the teeth depends on the degreo of accuracy attainable in construction. 
The value formerly employed for teeth shaped by hand wgs one-eleventh , 
the pitch, but the best modern teeth are machine cut, and a much 
smaller amount is sufficient. Less clearance is required for involute 
teeth than in teeth of other kinds. The setting out oft bevel teeth is 
not theoretically more difficult than in the case of spur gear, but their 
accurate execution by a machine is far from easy. If the machine 
operate by straight cuts like an ordinary shaping machine, the tool must 
be mounted so that the line of cut always passes through the apex of 
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the pitch con% (rear cutting machines generally employ revolving 
cutters formed to fit the space between two teeth. Much ingenuity 
has been expended on giving the cutter a lateral movement to suit the 
bevel, but an exact bevel tooth cannot be formed in this way. 

72. hndb'xs Sanr a/e/ If orm II h<rf. When two shafts are. to be 
connected which are not parallel, and the centre lines of which do not 
intersect, it is necessary to resort to skew bevel, or serew teeth. Only 
one cafe ot this kind need he mentioned here ;ts being of eommon 
occurrence, namely, the endless screw and worm wheel employed when 
the shafts are at right unities, and a slow motion of one of them is 
desired. In a common screw let the thread he so formed that, tile 
longitudinal section of the screw thread shows a range of teeth like 
those of a rack ivhieh would gear with a given spur wheel. I.et the 
teeth ol the wheel he set obliquely at an angle equal to the pitch angle 
of the screw ; strictly speaking, they also are serew threads, the pitch 
angle of which is the complement of the pitch angle of the screw. Then 
the serew and wheel will gear together, and the wheal moves through 
otto tooth for each revolution of the screw. Like screws in general, this 
combination is noil-reversible unless the pitch of the screw he course 
(flh. X.), and for this reason, and oil account of its simplicity, is much 
employed in practice. The method of constructing the teeth of a worm 
wheel is explained in a work by l’rof. Unwin, cited on page 1 'J5. 

KXAMI’t.KS. 

1. A pair of wheel* have 25 and 120 involute teeth respectively. And tho addendum of 
each is f^ths the pitch. Find the arcs of approach and recess in terms of the pitch 
assuming the obliquity 14.J J , the large wheel being the driver. (See Art. 71.) 

• Arm. Arc of approach - 'Mx pitch. 

Arc of rycess — 1 *12 x pitch. 

2. If the arcs of approach ami recess in involute teeth are each to be equal to tin? 
pitch, show that the addenda of the wheels should be calculated by the approximate 
formula 

Addendum--1J t ^ x pitch, 
where n is the number of teeth. 

3. A pair of wheels have 25 an«l 120 teeth respectively, the flanks being in each case 
radial. Find the addendum of each wheel that the arcs of approach and recess may 
each be equal to tfie pitclv 

Ans. - Addoudum of driver -- ’283 x pitch. 

Addendum of follower - 178* pitch, • 

• * 

Section IV.— Cams and Ratchets. 

73. Reduction of a Crank Chain by Omimon of the Coupling Link. —A 
pair of spur wheels in gear form a particular case of a three-link 
kinematic chain consisting of two lower pairs with parallel axes two, 
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dements of which are united and generally form the frgme link, while 
the other two pair by contact. 

Such a chain may be derived from the four-link crank chain of 
Art. 52, pago 112, by omission of the coupling link, a process of 
reduction which has already been employed on page 135. 

In Fig. 72a, ah, dr. are levers turning about fixed centres and con¬ 
nected by'a coupling link hr, all three links being in one plane as in the 
article referred to, Imagine how the crank-pins at h and r. eidarged 
until they touch one another as shown by the dotted circles afid then 
remove the coupling link. Suitable forces being applied to close the 
chain by keeping the surfaces in contact, tha link hr may be removed 
without in any way altering the motion, and therefore the angular 
velocity-ratio will still be as before nT-.ilT, where T is now the inter¬ 
section of tho common normal at the point of contact, with tho line of 
centres. Now the instantaneous motion of the levers oamfbt be affected 
by the shape of the pins except at the point of contact, and it there¬ 
fore follows that if we replace tho pins by any surfaces such as those 
indicated by tho full lines in the figure, which have the same common 
normal at the point of contact, the result will be the same. 



We may reach this conclusion directly by constfructing a diagram of 
velocities for the two pieces, in question. For let /', P be points in the 
profiles which at the instant considered coincide by becoming the point 
of contact. Then Fa velocity in the direction of the normal must bo 
the same us that of F, for otherwise the surfaces would interpenetrate 
or move out of contact. If then from a given point 0 (Fig. 72b) we 
draw Op, Op' parallel to the lines a P, dP, to meet a parallel to the 
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normal in pp, it follows by file same reasoning as in the case of lifik 
work that Opp is a triangle of velocities of which the sides Up, Op' 
represent the velocities of I’. Hence drawing „/ parallel to .//•’ it 
appears as before that the angular velocity ratio of the lines ,il% ill " is 
ill pil, and these lines are fixed in the rotating pieces so as to have 
the same velocity-ratio. 

Ihe third side pj> of the triiiii^le <»< velocities represents in this ease 
the velocity with which the surfaces rnh against one another, for 
dropping the perpendicular OX the segments Xp, Xp represent the 
resolved part of the velocities along the common tangent. Suppose 
./, A' to be the angular velocities of the pieces, /', /" the actual 
volocitics of /', I 1 ', then by similar triangles 

pp or 

r/. «/-’ 

that is, if r be the velocity of rubbing, 

k 

for which we obtain 

r TZ .7 (TZ I'T). 

Hut it was shown above that 

,1 .XT A’ .XT, 

.'. A.TZ ./'. TT-. 

hence «. 

r.~ (A .1 iTT. 

This formula supposes the pieces to turn in the same direction, as in 
the figure. Il’they turn in opposite directions, as in a pair of toothed 
wheels, 


a simple and important result which wc shall hereafter verify. 

It follows at once that for rolling contact the point of contact must 
lie on the line of centres, and that for a constant angular velocity-ratio 
. T must be a fiyed point. Thus in all forms of teeth for wheels the 
common normal at th’e points of contact of the teeth must ulways pass 
through a fixed point on the line of centres, as we found to be the case 
in the examples already considered. The velocity with which the 
teeth slide over one another is given by the above formula. 

Tfie diagram of velocities may when necessary be completed by 
laying down on it the velocities of all points rigidly connected with 
either rotating piece as explained before in the case of linkwork. 
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<74. Cam with CUUinii/m Action.- In toothed wheels the revolution 
of one wheel is always accompanied by that of the other in the same 
or in opposite directions, according as the gearing is inside or outside, 
or, in other words, the directional relation is always the same. W e 
now pass on to eases in which the directional relation varies, the con¬ 
tinuous rotation of one piece being accompanied by an oscillating 
motion of the other. The rotating piece is then called a “Cam,” or 
•soinetinies a “ Wiper." 

Cams are of two kinds. In the first the contact is continfious, and 
tlie oscillating motion produced is completely defined by the form of 
the cam ; while, in the second, the contact is only during the forward 
vibration of the oscillating piece, while the backward vibration is 
produced by other causes. In both kinds force-closure is common, and 
sometimes indispensable. 

We shall now give some examples of cams of the first-kind. Fig. 1, 
Plate IV. (p If.!)), represents a sliding piece (', to which a reciprocating 
movement is given by a cam IS, which rotates about an axis 0, per¬ 
pendicular to the direction of the sliding motion, the Miain being 
completed by the frame-link A. Suppose, in the first instance, that 
the cam presses against a pin placed in the piece so that a line joining 
it to the centre of rotation gives the direction of the sliding motion. 

As the cam turns in the direction of the arrow, 0 moves downwards 
to it certain limiting position, after which contact will cease unless 
some force be applied to keep it pressed against the surface. With 
suitable force-closure, Jiowever, supplied by the spring shown in the 
figure, (! will return upwards to a second limiting position, and so 
on, continuously oscillating to and fro. 

By properly taking the shape of the cam, any required relation may 
bo obtained between the motions of the cam and slider; we have, in 
fact, only to draw a curve of position such as that constructed in Fig. Hi, 
page 07, showing the position of the sliding piece for each position 
of the rotating piece. This curve will be the proper profile for the 
cam. In practice the chain is usually augmented by the addition of 
a friction roller, and the shape of the cam is modified by cutting away 
its surface to a depth equal to the radius of the friction roller, as was , 
done in the case of the teeth of a wheel which driVes a pin-wheel. 

Force-closure, though cpiumon, is not necessary for the action of a 
cam chain of this kind : it may be avoided in tvfo ways,“both of which 
occur frequently in practice, though the mechanism would not always 
tie described as a cam. First, the pin of the last example may be made 
to work in a slot cut in the face of a cam-plate, the centre line of the 
slot being formed to the profile of tho original cam. Secondly, a slot 
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inay bo cut in, the sibling piece at right angles*to the direction* of 
■sliding, and the cam may tit into the slot. Thus, for example, the earn 

may be a pm or an eccentric of any size; the chain is then .rely a 

reduced double-slider crank motion, as explained on page l.'il. With 
other forms of earn'other kinds of motion may be obtained : a common 
example is the triangular Eccentric formed by three circular ares 
(big- fd), each struck from one ol the corners ot an eijuiiatrrnl triangle 
"be. Such a curved triangle will fit between 
the aid A </</, ee ot a rectangular slot, and 
may therefore be used as an eccentric In¬ 
fixing it to an axis parsing through anv 
point in it. In practice a figure would lie 
used with rounded off corners, derived by 
striking small circular arcs with centres 
", b, c , and smiting them by larger ares 
having the same centres, thus obtaining a 
profile shown by dotted lines in the diagram, 
possessing tfic same essential property of 
uniform breadth, so that it will fit. a rect¬ 
angular slot of somewhat larger size. The 
mechanism is shown in Fig. ."i, l’lato IV. ; it is sometimes used for a 
valve motion, the opening and closing of the valve taking place more 
rapidly than with a common eccentric. It has also been used in the 
“man engine’' employed in mines to enable the miners to reach the 
surface without the fatigue of ascending ladders. 

In these, as well as all other earn motions, a triangle of velocities 
can be constructed by the general method explained in Art 7.'S, and 
hence curves jam be drawn showing the comparative velocities of the 
cam, the slider, and the rubbing between the two. 

75. Mechanisms villi Intermittent Actum. —In all eases of higher 
pairing by contact between rigid elements, the closure of the chain is 
imperfect in the absence of external forces, for an exact fit between the 
surfaces, even if it exist, originally, is soon destroyed by wear during 
the action of the mechanism. Thus, for example, when a pin works in 
a groove, as in the last article, the smallest looseness of fit will prevent 
tho grooved piece from exactly following ]he movement of the pin 
when the contact passes from one side to the other of the groove. The 
same effect is produced by the clearance necessary for the safe action 
of the teeth of a wheel. In cam mechanisms, where the contact is 
continually changing from one side to the other, the chain opens for 
a short interval at every change unless force-closure be employed as 
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described above. The pair of which the oscillating # pieee forms an 
element is locked by friction (hiring the interval. 

Suppose now that the groove is purposely made of much greater 
dimensions than the pin, the oscillating piece will remain at rest for a 
considerable interval, and will thus have an intermittent motion. The 
same thing occurs in wheels which work by the successive action of a 
number of teeth when some of the teeth in one of the wheels are 
removed. The pair which moves intermittently may be locked during 
the interval of rest either by friction or by the special means described 
in the next article. 

Intermittent motions of both the earn and wjiccl class oceur frequently' 
in mechanism. Two common examples may be mentioned. 

(1 ) A wheel with one tooth may be employed to turn another 

wheel with any number of teeth through a small space at each 
revolution. - 1 

(2) A wheel with one or more teeth may move a sliding piece 
alternately backwards and forwards. 

In all cases, during the interval of motion, we have a chain of the 
kind already described which closes at, the commencement of the 
interval. The closure is accompanied by a shock which renders such 
mechanisms unfit for the transmission of considerable forces, and limits 
the speed at which they can be run. (See Ch. XI.) 


76. IMrhrts .—.The oscillating motion of the piece (! may be a 
turning instead of a sliding motion, as is often the case in shearing 
machines, for example, but no new principle is hore involved, and we 
now proceed to the second class of cam motions in which the forward 
vibration alone is subject to the action of the cam, whilc.the backward 
vibration is effected by independent causes, generally by means of 
springs or of gravity. In such cases the forward vibration follows the 
same laws as in cams of the first kind, but during the backward 
vibration the oscillating piece forms a distinct machine by itself, 
working by menus of energy supplied by the cam during the forward 
movement. In tilt hammers and stamper!} the work of the machine is 
dono in this way and we need not here further consider them ; but 
the object may be merely to shift the position Of the piece and so to 
lock or unlock a pajr, to open or close a kinematic chain. The piece 
is then called in general a Hatchet, though it may receive other names 
according to circumstances, and a chain in which it occurs is thus 
known as a Hatchet Chain. 

(1) The shifting piece may lock a turning or a sliding pair in one 
or both directions. A common latch for example rises to permit 
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a gate to close a»d then drops into its place and fastens the gate until 
again raised by external means. 

The piece L (Pig. it) forming a turning pair with a fixed piece II 
tits in the hollows of the teeth of a wheel A which also pairs with II. 
Ihe teeth are formed as in the figure so as t permit A to move in one 
direction by raising 0 till it drops by the action of a spring or |»y gravity 
into the next hollow. In the other 
direction the pair All is locked. (' is 
then caflod a pawl, and the arrange 
inent is the ordinary one employed in 
'windlasses, capstans, and,lifts to pre¬ 
vent the machine reversing when the 
hauling power is removed. 

{'2) Two shifting pieces may be 
employed to iBck alternately two pairs 
which have a common element. This 
is the ratchet mechanism proper from 
which the name of the class is de¬ 
rived. 

Returning to Fig. 71, ./, II. fare the same as in the previousea.se, 
E is an additional piece which pairs with II : in the figure the axis of 
the pair has been supposedooncentrir with A. hut this is not, necessary : 
1> is the ratchet [railing with E and at the same time lilting like (' into 
the teeth of the ratchet wheel. If now an oscillating movement he 
communicated to E, the ratchet wheel A will he locked alternately 
with II and E according to the direction of motion of E Accordingly 
A has an intermittent movement moving with E in its forward oscilla¬ 
tion and resting in the backward. Instead of a paw] (!, friction may 
he relied on to lock All in the,backward movement as in the common 
ratchet brace, hut the nature of the mechanism is the same always. It 
sometimes happens that the pairs All, IIIi are not concentric; the 
chain AJIE1) is then an ordinary four link chain which opens when 
moved in one direction and closes when moved in the other, while the 
pair CA unlocks and loek^ as before, so as to permit A to move 
, intermittently.. In both eases the movement is single-acting, hut two 
such chains may be Employed which movo in opposite directions and 
open and close alternately; the movement, may tjien he described as 
double-acting. • The Well-known “ Levers of Lagourousse ” (P’ig. tj, 
I’late IV.) is a double-acting ratchet mechanism in which the two 
chains have all the links common except the ratchets. The ratchet 
wheel then moves continuously in one direction, and the locking pawl 
C may be omitted. The ratchet wheel employed in the case of a 
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tinning pair may 0 /course be replaced by a rack whet^a sliding pair is 
required, but no new principle is here involved, 

(3) The shifting piece may ho connected with a pendulum or balance 
wheel which vibrates in equal times. Time may be thus measured by 
unlocking a kinematic chain at intervals. In clocks and watches a 
tooth of the ratchet wheel escapes from the action of the ratchet at 
each vibration or semi vibration; the mechanism is therefore called an 
escapement. 

(I) In pumps various kinds of ratchet mechanisms are universal. 
The common reciprocating pump is a true ratchet mechanism, the 
column of water being locked and pairing witji the plunger alternately ; 
it may be single- or double-acting. It is needless to sav that the ratchet 
is here called a " valve.” 

77. Oilin' Fiirm* oj lltilclid Mirlu’iiinn . - In all the examples of the 
preceding article the shifting piece is not subject to the action of the 
rest of the mechanism during its return oscillation, but it may also 
be worked by a cam movement of the first kind, or J,'V linkwork 
mechanism ; the slide valves of a steam engine are a familiar instance. 
Also it may be worked by external agency instead of by the machine 
itself, as in all kinds of starting and reversing gear. The ratchet 
chains form a large and interesting class of mechanical combinations, 
but thoir discussion would be out of place here. 

78. Srmr Ciimx.-- The three-linked chain of Art. 73 may have the 
axes of its lower pairs inclined at an angle instead of parallel, and 
a number of mechanisms of the cam class may thus be derived which 
are analogous to those already considered. Some of these may also be 
derived from a screw chain, and may here be briefly mentioned. 

I-et us take a simple screw chain consisting of a sliding pair, a turn- 
ing pair, and a right-handed screw pair. Let the screw be of several 
threads, and let a fraction of the pitch be employed. The screw and the 
nut may then be alike as shown in Figure 2, Plate IV., each resembling 
a crown wheel with ratchet teeth. When the movement has taken 
place through the fraction of the pitch in question, the teeth escape and 
the nut may bo moved back endways by force-closure, or by a second 
screw and nut similar, but left-handed. This movement, which is the 
only possible cam motion'with lower pairing, has beep employed to 
work the shears in a reaping machine,* and is also well known as a 
clutch. 

In its original form the chain consists of a sliding pair All, a screw 

* Journal of the Franklin Institute for March, 1880. 
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pair BC, and a turning pair C.l ; the piece .1 mav however lie omitted, 
and wo obtain a two-link chain consisting of a screw pair ll(\ the 
elements of which are united to those, of an incomplete lower pair, /> 
and 0 both sliding and turning during the for ward motion and simply 
sliding during the backward motion. Now imagine one of the screw 
surfaces replaced by a simple pin, then the other may lie made of 
any form we please, and the elements of the incomplete pair will hat e 
a cam motion following any given law. A valve motion common 
in statioiftirv engines is an example, /,' is a revolving crown wheel 
on which is a projection which raises the rod (' at the proper time 
for opening or closing the valve. The “swash" plate usually given 
in treatises on mechanism is another example. 

Plate I \., the figures in which are not taken from actual examples, 
represents some of the cam and ratchet mechanisms referred to in this 
section. Pig. Uis a *■ heart cam," so called from its shape, in which the 
sliding and rotating pieces are connected with uniform velocity ratio 
Fig. - is the screw cam just described. Figs. .'I and I are two forms 
of the triangular eccentric motion (p. I fill). Fig. 5 shows a ratchet 
motion (p. I‘>2) in a form common in the feed motions of machine 
tools: the direction of movement of the ratchet wheel ./ is here 
reversible by putting over the ratchet, h into the dotted position. 
Fig. fi is referred to on page 171. 


KXAMI’l.ns 

1. A reciprocating piece moves in guides under tin- fic tion of a cam attached to a shaft 
which rotates uniformly, and the centre of which lies in the line of motion. Trace the 
form of the cum that the piece may slide uniformly and make one complete movement 
in each revolution. Suppose a friction ioiler used of diameter eipiai to stroke, ami 
sup|M»se also that tffe least radius of the cam is ,J the stroke. 

2. A stamper is raised by a cam suchrfhat the line takes place unifoimly fluting a part 
of the revolution of a shaft which is distant from the stamper half the rise. Trace the 
proper form of cam, ami find the fraction of the resolution in which the rise takes place. 

The best solution is that in which the profile of the cam has the form of the involute 
of the dotted circle, whose radius is half the lift of the stamper ; for then the pressure 
of the cam on the pin is always in the vertical direction. The rise takes place whilst the 
cam turns through an angle, the arc of which is equal to twice the radius, or l. jrof 
a revolution. 

» 3. Draw a curve ofr velocity for a reciprocating piece moved by a uniformly rotating 
triangular eccentric. 



CHAPTER VII. 

MKCI1ANISJ1 IN OKNKHAL 

I 

79. I'kitf Matiim in (leneml, (Irnlmk*.— In the two preceding 
chapters the mechanisms considered liave been composed either wholly 
of lower pairs or else of two lower pairs connected by higher pairing. 
The velocity-ratios of the various lower pairs have been considered 
and diagrams of velocity have been drawn for the complete mechanism, 
but the comparative motion of pieces which do not pair with each 
other, or which form the elements of a higher pair, l as only been 
considered in a few special eases. It will now lie necessary to treat 
this ipiostion more generally. 

First, suppose the two pieces to move in such a way that a plane 
attached to one moves parallel to a plane fixed in the other. The 
motion is then the same as that of a plane area which slides on a lixed 
plane, and may be called for brevity “plane motion.” If the position 
of any two points in the moving area lie given, all the rest can be 
found, and the motion is therefore completely defined by the movement 
of the straight line joining these points. 

Let .111, . I'll', .I 'll''... (Fig. 7”>) lie successive positions of such a 
line, .loin .1.1'. III!', and from the middle points of these lines draw 
perpendiculars XO, Mo to meet in 0, then 0.1 = 0.1' and l>ll-Oil’, 
from which it can he proved that .1011 - .I'QU'. so that . 111 might 
bo moved to .I'll' by attaching it to a plane area, and rotating that 
area about 0 as a centre. Obtain similar centres O', 0", O'"... for the 
succeeding changes of position, then it is clear that the motion of .111, 
and therefore of the plane area to which it is attached, may lie 
completely represented by the rotation of the area about the centres 
0, O', 0 ”,... in succession through certain angles which are given, being 
the inclinations to each other of the successive position', of .7 11. 

Next, through U draw OS', making it equal to 00' and inclined 
to 00' at the first angle of rotation, S’S'' equal to O'O" and inclined to 
it at an angle equal to the sum of the first and the second angle of 
rotation, and so on; we thus obtain a second polygon OS'S" ..., the 
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then during the motion the polygon will rotate about 0 till S' reaches 
" • a ' ,ont ^ ^ reaches 0", and so on in succession; that is 

to sav, the changes of position of .111 may be produced by the rolling 
of one polygon upon the other. Thus, 'by properly determining the 
polygons, any given set of changes of position of a plane area may be 
produced at pleasure by rolling the movable polygon on the fixed one. 

Xow imagina the moving area to become fixed in its original position, 
and let the originally fixed area move by rolling the polygon 00'0 "... 
which is attached to it upon the polygon OS'S" which is 'now fixed. 
Evidently the two areas take up the same relative positions, and wo 
obtain the very important proposition that any set of changes of 
relative position of two areas may be obtained by the rolling of one 
polygon upon another. If the positions are taken at random the j>oly- 
,gons may have a«utc angles as at 0" in the diagrams, but they may also 
be such as would occur in a continuous motion, arid the polygons will 
then reduce to continuous curves when the.positions are taken very 
near together. "Thus eVery continuous plane motion of two pieces is 
represented by the rolling of one curve upon another, the point of con¬ 
tact being a centre about which either piece is for the instant rotating 
relatively to the other. These curves are called Centrodcs, and the 
point is called the Instantaneous Centre. Whenever the directions of 
cm. i 
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motion of two points in a moving piece are known, the instantaneous 
centre is at once determined by drawing perpendiculars to intersect. 
During the motion it traces out two curves, one in the moving piece, 
the other in the fixed piece, which curves are the centrodes of the 
motion. 


80. Axoids. Elementary Examples of Ctnlrtsles, —Any two bodies 
moving in the way described may bo divided into slices by planes 
parallel to the plane of motion, the centrodes of which will of course 
be all similar and equal, so that we may regard them as the transverse 
sections of cylindrical surfaces in contact, with each other along a 
generating line. The surfaces are called Axoids, and the line the 
Instantaneous Axis. The relative motion of the bodies is represented 
by the rolling of the axoids upon one another, endways motion being 
supposed prevented. 

Any two parts of a mechanism have a relative motion which is com¬ 
pletely defined by the nature of the mechanism, as has been sufficiently 
explained already ; and it follows, therefore, that they must have given 
axoids, the nature of which completely defines the motion of the pieces. 
In every kinematic chain there are as many sets of axoids as there 
are sets of two pieces, and these surfaces are the same for all the 
mechanisms derived from that chain by inversion. These remarks 
apply even when the motion is not plane, as will be seen further on. 

First. Take the case of a pair of spur wheels /US in gear, F being the 
frame-link (Fig. 70), forming the three-link chain considered in the last 
chapter. Lot the pitch circles touch at the pitch point I, then, as before 
explained, those circles roll together without slipping, and therefore 

must themselves be- the centrodes, 
the pitch surfaces being the axoids. 
Hence the point t is the instantaneous 
centre of IS' s motion relatively to A , 
or A’s motion relatively to B. We 
shall return to this immediately, but 
for the present merely remark that 
if tho centres of A and B move up to 
each other, the pitch circles reduce to {mints, and the axoids become 
coincident straight lines, tho point I is fixed in A and B, the two pieces 
then become a turning pair. In lower pairiftg, then, the axoids are 
coincident straight lines, which are at infinity if the pair be sliding. 
The case of a screw pair in which the motion is not plane will be 
referred to further on. 

Secondly. Take tho case of a double-slider chain ; there are here four 
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pieces which may he taken two and two in six- ways; there nro, there¬ 
fore, six sets of axoids. Four of these, however, are only the four 
axes of the four lower pairs, and it remains to determine the other two. 

In Fig. 77 the blocks A , (' are connected by a link />’ and slide on a 
piece li along lines OX, 0Y, forming the chain described fully in a 
former chapter. The blocks A, f form two turning |»irs with the link 
IS, and the velocities of these pairs are equal because II makes angles 
with OXj 0 1’, the diiferencc 
of which is constant. The 
centrodc8 for A, C are 
therefore equal circles, the 
centres of which are the 
centres of A. C. Since A 
and C rotate in the same 
direction these circles must 
be of infinite size, and to 
represent them in the fig 
ure equal circles of finite 
size are employed which give the same motion in opposite directions 
Next, to find the centmdos of H, I), through those centres draw perpen 
dieulars to OX, OY to meet in Z, then Z is the instantaneous centre for 
/>' when I) is fixed, and for I) when 1! is fixed. First, sup|tosc H fixed, 
then the angle at Z is the supplement of the angle at O, and is there¬ 
fore constant, so that Z traces out an arc of a fixed circle, of which OZ 
is the diameter. Next, suppose h fixed, then, since OZ is constant, Z 
traces out a circle, the centre of which is Fts.rs. 

0. Thus the centrodes of IS, 1) arc two 
circles, one half the diameter of the other; 
the large circle is fixed to It, and the small 
circle to IS. 

Thirdly. In the four-link chain A, IS. 

(', It, consisting of four turning pairs with 
parallel axes, the sections of which are 
represented by the points nf h, r, <1 (Fig. 

7M); suppose opposite links equal, but 
set so as not to be parallel. This is the 
caso referred to already (page 112) as 
“anti-parallel "cranks. 

■Joining at, bd by the dotted lines in the 
figure, the quadrilateral aide has two sides and two diagonals equal, 
hence the triangles bar, ala must be equal in every rcsjiect. so that hi 
is parallel to ac. Hence if k be the intersection of the diagonals, and t 








KINEMATICS OF MACHINES. 


164 


[PABT II. 


* the intersection of the sides, ak = rk:bk = dk: U = dl^ from which it 
appears that ak + bk = rk + hi = ml = be 

and at-dt=et-bl-ub--.cd. 

Suppose, now, A to move while C is fixed, then a moves perpendicular 
to (ul, and h moves perpendicular to be, so that k must be the instan¬ 
taneous centre for the motion of A relatively to G, or for that of C 
relatively to A. Now, in the first case, it appears from what has been 
said that k traces out an ellipse, of which r and d are foci, while, in the 
second, it traces out an equal ellipse, of which a and b are foci. Thus 
the ccntrodcs for the motion of A and G are equal ellipses, as shown in 
tho diagram. In like manner the centrodes for the motion of B and I) 
are the equal hyperbola' traced out by the point t. 

Tho four' other pairs of centrodes are tho points a, li, c, d, which are 
the centres of motion of the four turning pairs. 


81. Profiles for given Centrodes .—Any given motion of one piece 
relatively to another may be produced in an infinite number of ways. 
One way of doing this is by rolling contact, for if the nnttion is given 
the centrodes will be given, and by forming the profiles so as to repre¬ 
sent tho centrodes, and applying forces to press the pieces together and 
cause them to roll on one another without slipping, the given motion 
may be produced. But if slipping lie permitted, the same motion may 
be produced, at least theoretically, by assuming any form whatever for 
one pi-ofile and properly determining the other. 

(1) Fait a given profile bo attached to the moving piece, and as it 
rolls into different positions lot that profile be traced on paper attached 
to the fixed piece. If the positions be taken near enough together, a 
curve muy be drawn through their ultimate intersections which will 
envelop them all, and if a profile formed to that envelope be attached 
to the fixed piece, the two pieces will fit one another and yet be capable 
of relative motion of the prescribed kind. 

(2) To apply the foregoing process a model would be necessary, but 

by a simple modification, a geo¬ 
metrical construction may be 
obtained. In Eig. 79, A and B , 
are the pieces, which move so 
that the centrodes are 0, 1, 2, 
3..., 0'| I', 2'; 3’..., curves 
which are shown touching at 
the |x>int t. P is a profile of 
given form attached to B ; it is 

required to find a profile attached to A, which will always remain in 
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contact with l‘p and bo be capable of moving it in the required wajf by 
simple contact. 

Divide the centrode of 11 into arcs of equal length, starting from 0, 
the point where £ intersects it, and let 2 be the point of contact at. 
the instant considered. Divide the centrode of A into equal arcs, 
stepping from - in both directions, then O', I', 3', 4'.., are points in 
A’ s centrode, which correspond to 0, 1. 3, 4 ... in Zf’s centrode, being 
during ^he motion points of contact in succession. From 1, 2, 3... 
drop normals on to the curve /', and with these normals as radii 
trace circular arcs with centres 1', 2', 3'... ; the envelope of these arcs 
must be the required profile /’’. 

(3) Instead of assuming one profile and determining the other to 
suit it, it is generally more convenient to employ some method of 
determining pairs of profiles which satisfy the required conditions. 

In Fig. 80 */, II are the centrode* as before, V is a third curve, theo¬ 
retically of any form, which rolls on A and 11, always touching these 
curves at their point of contact 1. P is a tracing point which is 
attached to*ri and traces out two curves during the motion, one on 
A, the other on 11. First, suppise A 
fixed, then, since 1 is the instantaneous 
centre of the motion of C, Pi must be 
normal to the curve MP traced out on 
A. Similarly, supposing 11 fixed, PI 
is normal to the curve Ml' traced out 
on II. Thus the two curves touch one 
another at the point /’, and therefore may be taken as profiles which 
will give the required motion. If A, 11, C lie circles, this construc¬ 
tion becomes‘that already considered when discussing the form of 
teeth for a wheel. This and the preceding method show clearly that 
the condition which the two profiles must always satisfy is that the 
common normal at the jioint of contact must always pass through tho 
pitch point as already proved otherwise for the sjiecial case of wheel 
teeth. 

Not every pair of curves* which satisfy the geometrical conditions 
could actually be used as profiles, either for centrodes, or, in the cases 
just mentioned, to give a required motion, because there is nothing 
in the geometrical construction which excludes an interpenetration 
which would foot be’physically possible in the areas of which the 
profiles form the boundaries, but an infinite variety of forms can 
be found for given centrodes which might be so used. 

In all cases in which the centrodes are known for the relative 
motion of two pieces, one of which is fixed, the velocity-ratio of 
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any two points («, 4) in the moving piece is known for each position 
of the pieces. For, joining the two points to the instantaneous centre 
0, the ratio of the distances At, Ob must be the velocity-ratio in 
<[uostion, since the moving piece is for the moment turning about 0. 
It is easily seen that the triangle Oab is similar to the triangle of 
velocities constructed as in Art. 49, p. 100. 

82. Centmles for a Higher I’air Connecting Lower Pairs .—Among the 
infinite variety of profiles which correspond to given centrodes it is 
frequently possible to find some which aro closed curves, one completely 
surrounding the other. If these curves be *used as the external and 
internal boundaries of two areas, the two pieces thus formed will fit 
one another and be capable of no motion except that of the prescribed 
kind without requiring any additional constraint. In Fig. 4, Plate IV., 
a form of the triangular eccentric motion is shown, which has been 
occasionally used and which furnishes an example. On reference to 
Art. 74 it will bo seen that such an eccentric will exactly fit a square 
within which it is enclosed, and therefore forms with it S higher pair 
which is “ complete ” in itself. 

Complete higher pairs are very unusual in mechanism, higher pairing 
being employed almost exclusively to complete a chain of lower juiirs 
as in the preceding chapter. It is then generally “incomplete,” the 
necessary constraint being furnished by the rest of the kinematic chain 
to which it belongs, as for example in the triangular eccentric motion 
shown in Fig. 3, Plate IV. Tho general problem in mechanism 
is not to connect two pieces in a given way, but to convert 
the motion of a given pair into the motion of a different pair— 
that is to say, to connect two pairs so as to have* a prescribed 
relative motion. This will be further, considered presently, but we 
must first return for a moment to a question considered in the last 
chapter. 

In the three-link chain of Art. 73 we havo two lower pairs AC, 
BC with axes parallel, connected by simple contact between A and 
B at the point P (Fig. 72, p. 152). Draws the common normal PT to 
moot ad in T, then when B is fixed tho motion of a (s perpendicular 
to ad, and the motion of P perpendicular to l'T, therefore T must 
be the instantaneous centre for the motion of A relatively to B. 
Let a be the velocity of rubbing at P-, A, A" the angular velocities 
of tho pairs AC, BC: further let tut = l and PT=;; then, since B 
is fixed and A is rotating round T, 

v velocity of a ,, l 
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Similarly suppling A fixed, 

r _ velocity of <1 l 
aT " ■' ' ,11" 

from which it appears that 
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results jvhieh agree with those obtained in the article cited by a 
different method. 

The ceutrodes in this case, as well as in that of the four-link chain 
from which it was derived by reduction, may lie traced graphically by 
plotting the position of T for a number of positions of the pieces, but 
they are known curves only in exceptional cases such as those of 
Art. 80, and generally have infinite branches which render their use 
inconvenient. 

When the point /’ lies on the line of centres it coincides with 7', and 
the velocity of rubbing is zero; the ceutrodes arc then no other than 
the profiles themselves of A and II. The curves tiro then said to roll 
together: a particular example is that of the equal ellipses of Art. HO 
which are not unfreipientlv used to connect two revolving shafts with 
variable angular velocity-ratio. In this case the velocity-ratio is the 
ratio of the focal distances of the 
point of' contact, but by properly 
determining the profiles it is theo¬ 
retically possible to give any velo¬ 
city-ratio to the shafts at, pleasure. 

The question, however, is not one 
of much practical interest. 

* \ 

83. Countructinn of Ventre* of I'nr p \ 

■nature of Profile* lVittii* Method .— ■ 

In the four link chain AI1CI> shown 
in Fig. 81, U is the fixed link and U 
the coupling link: a, h, c, d «re sec¬ 
tions of the axes of the pairs which 
are supposed parallel* 

If the coupling link he be pro¬ 
longed to merit the line of centres 
ad in the point t, and ab to meet cd 
in 3, it appears as in previous cases 
that 0 must be the instantaneous centre of li, and that the angular 
velocity-ratio of A and C is dl: at. Join Ot, and imagine bt an actual 
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prolongation of the bar be, so that t is rigidly connected with it, then 
fa motion will be perpendicular to Ot. Suppose now that the propor¬ 
tions of the links are taken so that Ot is perpendicular to bt, then t 
moves in the direction of the length of the rod, and the rod therefore 
may be imagined to slide through a fixed swivel at t. 

This reasoning shows that the levers A and C, when in this position, 
will move for a short interval with uniform angular velocity-ratio, 
and the movement of a pair of wheels in gear is thus imitated by a 
linkwork mechanism. 

Let us now form a reduced chain by omission of the coupling-link, 
and we shall be able to solve the important problem of finding a 
pair of circular arcs which will serve for the profiles of a pair of teeth 
in contact. For this purpose, with centres b and e, strike arcs through 
any point p on cbt produced, and let these ares be rigidly connected 
with A and 0 respectively; the coupling-link may novf be removed 
and A imagined to drive C by direct contact of the arcs. Evidently 
wherever p is, tho pioces will move for the moment with uniform 
angular velocity-ratio and pitch point t. Tho uniformity*however, is 
only momentary, because the position of 0 changes, and to trace the 
profiles with accuracy it would be necessary to perform the construction 
for a succession of positions of cbt, hence tho face and flank of a pair 
of teeth in contact cannot be exactly represented by a pair of circular 
arcs. When it is sufficiently approximate to do so, the arcs arc found 
by assuming a mean position for tho point p, and the mean value 
for the obliquity i, found by experience to give good results. The 
method hero described was invented by the late Professor Willis, and 
tho value of i recommended by him was sin' 1 '25, or about 14|°, being 
alwut the actual mean value of the obliquity in cycloidal teeth of 
good proportions. Also the value of pt was taken by him as half 
the pitch, p being then about midway between the pitch point t and 
the point of the tooth. 

Having made these assumptions, it still remains to fix tho position 
of the point 0, which may be taken anywhere on a line through t 
inclined at 14J” to the line of centres. «This is done by observing 
that 0 must be the same for all wheels D intended to work with a 
givou wheel A, and that toeth never should be undercut (Art. 70); 
that is, c and h must lie on .the same side of l. Hence in the smallest 
wheel intended to work with A, c is at infinity, so that if d 0 is its 
centre, dfi is parallel to pt, and therefore perpendicular to Ot. The 
dank of the tooth in this case becomes a radius d$. The position 
of 0 is thus completely determined for all the wheels of a set when the 
pitch is given. 
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Willis’s method is of great theoretical interest, and has consequently 
been given here, but the form of teeth obtained is not always suffi¬ 
ciently approximate. It may, therefore, with advantage be replaced 
by other methods, as to which the reader is referred to a work by 
Professor W. 0. Unwin on Machine Design. 

G4. Spilin' Motion. When a body moves about a fixed jxjint its 
motion js completly represented by that of a portion of a spherical 
shell of any radius which tits on to a corresponding sphere, and moves 
on it just as in the case of plane motion. Everything which has been 
said respecting plane motion also applies to sphere motion, but the 
axoids are conical instead ot cylindrical surfaces, the centrodes 
spherical instead of plane curves, and all straight lines are replaced 
by great circles ot the sphere on which the motion is imagined 
to take place* The corres|)onding crank chains are called “conic” 
crank chains, the axes ot the |ntirs lying on a cono instead of a 
cylinder. 

• 

85. Screw Motion .—In the plane motion of two pieces, endways 
motion of the cylindrical axoids is supposed to be prevented by some 
suitable means. Let us.now remove this restriction and imagine the 
axoids to slide endways, while continuing to roll together, the relative 
movement will now not be completely defined, but additional constraint 
will be required. In the first place bike the case of a lower pair in 
which the axoids are coincident straight lines ; if endways sliding lie 
permitted we obtain an incomplete pair, unless the nature of the 
surfaces in contact define the relation between tho endways motion 
and the rolliag motion. In the simple screw pair the two are in 
a fixed ratio, in the screw cams of Art. 78 they have a varying ratio. 
In every case of non plane motion with cylindrical axoids, not ordy 
must the axoids be given, but also a connection between the endways 
sliding and the motion of rotation. 

In the most general case possible the instantaneous axis changes its 
direction as in spherical motion, its position as in plane motion, and in 
, addition there jnay be an endways sliding. This is expressed by the 
rolling and sliding of certain surfaces on one another, which are now 
neither cylindrical nor conical. These surfaces are in all eases of the 
kind known a# “ruled ” surfaces, being generated by the motion of a 
straight line, along which they touch each other. The surfaces are 
stilf called Axoids, and the line is in the Instantaneous Axis. The 
hyperboloidal pitch surfaces for wheels connecting two shafts which 
do not intersect are examples of this kind; but for the discussion 
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of <his question, which is not of very common occurrence, the reader 
is referred to the works already cited. 

86. Classification of Simple Kinematic Chains .—On observing the 
action of any mechanism, several of the pieces of which it is con¬ 
structed may be readily distinguished as having functions different 
from tho rest. These pieces, like the rest, occur in pairs, and may be 
described as such, though tho pairing is not necessarily kinematic. 
First, uiio or more perform the operations which are tho object of the 
mechanism; these may be called the Working Pairs, as, for example, 
the tool and tho work in machine tools, the weight raised and the earth 
in the hoisting machines. Second, one or more form the source from 
which the motion is transmitted, as, for example, tho crank handle 
and frame of a windlass, tho piston and cylinder of a steam engine. 
These may bo called the Driving Pairs. Thirdly, varidus sudsidiary 
working pairs carry out various operations incidental to the working 
of the machine. Tho object of the mechanism is always to convert 
tho motion of the driving pairs into that of the working pifirs. 

The simplest case is that in which the motion has only to be trans¬ 
mitted without alteration; a single pair will then suffice. Thus by 
means of a long rod sliding in guides or turning in bearings, a motion 
of translation or rotation may bo transmitted to a distance only limited 
by non-kinematical considerations. Hv use of flexible elements-- 
among which should be included the flexible shafts recently intro¬ 
duced—the direction may .be altered at pleasure and any desired 
position reached. 

If, however, the magnitude of tho motion is to bo altered, a mechanism 
must bo employed in which at least one elemont of the driving and 
working pairs is different. The driving pairs are usually kinematic 
ower [tail's, and the working pairs are so very frequently, and this is why 
so many of the simplest and most important mechanisms are examples 
of the connection of lower pairs. Tho peculiar motions of lower pairs 
being translation and rotation, a number of mechanisms may bo classed 
us examples of the conversion of rotation ditto translation or rotation 
and conversely, with uniform or varying directional relation or velocity- 
ratio. This is especially the case when, as so frequently happens, the 
driving and working pairs have a common link which is fixed. 

It has been shown, however, that many apparently* different me¬ 
chanisms are in reality closely connected, being derived from- the same 
kinematic chain. Mechanisms are therefore to be classed according to 
the kinematic chains to which they belong. The number of simple 
chains actually employed in mechanism is limited by the preceding 
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considerations *o those already described, which are ranged *bv 
Reuleaux in the following classes, the names of which are derived from 
the most important piece in somo example of common occurrence: 

(1) Crank chains, 

(2) Screw chains. 

(I!) Pulley chains. 

(4) IVheel chains. 

(5) Cam chains. 

(<>) Ratchet chains. 

In the first two arc included all combinations of sliding, turning, and 
screw pairs; in the third,all cases where tension or pressure elements 
are employed; in the fourth, all cases of connection bv contact where 
the directional relation remains the same: in the fifth, all eases where 
it varies; while in the last, all combinations are included where, by 
action of a shifting piece, the law of motion is periodically varied. 

87. Compound Kinematic ('Inline.— In a complete machine, the 
motions required are generally too complex to be carried out by a 
single kinematic, chain of this simple kind ; it is necessary to combine 
together a number of such chains, and we conclude this part of the 
subject with some general remarks on such combinations which may all 
be regarded as compound chains derived from two or more simple, 
chains by union of their links. 

(1) From any two closed chains a thitd may be derived by uniting 
two links. The links must have the, same relative motion, for otherwise 
the chains would lock each other, and they generally form a pair. 

This is one of the commonest of all combinations. \V hen two 
machines are driven lront the same shalt, or when the same shaft is 
driven by two separate engine.*, we have examples in which the driving 
pairs or the working pairs are common, but the mechanism are other¬ 
wise independent. Further, in every complete machine we find, in 
addition to the principal chain which docs the work, it number of 
auxiliary chains which carry out various ojicrations necessary to the 
working of the machine. •Thus, in the steam engine, besides the 
slider-crank or pthcr mechanism which turns the crank, wc have the 
valve motion which governs the distribution of steam, the air pump 
motion which produces the vacuum in the condenser, and frequently 
others as well! Each* of these auxiliary mechanisms has a pair in 
common with the principal chain which serves as a driving pair, but 
the*chains are otherwise independent. Again, in trains of mechanism 
which, as previously remarked (page 139), are frequently simple 
chains augmented for non-kinematical reasons, a number of such 
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chrflns are arranged so that the working pair of o*e chain is the 
driving pair of the next in succession. A train of wheels or the 
mechanism of a beam engine are examples already referred to, in 
which one link is common to all the separate chains, but eases occur 
in which this is not so, as, tor example, the well-known Lazv Tongs. 

The case here considered is that where the movements of various 
driving pairs have to be transmitted to various working pairs, but no 
new motion is required in a working pair other than could be produced 
by a simple chain. All such combinations may be called Trains, and 
may be divided into “converging,” “diverging,” and “transmitting” 
trains. . 

(2) If two closed chains have only one link common they are 
completely independent, like two machines standing on the same floor, 
but disconnected. It might, therefore, be supposed that nothing was 
obtained that was new. In fact, however, this is a combination which 
is as common as the preceding, being employed to give a motion to 
a working pair which is too complex to bo produced by simpler 
means, or which requires to bo varied at pleasure. The Vorking pair 
consists of two elements, one of which is supplied by one chain, the 
other by the other, and the motion of the pair is thus a combination 
of the motions of the two independent chains. Completely new motions 
are obtained in this way, and thoy may be varied at pleasure by altera 
tion of either or both of the primary motions. 

Take, for example, the common planing machine. The working pair 
consists of the table upon which the work is mounted, and the tool. 
To the lirst a reciprocating movement is communicated by means of a 
suitable kinematic chain connecting it with the driving shaft. The 
othor is mounted on a slide rest, forming an element of»a screw chain 
which gives it a horizontal movement.. This chain has one link in 
common with the principal chain, but is otherwise independent. In 
the ordinary working of the machine this chain is locked by friction, 
except at the end of each reciprocating movement of the table when it 
moves to take the next cut. Tho tool thus traces out a complete plane 
surface. . 

In this example the common link is fixed, but this peed not be the 
case, and in fact in the planing machine a third Independent chain is 
added to adjust the tool vertically, the tool being mounted on a vertical 
slide having an independent movement. Also,' one element of the. 
working pair may be fixed, and both movements given to the other, 
which is aommou to both chains. Double and treble chains of this 
kind occur whenever it is necessary to move the elements of the 
working pair into all possible positions. In cranes of all kinds we 
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find a treble n^pvement, one to raise and lower the jib. a second* to 
swing the jib round, and a third to raise and lower the load. In 
traversing cranes the three movements are rectangular, as in the 
planing machine. In either case we find the methods employed by 
mathematicians to define the position of a point in space by rectangular 
or polar co-ordinates exactly imitated by the mechanism. 

The elements of the working pair need not be wholly disconnected 
as we have hitherto supposed, they may form an incomplete kinematic 
pair, 'fhus if the axoids he cylindrical, endways motion may still 
be possible and may be given by an independent chain. A common 
example is a drilling machine, the working pair in which consists of a 
table on which the work is mounted, and a spindle carrying the drill 
which rotates and at the same time descends as the. hole is drilled ; 
the two movements may he ijnite independent, the one proceeding 
from a driving shaft, the other operated by the workman. 

A similar combination is employed when a train is varied by 
shifting one of the links. Fig. ">, Plate III. (p. HI), represents a ease 
of this kind. The wheel C is mounted on a shaft which can be 
shifted endways by an independent mechanism. The shifting of belts 
(Art. 01, p. 133) is another example. 

Again, the movements of the working pieces may be connected by 
a transmitting train connecting the chains which produce them. In 
the selfacting feeds of planing and shaping machines the connection 
is intermittent, but it may also be continuous, arid we then have a 
fertile means of producing complex movements variable at pleasure. 
]n a screw-cutting lathe the tool is mounted on a slide rest mover! 
by a screw, and the work is attached to a rotating mandrel. Con¬ 
necting these independent chains by a train of ‘‘change wheels, the 
tool cuts a screw of any pitch., 

Tire principle of all combinations of this kind is the closure of an 
incomplete or disconnected pair by independent chains. Wo may 
describe them as Multiple Chains. 

(3) If two closed chains have two or more pairs common, they 
must be of the same kind, for otherwise the pairs would not have 
. the same relative motion, ami the chains would lock each other. 
The differential mechanisms, examples of which have been already 
given, are eases of this kind. Thus in the differential pulley (Fig. 62, 
p. 130), if A* and C bo disconnected we have two simple pulley 
chains with common movable pulley II and separate axles. Cither 
of tiese might be operated independently. In the actual mechanism 
A and C are united, and the movement of B is the difference of the 
movements due to each separate chain. 
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Complex examples of similar combinations occur fn the epicyclie 
mechanisms. Fig. 82 (p. 17b) shows a combination of two of the 
differential trains described on p. 139. C, (T are wheels turning 
about the same axis in the frame link A and united: E, E' are also 
united, but have a different frame-link A', both gear with the 
wheels B, I), which are disconnected, but turn on an axis common 
to A and A'. On comparing this with Fig. 60 it will be seen that 
two trains have been compounded by uniting the wheels IS, D, which 
are common to both. If now one of the frame-links, say A', is fixed, 
and EE' be rotated, the other frame-link A will rotato with a velocity 
which can be found on the principles oi the articles cited. For 
simplicity, EE' have been supposed to gear directly with II, I), but 
they may also gear with wheels of other diameters fixed to B, I), 
or the wheels may be replaced by a different train of mechanism, 
all that is necessary being that the motions of the pairs BA’, DA' 
should bo connected. 

Many example* of this mechanism may be found - e»|K!ciully in the case where C, tl' 
are equal and the train reduces to three bevel wheels (p. 140). In Auction engines 
and tricycles, for instance, a mechanism of this kind is sometimes employed to facilitate 
turning. A' is then the frame of the machine, li and l) are equal hevel wheels attached 
to the axle, which is divided into halves, each connected with one of the driving wheels. 

If now the motive power he applied to A, H and D will rotate, hut not necessarily with 
the same velocity, and the machine may therefore he guided in a curve by the front 
wheel without the slipping which would occur if the driving wheels were fixed to an 
undivided axle. 

Combinations of this class are not essentially different from multiple 
chains in which the elementary chains are connected by a train, as 
dosrribcd above. They may bo called Compound Trains ; all consisting 
of simple trains compounded in various ways, either for iron kinematieal 
reasons or to enable the train to be varied at pleasure. 

(4) All the preceding combinations are formed of simple closed 
chains united together in various ways ; no new chain is obtained, Imt 
merely an aggregation of forms already known. Certain mechanisms, 
however, occur, which, if taken to pieces by separation of united links, 
are found to contain one or more chains which arc not dosed. 

Take for simplicity a common slidor-crank mechanism, and imagine . 
the crank pin, instead of being fixed to the crank, to be mounted on a 
slide so as to be free to .move to and from the centre. The chain 
is now augmented by an additional sliding pair, anti is no longer 
closed, so that it cannot be used as a mechanism. If, however^ we 
introduce a screw, which moves the slide, we may lock the sliding 
pair in any position and thus obtain a closed chain, one link of which 
can be varied at pleasure. This mechanism is used in practice to 
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obtain a varyjpg stroke in a sliding piece. It is often required to 
make the stroke increase or diminish at each revolution of the erauk. 
A wheel attached to the screw then comes in contact with a pro 





jecting piece and moves through a small space, the screw chain being 
locked by friction during the rest of the revolution. The mechanism 
thus varies at intervals its own law of motion. 

By a suitable transmitting train, however, a continuous variation 
may be produced, and the combination then furnishes us with an 
entirely new mechanism. An important example is the wheel crank 
chain (Fig. 83), formed by combining a simple wheel chain with an 
open crank chain of five links. A number oi mechanisms may bo 
derived from this chain by inversion, but. for particulars the reader is 
referred to Reuleaux’s work already cited. 

Another example is shown in Fig. <>, Plate II. (p. Ill), which 
represents a mechanism employed in sewing machines to give two 
strokes to a sliding piece for one revolution of a shaft. We have 
here a closed double slider chain combined with a single slider 
rendered incomplete by omission of the crank pin. Combinations of 
this class arc called by Keuleaux “true” compound chains to dis¬ 
tinguish them from the preceding classes, in which no new mechanism 
results from the combination. Perhaps the words “higher and 
“ lower ” would more clearly express the meaning. 




PART 111. 

DYNAMICS OF MACHINES. 




PART III -DYNAMICS OF MACHINES. 


CHAPTER VIII. 

P K I N (' 1 P L E OK WO UK. 

Section I.— Baijinceii Forces (Statics). 

88. Prd/hnmry Exphoialvm. Itojinitivn of H'nrk .—If the priticijial 
object of a pieco of mcehanism be to do some kind of work it becomes 
a machine. Many mechanisms—as, for example, clocks and watches- 
are not, properly speaking, machines ; for though work is dono during 
their action, yet the object of the mechanism is not the doing of the 
work, but the measurement of time or some similar operation. Even 
in these cases, however, the forces in action cannot in general be 
excluded from consideration, and therefore in all mechanism a study of 
the manner in which forces are transmitted and modified is essential. 
This part of the subject is called the Dynamics of Machines. 

A body call in general only bo moved into a different position or 
be changed in form or size by overcoming resistances which op|K>se 
the change. This process is called doing work, and the amount of 
work is measured by the resistance multiplied by tho space through 
which it is overcome. If there be many resistances, the total work 
done is the sum of that done in overcoming each resistance separately. 

Consider the case of a mhss of matter raised vertically. Hero the 
resistance is due to {he action of gravity, which is overcome by some 
external force, and the work done is simply the product of the resisting 
force and the height through which the mass is raised. The resisting 
force is comnSonly described as the “weight” of the mass, and is 
measured by comparing it with that of a certain quantity of matter, 
the weight of which is taken as a unit for measuring forces. This 
mode of measurement has the disadvantage of giving a different unit 
for different points on the earth's surface, because the force of gravity 
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varies according to the position of the point, and* for scientific 
purposes, therefore, force is measured by the velocity which, when 
unbalanced, it produces in a given quantity of matter. In practical 
applications, however, gravitation measure is preferable, especially as 
the variation is very small, and the measure may be made precise 
when necessary by specifying the place on the earth’s surface at which 
our operations are taking place. As already stated (p. 3) the unit 
of force employed in Britain is the weight of a piece of matter called 
a pound, while the unit of space is generally one foot, so that the unit 
of work is one pound raised through one foot, or, as it is generally 
called, 1 foot-pound. Other units, however, such as, for example, 
“foot-tons,” may also be employed for special purposes. 

In the United States of America British units are chiefly used, 
but in other countries metric measures are universally adopted. In 
the metric system the units of space and force employed by engineers 
are the metre and the kilogramme, the derived unit of work being the 
kilogrammotre. These units are connected with the British system 
(sec also p. 92) by the relation 

One metre = 3-2809 foet. 

One kilogramme = 2-201(1 pounds. 

One kilogrammotre = 7-2331 foot-pounds. 

The question of measurement will bo further considered in a later 
chapter (Ch. X,). 

89. Oblique Resistance. —In the case just considered, the resistance 
is directly opposed to the movement which is taking place; if this 
be not so, it must be resolved into two components, one along and the 
other perpendicular to the direction of motion. The second of these 
is balanced by a constraint to which tire motion is subject or by the 
opposition which the inertia of the body offers to a change in its 
direction at any finito rate; it is the first alone in overcoming which 
work is done. In Fig. 84 let R be a resistance applied at a point 
A which moves through a distance AB in a direction inclined at an 
angle 0 to the direction of the resistance, then the work done is 
R. cos 8. AB, but if JIN be drawn perpendicular to the direction of 
R to meet that direction in N, 

•AN=AB.cos6, 

and therefore tho work done is R.AN. 

Now AN is the distance through which A has moved in the direction 
of the resistance, so we obtain another rule for estimating the work 
done against an oblique resistance. It is equal to the product of the 
resistance into the distance moved in the direction of the resistance. 
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Suppose, for example, that a weight is raised, hut that instead of 
being lifted vertically, it is moved in any curved path—there being no 
friction or other resistance than that due to gravity. 

Considering any sniull portion Alt of the path (Fig. Sfi), the resist 
ance being always’ vertical, the work done is //' .IX. So the total 
work of raising the weight is II’. N./.V or IV. Ii, which is independent 
of the path described by the lifted weight, but depends simply on the 
height through which the weight is raised. 

* Fiir.st. 


A 


R.co* 0 


FIs .85. W 



If there tire a number of weights, each of them raised through 
different heights, the total work done in raising all the weights is 


the sum of the works done in raising each weight separately ; and the 
direct method of finding the total work is to add the separate results 
for each weight, llut it may be determined by another method thus- - 
Let H\, IV.„ H\ etc. lie a number of weights which are at heights 
i/p i i/ :1 etc. above a given datum plane. Now suppose they arc raised 

so that they are at heights }',, J' s etc. above the same plane. The 
total work done in raising the weights will be the sum of the products, 


ll \(-//,) + IV, <V.y .</,,) + IV 3 (J", - // 3 ) + oU '' 

Now sup|Mise the centres of gravity ij and (I for the initial and final 
positions of the weights to be at heights y and Y above the datum 
plane. • 

The centres of gravity ;/ and II are such that if all the weights were 
collected at either centre, the moment of the collected weights about 
the plane is equal to the sum of the moments of each separate weight, 
before being collected, about the same plane. This is mathematically 
expressed thus— 

IJ ji/j + II ,i/, + II aZ/.j + etc. 

•"* H\ + IY~+IV. S + etc. 

IV, V ] + IV + U\ )' s + etc. 


IV. + IV, + IV. + etc. 


and Y - 

By subtracting we have 

v - JV x (Y x -y,)+ IV,(Y,-y,) t 1l\{Y,+y,) + M. 
» I ~v — a' . /»• . /f .«... ' 


+etc. 


hence 


Total work = '£IV( Y - y). 
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That is to say, the total work of raising a number of weights is 
equal to the product of the sum of’ the weights by the vertical 
displacement of the centre of gravity of the weights. 


90. Variable, liesutancc. —Let us next consider the work required to 
be done to overcome a variable resistance. The whole distance through 
which the resistance is overcome must then be divided into a number 
of parts, each being so small that, for that small space, the magnitude 
of the resistance may be treated as sensibly uniform. The \Vork of 

overcoming the resistance through 
each of the small spaces being thus 
found, the total work will be the 
sum. The estimation can generally 
be most conveniently performed by 
a graphical construction. We will, 
for simplicity, take the case in which 
the direction of action of the resist¬ 
ance is that of the line of motion. Suppose a body miy'cd from A 
to H against a resistance the magnitude of which varies from point 
to point in such a way that it is represented by the ordinates of the 
curvo standing abovo All (Fig. 86). For the small distance MX the 
resistance will vary slightly', but will have a mean value represented 
by SM or KN suppose, and the work of overcoming the resistance 
through the small space MN is MN x SM or is exactly repre¬ 
sented by the area of the curve standing above MN; and so for 
any other small portion of the displacement of the body. Thus the 
total work of overcoming the resistance through All is represented 
by the whole area ALTB = mean resistance HxAB. , 

Tho curve LSI' is called a curve of resistance. Two important 
special cases may bo mentioned, both of which frequently occur. 




f 

(1) Let the resistance vary uniformly. This is the case of a per¬ 
fectly elastic spring which is compressed, as will be further explaified 
hereafter. The curve of resistance is a straight line AST (Fig. 87a) 
where AB is the compression of the spring, BT the corresponding 
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compressing force A',. Daring the compression II is at first zero 'and 
gradually increases f o A,, its value at any intermediate point being 
graphically represented by the ordinate »S’.V corresponding to the 
compression ./.V.' The work done is the area of the triangle, that 
is 1 A’,. A B, and (he mean resistance is consequently J/f,. 

(2) Let the resistance be inversely proportional to the distance of 
the point of application from a given |M>int 0 (Fig. H7b). 

This applies to many cases of the compression of air and other 
elastic fluids. In the figure AS** I! is the resistance and OX. AS is 
constant, so that the curve of resistance .1ST ih an hyperbola, let 
the ratio O . l : OB be called r, this is called the ratio of compression: 
then from the gcomet.v of the hyperbola we know that the area of 
the curve is equal to the constant rectangle OX. AS multiplied by 
log.)', the logarithm being Napierian, or, as it is often called, 
*• hyperbolic P from this property of the hyperbola. If ON be denoted 
by /’this gives a formula in frequent use for the work done in this 
kind of compression. 

t Work done-- A’/’log,). 

91. Re*iftnner I" A 'nhiiiuii. Slohitihi of a Vrsoel. —It. often happens 
that wo have to consider the resistance of a laxly to rotation about 
an axis. Let .7 (Fig. 88) be the 
[mint of application of a force /’ 
which resists the rotation of a body 
about an axis C perpendicular to the 
plane of the paper. If the resistance 
at A be not in the plane of rotation 
P must be supposed to be the com¬ 
ponent in that plane; the other 
com[K>uent will be parallel* to the 
axis of rotation and need not be considered. Let 0 be the angle it 
makes with the direction nt .7 s motion, then A -- /'. cos 7 is the 
effective resistance, the other component of P morely producing 
pressure on the axis. As the body turns through an angle i the 
resistance It will be overcome through the are .7.1', and, assuming in 
the first instance ft constant, the work done will be— 

Work done •» K . A A' —11. CA . i. 

But, drooping a perpendicular CA on P s direction, 

CA ■= CA . cos 6, 

. ■. Work done = P . CA. i - Mi, 

where M is the moment of the resistance about the axis of rotation. 
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Jf there tie many resistances then the same formula wjll hold if M be 
understood to mean the total moment of resistance. 

We can readily extend this to the case 
of a variable moment by the graphical 
process already described for a linear 
resistance, the base of the diagram now 
representing the angles turned through 
and tho ordinates the corresponding 
moments. As an example ta'lce the 
case of a heavy pendulum swinging 
about an axis Q (Fig. 89a), let g lie the 
centre of gravity, Og-l, and let it be 
swung through the angle i from the vertical, then the moment of 
resistance is 

M = W. gN— IV. Zsin i. " 

In Fig. 89b draw a curve on tho base AH such that the horizontal 
ordinato AN at every point represents the angle i on the same scale 
that AH represents two right angles, r Fi K 8Dt 

while the vertical ordinate represents M. 

This curve will bo the curve of resistance, 
and in the present ease is a curve of 
sines of which tho maximum ordinate 
LE is }Vl. Tho angles being supposed 
reckoned in circular measure so that A IS - ir, tho area of the diagram 
from A up to any point S will represent the work done. We can, 
however, in this example find this work otherwise, for g rises through 
the height NZ, and therefore if IT be the work 
U- - cos»). • 

By use of tho integral calculus it can be vorified that this is also 
tho value of the area ASN. 

It is not necessary that the axis of rotation should be fixed in 
estimating tho work done during rotation, provided that the resistance 
be a couple, for thon thore is no pressure on tho axis. An important 
example is that of a vessel floating in the water and steadily heeled 
ovor by tho action of a couple M produced by external agency, or 
more frequently by shifting the weights on boferd in such a way 
that tho displacement and trim remain constant. Then for each 
angle of heel this couple bus a certain definite value < which can be 
found either by calculation or by observation of the shift of the 
weights. The moment of resistance which is equal and opposite'to 
M is called the Statical Stability of the vossel, and the curve of 
resistance drawn as above described is called the Curve of Stability. 
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According to fche principles of this article the area J.WS of the 
curve represents the work done in heeling the vessel over. This is 
called the Dynamical Stability, and as is shown elsewhere istv the 
chapter on Impact^in Part I\.) represents the resistance to heeling 
over to that angle by a sudden gust. 

for small angles of heel not exceeding 10, or at most l.V. the 
statical stability (S) is given by the equation, 

# N ll'ru sin (/, 

where IV is the displacement, of the vessel and m is the “ metaeentrie 
height,’ that is, the height of the “metacentre," through which the 
upward action of the buoyancy of the vessel passes at small angles 
of heel, above the centre of gravity. If this equation held gissl at 
large angles of heel the stability would increase to a maximum 
value Wm when 6 - 90”, and would not vanish until 0 ISO', Such 
a curve is very exceptional, the maximum stability being in general 
much less than IVm, and occurring at a much smaller angle, while 
the vessel capsizes at an angle much less than 1 so', known as the 
Angle of Vanishing Stability. An important typical case is when 
the actual curve is a reduced copy of a curve of sines given by the 
equation 

S- IV. "j . sin 1-0, 

the maximum stability being now IVm.k, and the anglo of vanishing 
stability sr/jf. The stability is then the same as that of a heavy 
pendulum of length mjk swinging through /,■ times the actual angle 
of heel of the vessel, lit being the metacentric height aH before. 
The dynamic stability is evidently 1 T' fc that of the pendulum, and 
consequently hi given by 

r n .'![ i - cos/■(/), 

a result which may also be reached by use of the integral calculus. 

92. Internal awl External Work. —In fill that precedes, the position 
of a body has been changed »by overcoming external resistances. All 
forces, however, arise from the mutual action between two bodies or 
between two parts of the same body, and every change of position 
must be with reference to some other body .which is regarded as fixed. 
Work, then, consists in a change of relative position of two bodies 
notwithstanding a mutual action between the two which opposes the 
change. In raising weights the second body is the earth, but the pair 
of bodies may be such as occur in mechanism, and the mutual action 
between the two may be due to springs or an elastic fluid, or to the 
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resistance of some body to separation into parts, [n scissors, nut¬ 
crackers, bellows, and other similar instruments, the elements of the 
pair are exactly alike and their existence is recognized in popular 
language. 

In reckoning the work done either body may be regarded as fixed, 
the result must be the same and will be unaffected by any movement of 
the pieces common to both ; thus when air is compressed in a cylinder 
the work done depends on the pressure of the air and the amount of 
compression, not on the movements of the cylinder within t^hieh the 
air is contained. In other words, the motion to be considered is the 
motion of the pair as defined in Art. 46, j>. 94, and the resistances 
consist exclusively of forces opposing this motion. 

In every case where wc have to do with a number of pieces connected 
in any way, we may distinguish between the resistances due to the 
mutual action between the pieces themselves and these due to the 
mutual action between the pieces and external bodies. The internal 
resistances require work to be dono in changing the relative position 
of.the pieces themselves, while the external resistances require work to 
be done in changing the position of each piece relatively to external 
bodies. These two kinds of work are called Internal Work and 
External Work respectively. In two cases we can at once foresee 
that the intornal work will be zero, first when the pieces as dis¬ 
connected, secondly whert they are rigidly connected. Thus, for 
example, if a heavy mass of matter be r aised, we need only consider 
the rise of the centre of gravity (Art. SU) if the mass be rigid; 
but if trot, any change of form which occurs ought to be taken into 
account. In raising ordinary solid bodies and masses of earth the 
intornal work may usually be disregarded. , 

93 . Energy. Principle of Work .—Hitherto we have been speakittg of 
tho miMimce which is being overcome during the process of doing work, 
lot us now fix our attention on the effort which overcomes the resistance. 

The forces arising from tho mutual action between a pair of bodies, 
when not purely passive liko tho normal pressure between two surfaces 
in contact, are of two kinds. The first always opi>osc the motion of the < 
pair: in other words, they are always resistances. * Friction between two 
surfaces is the simplest example of this, and hence such actions are 
■called Frictional Resistances. The second, on the other hand, promote 
or oppose the motion of the pa’r according to the direction in which 
the motion is taking place, so that a resistance becomes an effort ^hen 
the direction of motion is reversed. Such actions are conveniently 
described as Reversible ; and systems of bodies, in which they occur, 
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possess, when tjje parts are suitably dispostxl, the power of doing work. 
This power is called Knkkgy. As examples of bo.lies possessing 
energy may be taken a raised weight, a compressed spring, or steam 
of high pressure. Change of velocity in a moving laxly likewise gives 
rise to efforts and resistances, but this is a matter for subseipieut. 
consideration. For the present we suppose all bodies with which we 
have to do to be in a state of uniform motion, or to move so slowly 
and steadily that no sensible action of this kind can arise. 

KnergJ- is measured by the quantity of work which it is capable of 
doing, and the process called doing work may also be described as the 
exertion or expenditure o I .energy, so that we write 
Km rgy exerted - Work done. 

II the effort which is being exerted and the resistance which is being 
overcome he applied to the elements of the same lower pair, as when a 
weight is lifted vertically or a spring wound tip, the effort ami the resist¬ 
ance are equal, and the equation shows that the energy exerted by an 
effort is the product of the effort and the space through which it is 
exerted. Tints all the examples given above of the doing of work will 
also serve as examples of the exertion of energy simply by supposing 
the direction of motion reversed. In short, the exertion of energy and 
the doing of work are merely different aspects of the same process 

In this case the effort and the resistance may he regarded as appliet) 
at the same point, hut the eiptation has a much wider application 
than this, for it is equally true if the points of application he different, 
provided only that they are rigidly connected. Thus, for example, if 
we dig in the ground, the energy we exert at. the handle of the spade 
is- -if the spade he perfectly rigid -exactly equal to the work done at 
the blade. This can be shown to he a necessary consequence of the 
forces we are considering being balanced, and the equation may he 
regarded as a concise statement of the conditions of equilibrium of 
forces applied to a rigid body. It is preferable, however, for our 
purposes to regard it as the simplest ease of a fundamental mechanical 
principle continually verified by experience. This principle may be 
called the pHlNi ifl.i-: of Work. 

We have now a means of transferring the power of doing work, that 
is to say, energy fn'tn one place to another; evidently we arc not 
restricted to one piece, as in the ease of the upade. We may make use 
of a series of pieces through which energy may be transferred from 
■piece to piece in succession : and if there were no frictional resistances 
to tfie relative motion of the pieces, there would be no loss of energy 
in the process. Thus the principle of work is true when the points of 
application of the effort and the resistance are mechanically connected 
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in any way. Frictional resistances however absorb ^ portion of the 
energy whenever any relative motion occurs which they tend to prevent, 
and therefore a certain loss always accompanies the transmission of 
energy. Nevertheless the principle of work still holds good if over¬ 
coming friction be reckoned as part of the work done. 

It may here be remarked that though frictional resistances are never 
a source of energy, yet friction may, like normal pressure between 
surfaces, transmit energy, and hence, in cases where one only of the 
bodies between which it is exerted belong to the set of bodif’s we are 
considering, may be an cllbrt by means of which work is done on the 
set. Thus, for example, in the case of a ijhaft driven by a belt, the 
whole power of the engine is transmitted by friction-closure between 
the belt and the pulleys : and if we consider the shaft alone apart from 
the rest of the mechanism, the friction may be regarded as the effort 
which drives the shaft. We cannot however in such • cases properly 
speak of the friction as exerting energy : the source of energy is 
the steam, or other motive power, and the friction merely transmits 
it in the same way as the pressure between a connecting rod head and 
the crank pin transmits energy to the crank shaft. Nevertheless in 
both of these cases tho phrase “energy exerted" mav be used con¬ 
veniently, though “energy transmitted '’ would be more precise. 

If a piece, of material through which energy is transmitted yield 
under stress applied to it, as in fact it always does, the energy exerted 
will not be equal to the work done. Kit her the change of relative 
position of tlie several parts of the piece will require work to be 
done in order to overcome the mutual actions between the parts 
which resist the change, or, conversely, those mutual actions exert 
energy during the change. In the first case the work is done at the 
expense of the energy transmitted ; in the second the piece of material 
is a source of energy which increases the energy transmitted. In 
perfectly elastic material the mutual actions tire reversible, and any 
energy exerted in overcoming them is stored up in tho piece and 
recovered when the piece resumes its original form, as in the case 
of a watch spring. (Compare Art. 9S.> 

94 . Maihiiui .—A mechanism becomes a machine if we connect 
together two of its elejnents by a link capable of changing its 
form or dimensions, and so moving the mechanism, inotwithstanding 
a resistance applied by a similar link connecting two other elements. 
In compound mechanisms some or all of the component simple 
mechanisms may be distinct machines, as will be seen farther on. 

The elements connected may be called the “driving pair” and the 
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“working pair,# and these pairs often, though by no means always, 
have one element common, namely the frame-link of the mechanism. 
The driving-link is, the source of energy. As examples, we may take 
steam which conneejs the piston and cylinder which form the driving 
pair in a steam engine, or gravity which, as in Ar t. 02, is to lie 
conceived replaced by a link exerting the same effort. The working 
link is gravity in cranes and other hoisting machines, or a piece of 
material the deformation of which is the object of the machine, as 
in the case of machine tools. 

In addition to the driving and the working links, the force of 
gravity acts on all the parts of the machine, and frictional resist¬ 
ances have to be overcome ; lmt these are matters for subsequent 
■consideration. 

The driving and working pairs are very freipiently kinematic pairs 
of the lower class. Let us suppose them in the first instance sliding 
pairs. Let the driving pair move through a space /, then the working 
pair will move through a space //, which is in a certain definite propor¬ 
tion to ./• depending on the nature of the mechanism. Let /' bo the 
driving effort, which, by taking c small enough, can be made as nearly 
uniform as we please ; and let It be the resistance opposing the motion 
of the working pair, then 

Energy exerted -- I’t : Work done - Hu. 
and these must be equal, therefore 

/’ u Velocity of Working Pair 
It s~ Velocity of I hiving Pair’ 

from which it appears that the ratio of the effort to the resistance, or as 
we may briefly*call it, the " force ratio," is the reciprocal of the velocity- 
ratio of the driving and working pairs. In works on mechanics this is 
also known as the Principle of Virtual Velocities. 

If the pairs be turning instead of sliding pairs, then the effort and 
resistance are moments, and the velocities will be angular; and if one 
pair be sliding, the other turning, a suitable “radius of reference” 
must be selected (p. 94] to Compare the motions and the forces, but 
the same principle holds good. 

In the simplest machines, known frequently as the “mechanical 
powers, ” we have a 2 or 3-linked chain, so that the driving pair and 
working pair art) identical or very closely connected. But they may 
belong to two or more distinct machines connected by a long train 
-of mechanism and may have no common link. We arc not then 
restricted to the consideration of the whole process of transmission; 
any intermediate pair upon which an effort or a resistance is being 
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exerted, either directly or by transmission, may be« regarded as a 
driving or a working pair in applying the principle. In all casea 
it must be carefully remembered that the effort.and the resistance 
arise from the mutual action between the elements, each consisting 
of two equal and opposite forces, as will be 
further described in a later chapter (Ch. XL). 
Either of these as bofore measures the magni¬ 
tude of the action opposing or promoting the 
motion of the pair. 

95. Verification */' the Prin riple of Work in 
Sfirriul Entinples. —Wo will now take some 
examples to illustrate and verify the principle 
of work, neglecting friction. 

(1) Take the common wheel and axle. 
Suppose /' to be just sufficient to lift the 
weight IP, so that the two forces exactly 
balance one another. Now l8t /' descend 
through the distance // (Fig. 90), and /f rise 
through the corresponding distance /, 

As /’ falls it is said to exert energy. Energy exerted -- Pi/. This is 
employed in overcoming the resistance to the rise of the weight W. 
Work done---//’/. The prime pie of work asserts that Energy exerted 
--- Work done, that is, /’// = II'.’ . 

Suppose the wheel and axle to turn through the angle U, then // -ht) 
and /--=»(/. Then, in older that the weights /' and II' may statically 
Imlunre one another, Ph IIii ; from which it follows that Pi/ - IPx, 
verifying the principle of work. * 

Also, we may write. 

P a / V 
II' ~ Ii ~ //“ /•' 

where r, Faro the velocities of P, IP respectively, thus showing that 
the force-ratio is the reciprocal of the velocity ratio. 

In this simple example both the force-ratio and the velocity-ratio • 
remain constant throughout the movement. In general this will not 
happen. 

(2) Take the case of the mechanism of the stoam* engine for an 
example. Neglect friction and let. tho driving pressure on the pyston 
be P. A thrust which we will call O' will be produced along the 
connecting rod and transmitted to the crank pin as shown in Fig. 91. 
At the crank pin this force S may lie resolved into two components. 
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one acting aloiijpthe crank arm and the other, It, perpendicularly to it. 
The laq£ alone will tend to turn the crunk, the other component 
producing only a pressure on the shaft immediately balanced by the 
pressure of the beamings on the journals of the shaft. 

This component It which tends to turn the shaft is called the crank 
effort. If the turning effort on the crank is perfectly balanced at all 
|>oints of its revolution by some suitable resistance, then the resisting 


p 

.> . cr 

D 

force which must be applied at the crank pin at right angles to the 
crank arm in order to balance perfectly the pressure of the steam on the 
piston must be equal and opposite to the crank effort. The force-ratio 
will he 1‘jR. *\Ve have, with the notation employed in Chapter V , 
.s- cos 6 = /' and $ sin (tf + </>) = It. 

It sin(ff + '/d sin OUT _ OT 
P “ cos '~»nOTl!~OIf 

That is, the crank effort is to the steam pressure as the intercept Of is 
to the crank arm OH. 

Hut we have previously shown (see p. 101 ) that this fraction expresses 
the velocity-ratio of piston to crank pin ; hence we have again found in 
this case that the force-ratio is the reciprocal of the velocity ratio, and 
the curve which we previously drew to represent the varying velocity 
of the piston, the crank pin moving uniformly, will represent also the 
varying crank effort, the pressure of the steam on the piston being 
uniform throughout the stroke. It is therefore described as the 
Curve of Crank Effort. 

(3) The same thing may be proved to lie true for every mechanism, 
the forces acting on which balance one another. In some cases it may 
wbc easier to determine the force ratio than the velocity-ratio or rice reran. 
In any case, either may be inferred by taking the reciprocal of the other. 
As an additional example take the case of two pieces driving one 
another by simple contact (Fig. D2). We have already found the 
velocity ratio by a direct process (p. 152), but we may also determine 
it in the following way. When A presses on B there is a resistance It 
equal and opposite to the pressure, and normal to the [lortions of 
the surfaces in contact, if we suppose no friction to exist. Drop 
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perpendicular# p 4 and p t on the common normal. Then the moment 

of the driving pressure H which 
A exerts oij 1i or the turning 
moment due to A--M a ~ ltj> A . 
Similarly the moment of the 
resisting force which B exerts 
on A or the moment of re¬ 
sistance to turning which 11 
opposes to A - M„ --- Up,,. Hence it appears that 

I (riving moment _ M t />, 
liesisting moment ,1A„ ji „ 

Hut we have previously proved that this fraction is the angular 
velocity-ratio of the piece /»’ to the piece A, and thus we show that 
the moment-ratio is the reciprocal of the angular velocity-ratio. 

96. f'moilk Motion of Marhinrs.- One of the most essential char¬ 
acteristics of a machine is the periodic character of its motion. Each 
part goes through a cycle of changes of position and velocity and returns 
periodically to its original place. When moving steadily tho periods 
are equal and the velocity of each piece is the same at the beginning 
and end of each period. That this may lie the case it is not 
necessary that- tho driving effort should balance the working resist¬ 
ance in every position : on the contrary, this seldom happens; it is 
sufficient if the mean effort be equivalent to the mean resistance, or 
as we may otherwise express it. 

Energy exerted during a period = Work done in the period ; 

a condition which always governs the action of a nuftdiine in steady, 
motion. In reckoning the energy and work the action of gravity on any 
piece of the machine may tie omitted, for, if the piece rise through any 
height during one part of the period, it will fall through an equal height 
during another part. The work done consists partly of the work which 
the machine is designed to do, anil partly of frictional resistance to the 
relative motion of the parts of the machine, or, in other words, of Useful 
Work and Waste Work. The ratio of the useful work to the energy, 
exerted is called the Efficiency of the machine and its reciprocal the 
Counter-Efficiency. The. efficiency of a machine depends partly on 
tho kind of machine and partly on the speed, as will b* explained in the 
chapter devoted to frictional resistances (Chap. X.). In estimating the 
power required to drive a machine a value is assumed for the efficiency 
derived from experience of machines of the same or nearly the same 
type. Examples will be given hereafter. 
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97. Vuwtr. tSotircrs of Eiteiyi /.—The sources of energy nre- 

(1) Living agents: 

(2) Gravity acting usually liy means of falling water: 

(•'!) Springs and plastic fluids; 

(4) Gunpowder and other explosive agents. 

The energy thus derived may he traced further hack to the action of 
heat and chemical aflinity, and wo may add to the list electric and 
magnetic forces, hut the foregoing is a suflicient statement for our pre¬ 
sent purpose. 

In general, the motion and effort which are proper to the source of 
energy, and to which the.driving pair must he adapted, are. entirely 
different from the motion and the resistance necessary in the working 
pair. Resides which the work will generally he reiplired to lie done at 
various places more or less distant from the source of energy. To 
connect the source and the work mechanism is therefore necessary, 
which (I) receives enorgy from the source and converts into a form 
suitable for transmission and distribution ; and (2) receives the trans¬ 
mitted energy and adapts it to the work to he done. The same 
machine may serve both these purposes, especially when a living agent 
is the source of energy, as in a crane worked by hand, a sewing machine 
or a lathe driven by the foot. 1’ut in most eases distinct machines are 
employed, one of which receives energy directly from the source, and 
is described as a Prime Mover, or more briefly a Motor, while the 
rest receive energy from the motor, either directly or by a train 
of connecting mechanism, and adapt it to the work. A machine 
then efl'ects something more than mere transmission of energy : it 
is directly connected with the source or the work, and converts the 
energy it receives into a form in which it can bo utilized. Thus in a 
factory the engine is a machino which adapts the energy of the steam 
to the purpose of driving a shaft ; the loom or the mule are machines 
which adapt the energy transmitted to them to the purposes of weaving 
or spinning, but the train of belt or wheel gearing distributing the 
energy through the factory is not a machine, for it is employed solely 
for transmission purposes. Theoretically the connection between the 
source of energy and the work might be effected by a single machine ; 
the separation into distinct machines connected by a transmitting train 
is simply an augmentation (p. 13!)) adopted for constructive reasons. 
The variety of (hovoments of which a living agent is capable renders 
the separation less necessary. 

Ttie rate at which energy is exerted is called Power; it is this 
which measures the value of a source of energy and the expense of 
the work which is being done. The ordinary unit of measurement is 
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the conventional horse power of 33,000 foot-pounds* per minute, or 
550 |icr second, a quantity greater than the working power of an 
ordinary draught horse on the average of a day’s work, except under 
the most favourable conditions (see Appendix). , The unit of power 
employed universally on the Continent is somewhat less, being 75 
kilogrammctres per second or 33,550 foot-pounds per minute. In 
measurements of electrical power the “watt" is often used; 1000 
watts, a quantity also known as a “kilowatt,” being 1'34 horse¬ 
power. For small powers the watt is a convenient unit. 

In prime movers the effort may generally be regarded as applied 
at a point which moves with a known, mean velocity ; then the 
horse power is given by the equation 


where 1‘ is the mean value of the effort in lbs. and V the mean 
velocity in feet per minute. 

In machines driven from a prime mover the effort is generally a 
moment M which exerts the energy Miv in every revolution of a 
driving shaft. We then have 


ii.r. 


M.-lmt 
33,1)00 ’ 

when! ,1/ is the mean moment and n the revolutions per minute. 


98. AVrr rsihililti. Coiism'ittioii trinl Stmiiifr nf lini'nji/. - The resistance 
overcome at the working point may be cither frictional as in machine 
tools or reversible as in machines for raising weights. In the second 
ease, if the machine were stopped and set in motion in the reverse 
direction it would, if friction could bp neglected, work equally well, 
the driving effort and working resistance would be interchanged, and 
constructive modilications might be required, but otherwise the action 
is unaltered. This may be described by saying that the machine is 
Reversible. Many machines actually occur in both their direct and 
their reversed forms; thus a pump is 1 a reversed hydraulic motor. 
Hence it appears that in reversible machines the power of doing work, 
that is to say, energy, is not lost after being exerted, for by reversing 
the machine it may be qm ployed a second time. Thus it is that we 
describe the action of reversible machines as a transfer of energy, and 
are led to conceive of energy ns indestructible, and speak of it as if 
it were independent of the bodies through which it is manifested. Xo 
machine, indeed, is completely reversible, for in all cases frictional 
resistances occur to a greater or less extent, while many machines are 
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completely non-*ei eraihle: liut we shell see ;is we proceoil that even 
then energy is not lost but only converted into another form, so that 
"0 have in reversible machines the first and most simple example of 
tho great natural law, called the Conservation of Energy. The import¬ 
ance ot reversibility as a test of maximum efficiency will be seen more 
fully hereafter. 

Again, we can store up energy and use it as repaired when it is 
iuconvenjent to rotsort to uny ot the usual soureos. For oxiuiiph', 
l*y Jl ^ e ' v turns ot the watch key we store energy in the mainspring 
which is supplied at a regular rate to the watch throughout the day. 
So the hydraulic accuinukttor (Part V.) receives energy from the 
pumping engines and supplies it at irregular intervals to the hydraulic 
machines which lilt weights and move gates in a dockyard or work 
the guns in a ship of war. 

A large part of what follows in the present work is merely a 
development ot what has been said here: in the succeeding chapters 
ot the present division we consider machines comprising solid elements 
only, while in* a future division we shall consider the transmission 
and conversion of energy by means ot fluids. The simpler machines 
arc treated in much greater detail with numerous additional examples 
in a smaller treatise by the.author of this work and Mr. .). II. Slade.* 


KX AMTIiKK. 

1. A waggon weighs 2 tons and its draught is ’..th of its weight. Find the work done 
in drawing it up a hill I in 20, half a milt 1 long. Find also how long three horses will 
take to do it, supposing oarh horse to work at. the rate of 10,t >00 foot-pounds per minute. 
Work done 970 ft.^tons. Time occupied 17' |V. 

2. A force of 10 lbs. stretches a spiral spring 2", find the work done in stretching it 
successively l", 2". 9", etc., up to 6". A os. 2J. 10, 22$. 10, 02$, and 90 inrh llm. 

3. Find the If.I 1 , required to draw a train weighing 200 tons at tin* sjHred of 10 miles 
an hour on a level, the resistance lreing estimated at 20 Ihs. per ton. Find also t he speed 
of the train up a gradient of 1 in WO, the engine exerting the same |tower. 

An*. If. I’, required -42»ij(. Speed up the incline 1K#7 miles per hour. 

4. The resistance of II..M.S. “Iris”at 17 kimts is estimated at 40,000 Ihs., what will 
l*o the II.I*, required simply to propeHho ship? Find also in inch tons the niomeiit, on 
each of the twin screw shafts, equivalent to this power, the revolutions laing 80 per 

*• minute. , 

An*. H P. required-2088. Moment on each shuft -907 inch tons. 

5. The curve of stability a vessel is a common pnpilsda, the angle of vanishing 
stability 70°, and th«i maximum moment of stability 4.000 ft.-tons. Find the statical 
and dynamical stabilities at 90\ 

Statical stability—3D18 ft.-tons. Dynamical stability -1'289 ft. tons. 

6. Verify the principle of work, neglecting friction, in; («) The differential pulley 
(Art. 59). [b) A pair of 3-sheaved blocks, (r) The hydraulic press (Art. 62). 

* IrtWHis in Applird Mechanic*. Macmillan. 1891. 
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7. From the iekiiltn in question fl, )i. 10:?, deduce tlic crank efforts for the Riven posi¬ 
tion* of the piston and the mean crank effort, supposing the effective steam pressure on 
the piston 70 tons and neglecting friction 

Crank effort at ) forward atroke Id' I t«n«. Mean -1274 tona. 

ipiartr'r atroke in the 1 backward ., ltl'fi tona. , 

K. Slum that tlie efficiency of a machine ia equal to the velocity ratio multiplied lit the 
force ratio. 


Suction li. Unuai.ani ki> Forcks (Kinkttcs). 

99. hinrlic Enemy of Triwiluliim. Still lilt! 1‘nir. \\ e now proceed 
to uonsider llio eases in which efforts or, resistances arise from tlie 
changes of velocity of the parts of a system, which changes thus 
become a source of energy or recpiire energy in order to produce them. 
The commonest observation is sufficient to show the importance ol 
such eases: it cannon ball possesses a great power of doing work, 
and a railway train reipiires energy to 1st exerted by the steam to 
obtain the requisite s|iecd, quite irrespectively of that necessary to 
maintain the speed when once produced. i 

First, suppose a weight under the action of gravity only. Unless 
it be supported by a vertical force exactly equal to the weight it will 
fall with a gradually increasing velocity. Let it be wholly unresisted 
by external bodies, let it start from rest and fall through a height h, 
then, whatever the material, we know that it will acquire a velocity r 
given by the formula 

c- ; ty/i, 

whore <j is a number measuring the acceleration of the weight which, 
for velocities in feet per second, ranges from -H2■ 1 at the equator to 
,TJ"J5 at tho pole, and having intermediate values at* other points on 
the earth’s surface according to the intensity of gravity at the point. 
The average value .'52'2 is usually adopted for this important constant, 
and the height li is called the “ height duo to the velocity.” 

During tlie whole fid!, the weight II' of the body has been exerting 
an effort upon it which overcomes an equal resistance occasioned by the 
change of velocity which is taking place 1 , thus an amount of energy has 
been exerted, ami an amount of work done equal to JFh. Resistance 
of this kind is of the reversible kind, for if we imagine the weight, 
aftor reaching the ground, projected up again with the same velocity, 
it will, if not otherwise resisted, attain the height from which it 
originally foil. Hence we describe the weight as possessing energy, 
and the amount it possesses when moving with velocity v is 
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Energy due t<S motion is culled Kinetic Energy, to distinguish it front 
that kind of energy considered previously, which is a consei|uenoe of 
the relative position of the puts of u system, and which is called 
Potential Energy. The kinetic energy of a body depends only on the 
velocity of each of the particles of which it is made up, not on the 
direction of its motion nor on the way in which its motion has hern 
produced ; and the energy exerted in changing the motion of a laxly is 
always represented by an exactly eipiivaleut increase of kinetic energy, 
whether the effort he uniform or variable, or whether its direction 
coincide with the direction of motion or not. 

The fall of a weight undtr the action of gravity is a pirticular case 
of the motion of a sliding piece under the action of a known force /' 
in the direction of motion, the other element of the sliding pair being 
fixed. The piijce here has a simple motion of translation, each |(article 
traversing the same space with the same velocity. Let the velocity 
change from /’ to r as the piece moves through the space .r, then 
equating the change of kinetic energy to the energy (P.r) exerted by 
the force /' * 

//V-' IIT- 

-y ' " 

an equation which is true whatever he the size, shape, or material of a 
sliding piece of weight II'. The equation may he written 




showing that the piece moves with uniform acceleration as in the ease 
of a falling weight, the magnitude of the acceleration being 



If the sliding piece he under the action of a force S which is not in the 
direction of motion, then wo know (p. 180) that the energy exerted by 
N is the same as if its resolved jmrt P in the direction of motion 
existed alone. The acceleration of the sliding piece therefore is 
independent of the component of S ]x:rpendieular to the direction of 
motion. These result* are, of course, in direct accordance with the 
laws of motion. 

If P he a resistance instead of an effort, then work is done at the 
expense of the ‘kinetic energy which is now diminished. If P be 
variable we must represent it graphically by a curve as in Art. 90, and 
it should be especially remarked that the ordinate of the curve of 
areas deduced in Art. 31 will, on affixing a suitable scale, and 
measuring the ordinates from a suitable base line, represent the height 
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<Jue to the velocity, or, an it may otherwise he described, the “ height 
equivalent to the kinetic energy ” of the body. 


100. Partially Unlmlinii'i'it Farces. Principle of IVoik. —Again, the 
effort which is changing the motion of the body may be partly 
balanced by an external resistance to which the body is subject. If 
this be the case we can imagine it separated into two parts, a part 
which is, and a part which is not, balanced. The energy everted by 
the first is employed in overcoming the external resistance, while that 
exerted by the second is employed in increasing the kinetic energy of 
the body. Or the resistance may be greater than the effort, then the 
excess is overcome at the expense of the kinetic energy of the body, 
the velocity of which now diminishes. 

In the present treatise we shall use the phrases “epergy exerted” 
and “work done” only in reference to efforts and resistances other 
than those due to inertia, subject to which convention, we may state, 
the principle of work as applied to cases where the forces are partially 
unbalanced, as follows 1 

Energy exerted - Work done + Change of Kinetic Energy. 

In this statement the work done may be greater or less than the 
energy exerted. In the first case the change of kinetic energy is a 
decrease, in the second an increase. 

Not only does this principle apply to a single body, but - subject 
to the observations of the preceding section—to a set of bodies 
mechanically connected in any way, provided that one of them be 
fixed to the. earth ; or, in other words, that a body of great mass like 
tho earth be one of tho set. A single body is in reality one of a set 
of two bodies, tho other being the earth. When no one of the set 
predominates over the rest it is necessary to consider further how 
the kinetic energy should be reckoned: for the present, however, we 
ahull suppose this condition satisfied. 

A simple ease is that of Atwood’s machine. Let the descending 
weight V be greater than tho rising oiyi Q. Neglecting friction, the 
excess sets tho two weights in motion. Let /' descend through a 
distance y, then Q rises through the same distance, and therefore 

Energy exerted - Pi/. 

Work done - Qi/. * 

Let r be the velocity of the two weights; then supposing them to 
start from rest, 


Kinetic energy acquired = (P + Q)~- 
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From principled of work 

,, ,, (l' + Q)i* .. I‘ Q., 

^r Vv+ o,, = 

The law of inercitoc of velocity is, therefore, the same as that ot a 
body falling freely, hut the rate of increase is less. This formula is 
the same as that obtained by other methods, and we have therefore 
here a verification of the principle of work. 

In applying the principle any pair of elements may be a driving or a 
working pair, whether or not one of them be the fixed link attached to 
the earth. Thus, for example, in a locomotive the steam exerts an 
amount of energy measured by its pressure and by the motion of the 
cylinder piston pair which it drives. This energy is employed in 
drawing the train while overcoming frictional and other resistances 
which op]>osc»the motion of the various pairs making up the whole 
mechanism. Any excess or defect is represented by a change of 
kinetic energy in the whole train, inclusive of the mechanism of the 
locomotive estimated relatively to the earth as fixed. A rotating 
cylinder engine, in which the steam cylinders, instead of being fixed 
to. the frame, are attached to a rotating fly-wheel, furnishes another 
instructive example. 


101. Kinrlic Evt’njii <>f Jiottifvtu. Tui'iiiiuj —-Instead of a single 

body, every point of which moves with the same velocity, suppose we 
have a system of bodies, und we require to know tho total kinetic 
energy of the system. The direct method is to find tho energy of 
each separate particle of the system and add the results. In the 
particular ease of a rotating rigid body we are able to express the 
result of the summation in a convenient and simple form, l'irst 
consider a ring of small scctiob rotating about an axis in the centre 
perpendicular to its plane. Every portion of the ring will move 
with the same velocity, >• say, ami the kinetic energy of the ring 
may, as before, lie written IfV J /-r/. 

We may express this anotjicr way, as follows—If a be the revolu¬ 
tions per second, and « the radius, c - -van, 

* ,. 

If the ring is hot complete, but W is the weight of a portion which 
has.the same centre of rotation, the expression will still hold. 

Now, suppose we have a body consisting of a number of particles 
rigidly connected together, rotating about a centre 0, at n revolutions 
per second. 
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Let the weights of the particles be /'), w.,, w 3 , w 4 , etc. 
rotating about 0 at distances //,, y.„ t/ 3 , y v etc. 

Uy whling together the results for each particle,.we obtain for the 
kinetic energy of the system, , 

1 («•,'/i 2 +"y/+*yt, s +etc.)■ 

Now suppose n is such a radius that 

„« _ " i'/,- + + wy/„-' + etc. 

tf'i + ir a + «’., + etc. ’ 

then substituting, wo may write , 


4r-V-. tir-ir,,. , 

* v", + + ic.. + ctc.)»- - —- II a-. 

■l[l ~ h/ 


liy this method we are always able to reduce any sijch system of 
rigidly connected ((articles to a ring sometimes called the Equivalent 
Fli/ triml, and the radius a is called the Vaulins of Gyration. The 
quantity II n-/ij is usually called the Moment of Inertia, and denoted 
by the symbol I. The quotient IVfj measures the Iliertia of the 
bialy, as will bo explained hereafter (p. '.’(j.'t), but is commonly called 
the Mass. 


However numerous the particles arc, the expression obtained above 
will hold, and so will bo true if they are sufficient in number to make 
up a solid body. In a continuous body, the separate weights w v w.„ n- 3 , 
etc., must lie taken indefinitely small and close together to get accurate 
results, and the results of the summation may be most conveniently 
arrived at by the use of the calculus. The symbol I, but for the intro¬ 
duction ot the mass as a factor would have the same meaning as in 
Chapter NIL, and hence all the results there given may be used here 
tor thin plates simply by multiplication' by the mass of a unit of area. 
In addition, the following simple cases will bo sufficient. The fourth 
is a particular case of the second. 


1. Solid cylinder rotating about its axis. 2 r- 

Kadius-r. " ~ ■' 

»• 


-• Rectangular parallelopiped rotating about il- 

an axis. Diagonal of either end -- Id. * 11 .1 


fi. Sphore rotating about a diameter. Radius 

yir. 



4. Rod rotating about an axie perpendicular „ / 2 

to it through one end. Length = /. <I = 3 " 

In other cases such as occur in practice, the body is generally too 
irregular and complex in form to render mathematical formulte useful; 
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wc then apply the rule given in Chapter XII for plane areas, which by 
a similar process can readily be extended to solids. That is to say, if 
1 be the moment ot inertia of a body about any axis, J 0 that about a 
parallel axis through the centre of gravity at a distance li. 

I — / (1 + mh~, 

where m is the mass of the body. In applying this rule the laxly is 
cut up into portions to which the values just given apply exactly or 
with sufficient approximation, just as in the chapter cited. 

In estimating the kinetic energy of a fly-wheel, which consists of rim, 
arms, and boss, since the rim is by far the most important part for 
storing energy, it is generally sufficient to consider it alone. If it bo 
desired to take the remaining parts into*account, an addition of uIkmiI 
one third the weight of the arms may he made to the weight of the rim. 
The combiuedteffect of arms and boss is said to amount to an addition 
of, on the average, about K per cent, to the weight of the rim. 

In any ease of the motion of a rotating piece the other element of the 
turning pair ^eing fixed, a change in the kinetic energy of the piece can 
only be produced by the action of forces which have a moment. .1/ about 
the axis of the pair. If M be constant, the energy exerted as the piece 
turns through an angle 0 will be .1/0. Suppose the. angular velocity at 
the same time to change from ./„ to ./, then equating the change of 
kinetic energy to the energy exerted, 


H'tfi.r- 


-V 


= . 1 / 0 , 


a formula exactly corresponding to that already given for a sliding 
piece (p. 197), and showing that the angular acceleration is uniform. 

If M bo variable we have only to represent it by a curve, as on 
page lilt, and it should he observed that as before the ordinate of 
the curve of areas will represent the change of kinetic energy. The 
scale and base line of this curve may conveniently be so taken that 
the ordinate shall represent the height, 


which may be described as the •* height equivalent to the kinetic 
energy ” of a rotating laxly. 

Thus the motion of a rotating piece is governed by the same laws 
as the motion of a sliding piece, the same diagram applying to both 
casgs. Examples will be given presently. 

It is often convenient to write for brevity 
c 9 2936 
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tt quantity having a definite physical meaning, boing the height in feet 
of a revolving pendulum rotating (Chap. XI.) with angular velocity A 
or at N revolutions per minute. It may be described as the “height 
due to the revolutions.” The formula just given for the height equiva¬ 
lent to the energy of rotation becomes 





102. Kiihlic Energy of Urn Morimj Purls of a Marhine .—If tho 
body have a motion of translation, combined with a motion of rotation 
about an axis through its centre of gravity, the two motions (p. 118) 
arc equivalent to a rotation about a second axis parallel to the first. 
Applying the rule just given, it at once follows that the total kinetic 
energy is the sum of that due to the translation and the rotation taken 
separately, so that the whole can be found by preceding rules. As an 
example of the use of this principle, consider tho case of a ball rolling 
down an inclined plane, the ball and plane being sufficiently rough that 
slipping does not take placo between them ; and suppose the resistance 
to rolling, called the rolling friction, is insensible. In this case the 
whole energy due to the descent of the ball is employed in generating 
kinetic energy in the ball, which will lie stored in it by virtue of its 
two motions of translation and rotation. Let V be the velocity of 
translation, A the angular velocity, r tho radius of sphere; then since 
no slipping occurs I'-Jr. 

Let tho ball descend through a vertical height h, then the energy 
exerted is ll'h, equating which to the kinetic energy stored we obtain 


IV V- IP AW 

//'/< . 

i'J ?>J 


where the ratio of gyration a is given by a' 1 - 


irr- IVA- i> .. 7...V 1 
.'. nil -- , + -r— • .r 1 = .IV . 

iy m 2g o a 2<j 


••• r- = 7 -V‘- 


Thus the velocity of the ball will bo less than if it simply slid down the 
plane without rotating in the proportion s /5: J 7. 

In a carriage on wheels, and in many other cases, the total kinetic 
energy may, as in the preceding example, be found by adding a suitable 
percentage to the energy of translation. 

Tho total kinetic energy of the moving parts of a machine in any 
position may be found by drawing a diagram of velocity for that 
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position in th* manner explained in Chaps. V. ami VI. Kaeh pm may 
be divided into a number of small pillions, and the eentre of each 
portion may he laid down on the diagram, ns explained on pipe I 'jo 
If now the diagram he imagined to represent a set of particles rigidly 
connected, of masses equal to those of the policies in question, one half 
the moment of inertia of those particles about the pole of the diagram 
must he the total kinetic energy required ; the radius vector of each 
particlj representing the velocity of the corresponding portion. 

103. Connerrnlitm of Knmii /.—The principle of work may also lie 
stated in another form, which, though not so convenient in practical 
applications, is much employed hy scientific writers. It has already 
been explained that, when there are no frictional resistances, the power 
of doing work (energy) exerted in doing a given amount of work is not 
lost hut merely transferred from one place to another (Art, !I8), while 
it appears from the present section that any energy exerted in changing 
the motion of a body is represented by an exactly equivalent amount 
of kinetic eifcrgy stored up in the moving body ; lienee it follows that 
in any dynamical system, which receives no energy from without and 
supplies none to external bodies, the total amount of energy is always 
the same if there he no frictional resistances. We express this by the. 
equation 

Kinetic Knergy + Potential Energy -Total Energy Constant, 
and call it the principle of the Conservation of Energy. In all actual 
motions frictional resistances occur which gradually absorb the energy, 
but this process is accompanied by the generation of heat which is 
equivalent to the energy absorbed, a fact which leads ns to conclude 
that heat is a form of energy, and that the principle still holds good. 

A good illustration of the firineiple in this form is furnished hy the 
motion of a body which oscillates to and fro about a mean position, a 
question which occurs in a great variety of forms. 

(1) Let a body oscillate in a straight line under the action of a force 
P which varies as the distance x from a fixed point about which the 
oscillation takes place. For example, a weight suspended by a long 
elastic string when disturbed vertically from its position of equilibrium 
vibrates under the action of such a force, arising from the difference 
between the weight 1C downwards, and fhc tension 7' of the string 
upwards. This case will be fully considered in a later chapter (Chap. 
XVI.); for our present purpose it is sufficient to take 

P=IV ~ T=nlVx, 

where g is a coefficient measuring the intensity of the force. The curve 
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of effort is now a sloping straight line as shown in Fig.* 99, p. 223 of 
the next chapter, V being the point about which the weight vibrates 
through the distance A A- 2«. Considering any position X, the work 
which must be done to move the weight from 6', through the space 
CX -j will be represented by the area of the triangle on the base CiY, 
and the potential energy reckoned from C is therefore I 
If then the velocity be F we shall have 


Total Energy - 


H'V- 


+ luff'A 


Ily the principle we are now considering this must be constant through 
the whole motion, which consists in a continual interchange between 
the kinetic and potential energies. It is of course supposed that the 
resistance of the air is neglected: this is a resistance of the frictional 
kind and continually absorbs energy from the weight which is thus at 
last reduced to rest unless it receives energy from without. 

Since /’'-() when r the equation may be written 

To represent the velocity graphically, upon A A as diameter describe a 
semicircle AQA, draw the ordinate QXr¥/i and join VQ, then//'- ---a- ~:r 2 , 
and therefore /' d/v/.//, 


that is, the velocity of the weight is proportional to the ordinates of 
a semicircle. The curve of areas corresponding to the curve of effort 
which, as wc have before found in a different problem (Ex. !>, p. GG), 
is a parabola, gives the kinetic energy, but it is not shown in the 
diagram, not being required for our present puqiose. Let V„ he the 
velocity with which Q moves as A' returns with velocity V towards (\ 
then since /’, when resolved parallel to A A must be equal to V, 

rv ,. 

= = V/"/, 

11 i/ 

from which it appears that VQ rotates with uniform angular velocity, 
describing a complete circle in the 

Period-- , 

sVit * 

wVvcV ttjxes t\w of ». wwxw/W.te wdWvAvm to ajjd fvq. 

As the formula shows, the period does not depend on the extent 
ot the oscillation, but only, on the intensity of the force as measured 
by the magnitude of the coefficient ,i. If we call b the distance 
from the centre at which the force is equal to the weight of the 

vibrating muss, then c= l //t and the formula becomes 

Period - 2ir> l c 
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being as will Jic seen presently the same as that of a pendulum of 
length c. 

(2) Next take the ease of a rotating piece vibrating backwards and 
forwards about a njean position under the action of a couple of niagni 
tude proportional to the angle turned through. For example, the 
balance of a watch vibrating under the action of the balance spring 
which exerts a moment M, proportional to the angle H turned through 
from the position of rest. Here the moment is given by the equation 
* ' M -iiiyi), 

/< as before being a coefficient measuring the intensity of the moment. 
Writing now /• for the radius of gyration of the wheel and referring to 
page 201 the equation of energy will be exactly as in the case just 
considered of a sliding piece. 

The motion is now represented by the same diagram as before in which 
. IA is now 20„ the whole angle through which t he wheel oscillates in the 


In this as in the preceding case the time docs not depend on the 
extent of the oscillation, and the oscillations are therefore described 
as “isochronous," In a wheel, however, the period also depends on 
the radius of gyration e : the coefficient /> is here a certain length, 
being the leverage at which )V must act to balance the moment ,1/ , 
at unit angle in circular measure, and the length of the corresponding 
pendulum is p. 

(.'!) In the two preceding eases the motion is of the kind called 
“ harmonic,"‘let us next consider a pendulum vibrating to and fro 
under the action of gravity. We have now a rotating piece, the 
radius of gyration of whieli is r (suppose), oscillating about a horizontal 
axis at a distance /, from the centre of gravity </. Referring to 
page 1s t it will be seen that in any position inclined at an angle 0 to 
tho vertical, the potential energy reckoned from the lowest position is 

(• = in.(\ - -«*#]. 

Applying once more the principle of the conservation of energy tv« 
have as the equation of energy 

nr ' A ' + iy. L( \ - cos U) IT.H\ - cos 0,), 

' 2y 

0^ being the extreme angle reached, that is to say, half the total angle 
of awing. The equation may be written 

2a * 
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When the angle d, is not too great sin i( may he replaced by 9 /2 and 
the oqiuttion reduces to 

This is the same equation as in the preceding ease, and indicates that the 
vibrations are isochronous, an oscillation to and fro taking place in the 

Period -- 2 jt. ■ L . 

-JgL < 

In a “ simple " pendnlum consisting of a heavy particle suspended by 

a string ol'length I from a fixed point, and vibrating in a vertical plane 

r. 1. /.and * 

Period . 

’ </ 

The length of such a simple pendulum is often adopted as a measure of 
the time of a vibration. In a so-called “compound ” pendulum let the 
radius of gyration about a horizontal axis through the centre of 
gravity bo then (p. 201) 

r- - /;- + 1 

and consetpiontly the length of the simple equivalent pendulum is 


This is least when L--r 0 and the iptickcst time of vibration of a body 
of radius r„ is consecpiently that of u pendulum of length 2r 0 ; but the 
period mav bo made as long as we please by taking the axis near the 
centre of gravity, as for example in the beam of a pair of scales which 
is balanced on knife edges slightly above the centre of gravity. 

Returning to the original equation observe that sin ^ js always less 


than d/2 and that therefore the potential energy is always less than if 
the motion were harmonic. The difference is greater the greater the 
value of 0, it is therefore greater for d, than for 9, and the kinetic 
energy is consequently always less than in harmonic motion. W hen d, 
is not small the diminution is perceptible and the vibrations are then 
not isochronous, but the period is less the greater the angle of swing. 
If T„ be the time of small oscillations and 2’ the, actual time for the 
half angle of swing d,, then it is shown in treatises on the kinetics of 
a particle that .• „ 

7'= 7;11 + jtgj approximately. 


(4) When a vessel rolls in still wutcr a part of her kinetic energy 
corresponds to the movement of her centre of gravity: this, however, is 
usually a small fraction of the whole and may l>e neglected. If we also 
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neglect the rejietance to rolling due to friction and disturbance of the 
water the equation of energy will be 


where r is the radius of gyration about a horizontal longitudinal axis 
through the centre of gravity, U the potential energy at the angle of 
heel 0, and U l the value of V at the extreme angle through which she 
rolls. The potential energy is here the same quantity as that already 
described as the “dynamical stability " and in the typical case eon 
sidered on page 18o is given by the equation 

r~/r"'(i -cos M), 

hence by stdistitution and multiplication by k- 

i . k .1 j jf ’ lf( | ,. ns ijt) //',»(| - cos ktt ,). 

-U 

Referring now to the equation of energy of a simple pendulum just, 
obtained, suppose it to swing through / times the angle of heel of the 
vessel it willin' seen that the angular velocity of the pendulum will be 
1st, and that therefore the motion of the rolling vessel will follow the 
motion of such a pendulum if 

f 

in 

Hence the period of the small isochronous oscillations of a vessel when 
unresisted is 

Period / , 
v ttt't. 

where r is the radius of gyration and m the mctacenlric height. IScing 
independent i\f k the formula applies to any ease whatever the stability 
curve so long as the oscillations are small, not exceeding Iff probably 
on each side of the vertical. Tor larger oscillations the deviation from 
isoehronism is much greater than in a simple pendulum swinging through 
the same angle, being proportional to k' ! in the case just considered. 

It should lie observed that throughout this article the periods given 
refer to a complete oscillation to and fro. By many writers the time of 
a single oscillation is described as the period, in the ease of a pendu¬ 
lum the “time of vibration" generally means the time of a single 
oscillation. The number of vibrations per second is known as the 
“ frequency." 

KXAMl'I.KH 

1? The energy of 1 lb. of |iebble pow-irr 70 foontumt. Kind the weight of charge 
neccxsary to produce an initial velocity of 1J100 feet j>er second in a projectile weighing 
700 lbs., neglecting the recoil of the gun and the rotation of the shot. 

Wt. of powder required = 117 U«. 
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2. In Kxatnplo 1 suppose the gun fired at an elevation of 30°, and reactance of the 
atmoNpltere neglected, find the kinetic and potential energies of the shot at its greatest 
elevation. Alan deduce the greatest elevation. 

Horizontal velocity - velocity at highest point-1300-^ • 

Kinetic energy at highest point-til50 ft -tons, 

Potential „ ,, r 2050 „ 

Potential energy ... 

Wt of shot b feet - maximum elovation. 

3. A train is running at 40 tniles an hour, find the resistance in |iounds per ton 
necessary to stop the train in 1000 yards on u level. Also find the distance ii: which the 
train would lie brought up by the same brake power on a gradient of 1 in 100, both when 
going tip and when going down. 

Resistance -3011 lbs. per ton. 

Distance readied to bring up the train when ascending 

the gradient . 040 yards. 

When descending . -2280 

4. The reciprocating parts of an engine running at 75 revolutions per minute weigh 25 
tons, of which jmu ts weighing 20 tons have a stroke of 4 feet, and parts weighing 5 tons 
a stroke of 2 feet. Kind the energy stored in tho parts, assuming a pair of cranks, OP, 
Oy at right angles and neglecting obliquity of connecting rod. 

Here if I is the velocity of the crank pin and /'A, QM are per|>cndiculars on the line 
of centres, 

Velocity of parts attached to crank P - /'A’ . 


further assuming weights attached to these cranks each equal IK. 

Km'r*.ntoi h1 in the*n weight. : ,, 7 'irjt-i QM-) 1 - _ H *i 5 . 

■2n ' w 1)1'- •>;) 

fn example, total kinetic energy 407 ft.-tons. 

One weight draws up another by means of a common wheel ami axle. The force- 
ratio is 1 to 8 ami the velocity-ratio is 0 to 1. Find the revolutions per minute after 10 
complete revolutions have been performed, neglecting frictional resistances ami the 
inertia of tho wheel and axle. Diameter of axle 15 inches. 

Revolutions per second -214. 

ti. In h\, 1 suppose the gun rifled so that the projectile makes 1 turn in 40 diameters, 
find the additional jwwdcr charge required to provide for the rotation of the shot, the 
diameter of shot being 12 inches and the radius of gyration 4.\ inches. 

Additional powder required— 407 lb. 

7. A disc of iron rolls along a horizontal plane with velocity 15 feet per second, and 
comes to an incline of 1 in 40 on to which it passes without shock. Kind how far it will 
ascend the incline, neglecting friction. 

Distance along iueline it will run-200*6 feet. 

8. In Kx. 5 suppose tho weight of wheel — weight of axle, and the two together=sum 
of weights, obtain the result, taking account of the inertia of the wheel and axle. 

After 10 revs, it will rotate at 1 '22 revs, per second. 

9. A fly-wheel, the radius of gyration of which may bo taken as 8 feet, rotates at 40 
revolutions per minute: find the height due to the revolutions and also the h ight 
equivalent to the energy of rotation. Aits, h -1 835; H =17*45. 

10. The beam of a pair of scales is 2 feot long, radius of gy ration 6 inches; the scale, 
pans, and weights are equivalent to a weight of 3 lbs. placed at each end of the beam, 
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which itself weiglu^3 Iba If the beam rest on knife edges place*! J inchalsne the centre 
of gravity, find the time of vibration. An*. 3 3 iceonds. 

11. The centre of gravity of a connecting r»xl 5 fe«*t long ban been found by the 
method of suspension to»be 3 feet from the crosshead en*l. To determine the radius <tf 
gyration it is made to os^llate as a iiendulutn on knife edge* fixed at the crosshead eud. 
It is then found that 53 vibrations are made in a minute; find tlnj radius. Am. 3 feet 
6 inches. 

12. From a curve of “tons per inch immersion” it is found that a vessel sinks one 
inch in the water bv the addition to the weight on lamni of a small fraction r of her 
original displacement; show that the period of small unresisted dipping oscillations is 


Numerous elementary examples on the application of the 1'riiicipic of Work will las 
found in L'otterill and Slade’s L* **oha <>n M>?hnt\ic*. 


C.M. 
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DYNAMICS OF THK STKAM ENOINK. 

« 

104. Construction of Polar Gums of Omni; Effort. One of tlie moat 
common and important applications of the principles of the preceding 
chapter is to the working of steam engines, and we shall investigate 
this question, chiefly with reference to fluctuations of stress energy 
and speed. Throughout, frictional resistances are neglected. 

in Chapter V. a curve was constructed which shows the velocity- 
ratio of piston and crank pin, and it has been proved (p. 191) that 
this curve must also give the ratio of the effort tending to turn the 
crank to the pressure of the steam on the piston, so that it may also 
be called a Curve of Crank Effort. If there are two or more cranks, 
the crank effort can be obtained by suitably combining the results for 
each taken separately, and a curve may then be drawn representing 
the combination. There arc two kinds of such curves, the l’olar and 
the Linear. First suppose two clunks at right angles, steam pressure 
uniform, and the same on both pistons. Let us commence with the 
polar curve. 

Suppose Off If. 0T.,'R, (Fig. 93) to represent the polar curve of crank 
ofl'ort. for nil engine constructed as in Art. 49, and let the two cranks be 
in the positions 00,, 0Q V each pointing towards the cylinder. Add 
together the corresponding crank efforts 07',', 07V, which are given 
by the curve, and sot off' their sum along 0Q V wo thus obtain a radius 
07'", which represents the total crank effort for the two engines 
taken together. It may also he considered as the leverage at which 
the pressure on one piston must act to produce the same turning 
moment. Performing this construction for a number of )>ositions of 
the cranks, we obtain a polar curve showing the crank effort in every 
position. 

If the connecting rod is indefinitely long the single curve of crank 
offort consists of the pair of circles on 0B V OB.,, shown dotted in the 
diagram. If we add together radii of these circles, the combined curve 
of crank effort will consist of four portions of circles passing the points 
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A l B i A.,B i ; each of the circular ares if produced would pass through 
the point 0. These arcs arc also dotted in the diagram. When the 
crank is in a quadipnt lying towards the engine, the actual crank effort 



is in excess ol*that due to a long connecting rod. So for the positions 
0Q } , U(J. p shown, for each the crank effort is in excess, and thus the 
curve of combined effort will for the quadrant lie outside 

the circular arc. When the cranks are in the two upper quadrants the 
effort for the leading crank is less than when the connecting rod is 
long, whereas for the following crank it is greater ; and the diminution 
of one is very approximately equal to the excess of the other; that is, 
the sum is the samq as that obtained by neglecting the shortness of 
the rod. The true combined effort is then for the quadrant 
represented by the circle. In the next quadrant both are diminished ; 
and the true curve will lie inside the circle A.,B V while for the fourth 
quadrant it will again coincide with the circular arc. 

We may, if we please, lay off the sum of the radii on the following 
crank instead of the leading; the same series of curves would be 
obtained, but would lie turned backwards through an angle of SO*. 
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To add to this the circlo of mean crank effort we equate the work 
done on the two pistons in the double strokes to the work due to the 
mean effort It m exerted through a complete revolution. 

J'x l!xk= Ii,„ x iira. 



In these curves tbo steam pressure /’ is represented by the radius 
of the crank-pin circle, so the mean crank effort will be represented 
on the diagram by drawing a circle, shown dotted, with centre 0 and 
radius = iOQ/ir. 

If there are three or more cranks inclined at any angles, the com¬ 
bined crank effort diagram can bo constructed by adding together 
three or more radii vectoros of the curve of single crank effort, and 
laying the sum oft' on either of the cranks. 

105. Cmistrwtnm of Linear Carres oj Crank The linear curve 

of crank effort, which is more useful for most purposes, is constructed 
as follows: ' 

Take a base lino, A = semi-circumference of the crank-pin circle, 
and let the circle and this base line be divided into the same number of 
equal parts, and at the points of division of the base line set off ordinates 
such as SN, VM both above and below the base equal to lengths of the 
common ordinates of the single crank effort diagram such as OT.i, 
and so wo construct the linear crank effort diagram for a single crank. 
Neglecting the obliquity of tho connecting rod, the diagram will consist 
of two curves of sines shown dotted, one above, the other below (Fig. 9-t). 
To get the combined crank effort diagram we have only to add together 
proper ordinates according to the angle between the cranks, just as we 
did in drawing tho polar diagram. When tho cranks arc at right angles 
it will be seen that when the leading crank is, for example, at y, or N 
the following crank is at Q., or M ; and if the ordinate MV is laid off on 
the top of ordinute A’.s' we obtain a point IV on the curve of combined 
crank effort. If the same process be followed throughout we obtain the 
diagram, shown in Fig. 94, consisting of fetor curves. If the connecting 
rod be taken as indefinitely long, and ordinates of tho dotted curve be 
added together the combined diagram will consist of four curves, also 
curves of sines shown dotted in the diagram, all alike and all of the 
same height. But taking propor account of the shortness of the rod, 
we observe that for one quadrant of the revolution when both cranks lie 
towards the cylinder, each ordinate added is in excess of that, neglecting 
obliquity, and then we obtain the highest curve. In the next quadrant 
the height of the curve is less and is the same as if we neglected the 
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shortness of tire rod. In the next quadrant when both cranks are away 
from the cylinder the shortness of the rod makes the crank effort for 
each engine less, lyid vve get a very low curve for the combination. 
This is followed in the last quadrant by a curve like the second. 



The mean crank effort will be represented by a horizontal line at a 
height iOQ ir, as before. Setting off this line we observe that unless 
the connecting rod is longer than is usual in ordinary practice, the 
actual crank effort will be less than the mean throughout the whole of 
one of the quadrants. 

At the points where the straight line ltL cuts the curves tho actual 
crank effort is equal tj’ the mean. 

100. Until/ of Maximum and Minimum Crunk Effmrt In Mean .—One of 
the principal objects in the construction of curves of crank effort is the 
de^rmination of the ratio which the maximum and the minimum values 
of that quantity bear to its mean value as determined from the power 
of the engine. It is on these quantities that tho strength required for 
the shaft depends, besides which, too great an inequality in the turning 
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moment on the shaft is frequently injurious to the machine which is 
being driven by the engine, or to the work which the machine is doing. 

Approximate mathematical formula;, analogous, to those given on 
page 102 for piston velocity, may be used in sjmple cases, but in 
general it is preferable to construct a diagram. The annexed table 
gives some numerical results. 


Fluctuation of Ckank 

Kkfort with Uniform Steam Preshcke, 

lUtto i 
to / for 
Moan ) 

Ono ('rank. 

Two Crank. 

«t right nnglM. thu^crank. 

('onnecting Roil. 

Maximum. 

157 

1112 1047 

Indefinitely long. 

Minimum. 

0 

*7H5 -!H)7 


Maximum. 

1*112 

1*31 , 1*077 

Four Cranks. 

< 

Minimum. 

0 

•7N.J 71M 


The great influence which the length of the connecting rod has on 
the results should be especially noticed ; we shall return to this here¬ 
after, but now go on to consider the motion of the engine under the 
action of the varying crank effort. 

107. Fluctuation of Entergy. —We have already referred to the periodic 
character of tho motion of a machine, and explained that when the 
mean motion is uniform we have for a complete period 
Energy exerted - Work done. « 

It will seldom happen however that this equation holds good for a por¬ 
tion of tho |>eriod. In general, during some part of the period the work 
done will be greater, and in some part less, than the energy exerted. 

In the first case some part of tho kinotic energy of the moving parts 
is absorbed in doing a part of the work, and the speed of the machine 
diminishes: while in tho socond, a part of the energy exerted is 
employed in increasing the kinetic energy of the moving parts and the 
speed of the machine increases. Thus the kinetic energy of the moving 
parts alternately increases and diminishes, the increase exactly balanc¬ 
ing the decrease. At some instant in its motion, the energy of the 
moving parts will bo a minimum, and at some other point a maximum. 
The difference between the maximum and minimum energies is 
described as a “ fluctuation ” of energy of the machine. In general a 
number of these fluctuations occur in tho course of a period, and the 
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greatest of thjm is called the Fluctuation of Energy. It is most con¬ 
veniently expressed as a fraction of the whole energy oxerted during a 
complete period of the machine, and this fraction is called the Co 
efficient of Fluctuation of Energy. 

All this will appfy to any machine taken as a whole, or to any jiart 
of that machine; for every piece of the machine has a driving point 
and a working point, and the equation of energy may he applied to it. 

Take now the case of the mechanism of a direct-acting engine. 
SupposS the pressure /' on the piston to he uniform. This through the 
connecting rod will produce a crank effort S, the magnitude of which for 
oach position of the crank may be found as jiiHt now shown. To the 
crank and shaft .S’ is the driving force and furnishes the energy exerted. 
At ever}' point of the revolution of the shaft a certain resistance will he 
ov ercome, which resistance will tend to prevent the shaft from turning; 
it will not defend on the steam pressure, hut on the sort of work that 
is being done. As the most simple ordinary case we will suppose the 

( Flg.9S. < s 



‘-h 


resistance overcome to he uniform, and we will neglect the inertia of 
the reciprocating parts (Art. 110). We may represent this constant 
resistance hy a constmit force It applied to the crank pin Q (Fig. 95), at 
right angles to the crank arm, resisting its motion. The magnitude of 
It is immediately determined hy the application of the principle of 
work to a complete period, say otic revolution. We have 

• o 

F4« = It x iira. 

r 

This constant resisting force is the same as the mean crank effort. 
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Then so long as S'>li the sjieefl of the crank shaft will increase, and 
when Sell it will diminish. 

Referring to the linear curve of crank effort (Fig. 94, p. 213) let 
.4, A'-the arc A , (J (Fig 95), then A'.V -crank effort S for this position 
of the crank. If an ordinate A,K he set up to represent the constant 
resistance or mean crank effort, and a horizontal line parallel to base 
line be drawn, then Nil being the representation of It the resistance 
overcome, the effort S will bo greater for this position of the crank, and 
the difference lIS will lie employed in accelerating the motion of the 
machine. From the commencement of the revolution up to this posi¬ 
tion, the enorgy exerted is represented by the area A t NS, whereas the 
work done is represented by the area A,KHN. As the crank revolves 
from the position A { the crank effort increases until when at 17, it is 
equal to tho resistance. Up to this point the speed of rotation will 
have been diminishing. After passing the point V x the'effort will be 
greater than the resistance and the speed of the engine will increase. 



Thus I7 l is a point of minimum speed at which the kinetic energy is a 
minimum. When the crank reaches thh position U„ the effort will 
again be equal to the resistance; and, since from f/, to f/ 2 the effort 
has been greater than the resistance, during the whole of which time 
tho engine has been increasing its speed, it follows that at the point U„ 
the speed and the kinetic onorgy will have reached a maximum. The 
energy stored during this interval will bo equal to the area C 1 5 , C„ and 
this will be the fluctuation of energy. During all tho movement from 
f7 v to U„ the speed of the ongino will diminish, so that U a is another 
point of minimum kinetic energy. The kinetic energy stored from U, 
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to U B is negative, and represented by l\^C V which quantity also is the 
fluctuation of energy. Again at U 4 the kinetic energy is a maximum. 
It the resistance bpd not been uniiorm, but its varying magnitude 
represented by the prdiuates of some curve of resistance, then where 
the curve of resistance intersected the curve of crank effort would be 
the points where the kinetic energies would be maximum and minimum, 
as j'wt explained. Hy the graphical construction of such a curve of 
resistance the Huctation of energy may be estimated by measuring the 
area of the crank effort curve cut off above or below the curve of 
resistance, which area will lie between consecutive ]H)iuts of maximum 
and minimum energies. I 1 the energy bo A\ the fluctuation of energy 
may properly be denoted by A A*. It is convenient to express this as a 
fraction of the total energy I Pa exerted in a revolution We have then 


for the co-efficient of fluctuation of energy ‘ ----L 

M a 

The value of I; does not, depend on the size of the engine, but only on 
the length of the connecting rod and the way in which the steam pres 
sure and resistance vary. It the connecting roil is indefinitely long. 


steam pressure and resistance uniform, k '1052. The shorter the 
connecting rod the greater will he the value of 


Fl.mTATlON OK K.NKHCY. 


Values of Is H0|)|xipiii|g. 


One Crunk. 

Two (.'ntuks 
at light angles. 

Tin oo Cylinder*: 
at I'Jir, driving 1 

1 heNatiioCrank. : 

lA-hgtli of Hud. j 

’1?)52 

*01055 

00325 | 

Infinite. 

1245 

*0314 


.Six Crank*. 

1358 

*04 IS 

•oi ir. ! 

Four Crank*. 


An equally important casc'is that of two cranks at right angles also 
shown in Fig. 94. JCeglecting the shortness of the connecting rod, 
then the line of resistance cuts each of the four curves in two points, 
the first of which is a point of minimum energy as shown in Fig. 96, 
•on the preceding page. For this case 1= 01055 or one-tenth of its 
valye for a single crank: eight fluctuations of equal magnitude occur 
in each revolution. When tho connecting rod is short the curves of 
crank effort are not the same in each quadrant (see Fig. 94], and one 
of them lies wholly below the line of resistance. There are then six 
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fluctuations in each revolution: four of these ere nearly the same as 
before, but the other two arc much greater, the values of k being '037 
anil -042, with a connecting rod of four cranks.. Tho table on the 
preceding page gives the maximum value of k for various cases, 
supposing steam pressure uniform and resistance uniform. 

As before, tho great influence of length of connecting rod on the 
results should be noticed. Frictional resistances, which are here 
neglected, generally increase the value of k. 

Iii general the pressure of the steam in the cylimler of an engine varies throughout the 
stroke, ami the construction of the curve of crank effort previously described must be 
modified on account of thin. HuppoMe, instead of the Steam l»eing admitted throughout 
the utroke, it is cut off at a certain point and expanded so that the expansion curve is 
hyperbolic. For simplicity neglect the back pressure. At the |>oint N in the stroke (Fig. 

1)7) the pressure will have fallen to /*, such that If we draw an ordinate /*«, 

• l "aV « 



such that the area of the rectangle enclosed is equal to the area of Indicator diagram, 

then / J m -/'/ t ^°®- r where r~ ( ^. l T p to the point K tMe crank effort diagram will 
l* UK 

be the same as previously described, but after that point the crank effort will be less than 
that duo to a uniform steam firessure. At the point N in the stroke, for example, 
the crauk offort instead of being NS will l>e NS\ found by drawing OS in the lower 
figure, to cut a vertical through the point K of cut-off and making NS'-KL , for the 
ratio NS'I NS is then equal to P,'l\ In tho expanded diagram, the base of which is 
taken equal to tho circumference of the crank-pin oircle, ordinates must be taken equal 
to NS\ and a diagram so constructed, from which the fluctuation of energy may be 
Calculated. Assuming the resistance to be uniform, it will have a value R such that 
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«nil drawing a horizontal One above the bane lit a height to represent K. it. will out off an 
-area above it which will be the fluctuation of energy. The tliugmm for the return stroke 
is shown below. It is {not exactly the same ns that for the forward stroke, because the 
effect of obliquity is different. A general method of procedure applicable with any given 
indicator diagram is explained at the end of this chapter. 


\0Q.*Fludmtwn oj Spent. FlijIVheih .—Fluctuation of energy in 
an engine or any other machine is necessarily always aceom|ianiet] 
by a fluctuation of speed . but the heavier the moving parts the leas 
will be the fluctuation of speed. In most cases it is necessary that 
the fluctuation of speed should not exceed certain limits, as it would 
be injurious to the working parts of tint machine and woidd sometimes 
impair the character of the work done; so it is a ipiestion of some 
importance to impure as to what the weight of the moving parts 
must be to confine the fluctuation of speed within a given limit. 

Consider thf steam engine, and, first, take the case of a single crank. 
We have already for this ease determined the points of the revolu¬ 
tion at which the energy of the moving ]>arts is a maximum and 
minimum, and also the fluctuation of energy. The energy of the 
moving parts consists of the energy of the rotating crank shaft and 
all its connections, as well as that of the reciprocating parts. If wo 
imagine a case in which the shaft and all the. parts which rotate with 
it are comparatively very light, then the points determined will be 
the points at which the piston and reciprocating parts move fastest 
and slowest, the motion would bo very irregular, ami, in fact, the 
engine would got get over the dead points. To avoid this the weight 
of the rotating parts is made considerable as compared with that of 
the reciprocating parts, and the heavier they are the more uniform 
the motion of the engine will be. To increase the uniformity, the 
weight must generally be artificially increased by the addition of a 
heavy fly" heel to the shaft, and the inertia of this is predominant 
over that of the other moving ]>arts of the engine. For the present 
we may neglect the inertia of the reciprocating parts and consider 
the fly-wheel alone. * 

On this supposition the energy and s|ieed of the fly-wheel will be 
greatest and least at the points previously described, vis., where the 
curve of crank effort is cut by the line of uniform resistance. Let 
the weight, V the velocity of rim of fly-wheel; then 


trr- 

'Mt 


- Energy of Kim. 
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The energy of the arms and bogs may l>e estimated Vy the addition 
of a percentage to the weight of the rim, or he considered as furnishing 
a margin in favour of uniformity. On account of the danger of 
fracture the speed of periphery V should not .exceed 80 feet per 
second. This is the limit of speed commonly stated, but the liability 
to fracture depends very much on the straining action of the arms 
of the wheel duo to inequality between the crank effort and the 
resistance, and not merely on centrifugal forces. (See Ch. XI.) In 
large wheels tho rim is in segments, and the speed should not be 
more than from 10 to 00 feet per second. 

Let K, and V., be the greatest anil least speed of periphery due 

jy 

to the fluctuation of speed, then ( ( V? - V.?) is the fluctuation of 

energy of the wheel. By the graphical process previously described, 
we have been able to determine the fluctuation of energy in terms 
of the total energy E lt expended in one revolution. 

Equating these two we have 

iy i 

*,(*? ' > 7 ) 

where k is tho co-efficient previously found. 

Suppose now that it- is required that the fluctuation of speed should 
not exceed a certain amount, then we mav write 
r t -Kq.r u ,' 

where f r „ is the mean speed and </ is a co efficient depending on the 
degree of uniformity which is considered desirable. In some cases q 
must not. oxeeod '02 or even less, whilst in others 05 or even more 
may be sufficient. In driving dynamos great steadiness is necessary 
and q should not be greater than 007. 

We may generally assume with sufficient accuracy that 

0 ~ *2 

(see next article), then we find by substitution that, at tho mean speed. 
Energy of Wheel «,y-. E„. 

In a single crank non-oxpaiisive engine the V value of- k ranges, as . 
we huve seen, from 1 to '14 when the resistance is uniform. In 
expansive engines k may. be "25 even with a uniform resistance, and 
when an engine is doing very irregular work k may be unity. 

If wo have a pair of oranks at right angles, the kinetic energy of 
the reciprocating parts is the same, at the same speed, for all positions 
of the cranks. (Ex. 4, p. 208.) Consequently these parts may be 
* considered as so much added to the weight of the fly wheel. Besides 
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this the value yf k is much less, seldom ■'caching '1 if the resistance 
is approximately uniform, lienee a lighter tly-whcel may be used. 
The difference however is not so great as it might appear, for in 
estimating the weight of wheel required, it is important to consider 
not merely the change of speed, lmt also the time in which the change 
takes place. A small change taking place rapidly may be ns injurious 
as a much greater change taking place slowly. The values of the. 
acceleration and retardation at any instant are proportional to the 
difference between the crank effort and resistance at that instant, 
which can be found from tables such as that on page "Jit, and some 
regard should be paid to .these numbers in considering what value 
of q should bo employed. 

In any case then we may write 

Energy of Wheel ’A’./i,,, 

where K is a co-efticient, which will vary within narrower limits than 
the two coefficients of speed and energy on which it. depends. In 
general, in the very cases in which the resistance is most irregular a 
greater variation in speed is admissible. 

An old rule for fly-wheels, said to date from the time of Watt, was 
equivalent to taking the energy of the wheel as 3'7f> times the 
energy exerted per stroke. This corresponds to K -- 1 K7f>, and would 
be satisfied by I-- 1, -207, or by 2-»'12ft, q The first of 

these eases would be a very irregular resistance with a great variation 
in speed, and the second a moderately uniform resistance with a 
uniformity of speed which would be sufficient for most purposes, 
Heavier wheels are common in modern practice, and it may be here 
remarked that the minimum weight necessary may depend partly on 
the rigidity of*the shafting. 


There in another method of obtaining the fluctuation of energy which, though not 
practically no convenient, is for some purposes advantageous. A curve representing the 
energy exerted may he constructed in thin way : Suppose the steam pressure I* constant, 
then in the movement of the crank pin from A to ^ the piston moves from A to N and 
the energy exerted — Px AN, which x^ill be pro)>ortumal to AN. Now in Fig. 98 take a 
base line A A' equal to the semi-circumference, and at the various (mints such as Q, set 
up ordinates QK- AN, A , A"~AA'. and so on ; a curve AKLA" will be obtained, which 
will represent by its ordinates the energy which lias l»een exerted from the commencement 
up to the various points in the stroke. At the same time, the resistance being uniform, 
the work done will be proportional to the length of the are AQ, since work done — H x AQ. 
If from the base line AA' we set up ordinates to represent the work done, a straight 
sloping line will be obtained. If the work dune-energy exerted in the complete 
strokt, they will both lie represented by the same ordinate A'A", and so the sloping line 
will meet the curve at the point A". The intercept between the curve and line A A" 
measured on the vertical ordinate will at any point be the difference lietween the energy 
exerted and the work done reckoned from the commencement of the stroke up to that 
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point. ami what we have called the fluctuation of energy will be tjie vertical intercept 
between two tangenta to the curve AKLA" drawn parallel to AA . 

From thia we can derive a curve which will represent the varying angular velocity of 
the crank; Imt, in order to simplify the measurement and description, let the vertical 
intercepts of the curve just described he laid off from a horjzontal base line, as shown 
Mow. 

For suppose we know the moment of inertia of the equivalent fly-wheel of the engine 
am! the angular velocity of the crank in Home one position : the ordinate of the curve 
ALA" at thin point measured from a properly taken Iwtae line mimt represent the energy 
of the moving parts. Thus, if the base line he drawn in proper position, all ordinates 
measured from it will represent the square of the velocity of revolution t/» the crank 
shaft. If the speed of the machine is gieat, the base line will be some distance below 
the curve. On the other hand, if the speed is small, the base line will be close to the 
curve. There is manifestly a minimum speed at whvdi the machine can be kept revolv¬ 
ing ; it is that which corresponds to the case in which the base line touches the curve. 
At one instant of the period of the machine the energy will then be zero. 



Drawing such a base line all the ordinates measured from it will represent the square 
of the angular velocity, and we can from this deduce a curve of angular velocity. It 
will be noticed that half the sum of the greatest and hast angular velocities is not 
exactly, hut only approximately, the mean angular velocity. The true mean may be 
determined by menus of the cu,rv« of angular velocity, the construction of which has just 
been described. 

A curve of fly-wheel velocity has been constructed by M. Dwelvshauser-Dory * from 
data derived from indicator diagrams taken from an experimental engine belong'ng to 
the Mcchanioal laboratory of the University of Liege. The mean velocity in this case 

* “On the Application of Governors and Fly-wheels to Steam Engines.” Proceeding$ 
v fthc Imttiution of Cicil Enrfineert, vol. civ., p. 1%. 
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wm found to Approximate closely to the arithmetic mean between the maximum ami 
minimum velocitie* in accordance with the usual aaaumptiou. 

An attempt haa iieen made by Mr. H. li. Kaiiaom * to measure the actual velocity of 
the fly-wheel at different |>ointa of ita revolution by meant* of a tuning fork making it 
known number (about 500J of vibrations per 1", a jtoiut on one leg of the fork marking a 
continuous aeries of waves on a drum rotating with the wheel. The length of a set of 
1« waves gave the angle turned through lay the wheel in one-fiftieth of a second. 

109. Correction of Indicator Diivjntm tor Inertia of Hidfirocalmii 
Paris. —g\l! that has been said respecting the fluctuation of energy ami 
speed of it machine as a whole, applies to each of the several parts of 
which it is constructed. The energy supplied by the driving power is 
transmitted through each piece in succession from the driving pair to 
the working pair. For each piece the energy exerted is equal to the 
work done for the whole period; Imt Ftgw 

for a part of the period the two are ,v„ 

unequal, so that the kinetic energy of ""v. 

the piece varies. If the motion of the /[-. \ 

piece he known, the variation of its \ \ 

energy can \>% used to determine the / j \ \ 

difference between the driving force on J i - i 

the piece considered and on the piece im ; 

mediately following it. Of this ealenla- L 

lion an important example is the change j | ■ 

in the crank effort caused by the inertia a n n' c“ 

of the reciprocating parts of an engine. L 

In this calculation we neglect, in the first instance, the obliquity of 
the connecting rod, and suppose the crank to rotate uniformly. 
Let Q (Fig. 911) he the centre of the crank pin describing a circle 
AQA with vefocity V te then the position of the piston is represented 
by N, and its velocity is y. j , sj|1 0 

from which it follows that the kinetic energy of the reciprocating 
[flirts must be given by 

Kinetic Energy - " 1 , ,VV «( \ J‘\ 

, -<J -ft \ «V 

where IP is the weight of the piston, piston rod, and other reciprocating 
|wrts, and x is the distance of the piston from the centre of its stroke. 

Take now two positions N, N' at distances x v x„ from the centre and 
find by this formula the change of kinetic energy as the [listen moves 
from X to A”. Evidently' we shall have 

* Change of Kinetic Energy - ■ 

* “The Cyclical Velocity Variationa of Steam Kiiginev.’’ Proceedings of the Institu¬ 
tion of Civil Engineers, vol. xcviii., p. 357. 
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Now this energy must have been obtained from the steam pressure 
which drives the piston and accelerates its motion. Let P be the mean 
value of that part of the whole steam pressure which is employed in 
this way between N and A", then P. iVjV" is the energy exerted in this 
way, so that 

iyy-i 

/'(r, - x,) - ' 3 • 

or dividing by ;r, - x v 






' VV J 

-9 


This formula gives the mean value of the pressure in question between 
any two points N, N\ and therefore, if we take the points near enough, 
we shall obtain the actual pressure at any point of the stroke. Putting 
x t ~ J s “ x wo K et 


pjvr*\i*. 

ya a 

It is convenient to express our result as a pressure in lbs. per square 
inch by dividing by the area of the piston in square inches, then 

* 


where />„ is the weight of the reciprocating parts divided by the 
area of the piston, or, as wo may call it, the “pressure equivalent 
to the weight of the reciprocating parts,” and li the “height due to 
the revolutions,” as on page 202. 

When / ~ a we get the pressure at the commencement of the stroke 
required to start the piston: here the pressure is greatest, and elsewhere 
varies as the distance from the centre. At the centre the pressure is 
zero: tho piston then for the moment moves with uniform velocity and 
requires no forco to change its motion. When past the centre the 
pressure is so much addition to tho steam pressure because the piston 
is at every instant being stopped: this is shown by the formula, since 
x is then negative. All this is shown graphically by drawing a straight 
lino LVL through C such that 


ys 

AL=p <) - » = 
ja 


'Po¬ 


ll 

h' 


the ordinate of that straight line represents the pressure due to inertia 
for each position of tho piston. After subtracting this from the actual 
steam pressure the effective pressuro is found, which is transmitted to 
the crank pin, and furnishes the crank effort. 

The value of p 0 , the pressure equivalent to the weight of the recipro¬ 
cating parts, varies considerably according to the size and type of 
engine, but in ordinary cases ranges from 1J to 3 lbs. per square inch. 
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In return connecting rod engines, and in some other types where the 
reciprocating parts are exceptionally heavy, p„ may reach 4i or 5 11m. 
per square inch. This being given, the pressure due to inertia will vary 
inversely as the stroke and directly as the square of the speed; in the 
high-speed engines common in the present day, the correction for inertia 
is very considerable. It is hardly necessary to say that it is only the 
value of the crank eflort at particular points of the stroke which is 
affected. The mean value must remain unaltered, for any energy em¬ 
ployed ill overcoming inertia at one part of the stroke must las givon out 
again at another part, so that the total energy exerted by the steam 
remains the same. Further, when there are a pair of cranks at right 
angles the total crank effort is little altered. The effect is best seen by 
correcting an indicator diagram for the inertia of reciprocating parts 
in the following way. Consider, for simplicity, a theoretical indicator 
diagram (Fig. 10o) SQZA, in which Ml is the back pressure line, (JZ the 
expansion curve, then, but for inertia, the ordinates reckoned from Mi 
of SQZ give the effective pressure of the steam. Set up HI, equal to 
the pressure necessary to start the piston found above and draw tho 
straight line l.t'l, then the actual 
effective pressure will be obtained by 
measuring the ordinates to the sloping 
base l.VL instead of the original liasc 
Ml- It will be seen that the general 
effect is to equalize the steam pressure 
throughout I he stroke. 

In a high-speeil engine the effect of 
inertia is so great that I1L is sometimes 
greater than US as shown by the dotted 
line L'CIJ. This case will lie considered 
in a lator chapter. 

Tho question here considered is 
evidently the converse of Case 1., Art. 

103 of the last chapter; the motion 
now being given instead of The force. 

In the case of a piston it is usually 
more complicated (1) Secause the crank 
does not rotate uniformly, (2) from tho 
effect of obliquity of connecting rod. To take into account the variation 
in -the velocity of the crank it would be necessary to draw a curve 
repfesenting that velocity by an approximate method already described 
and to deduce from it a curve representing the real piston velocity in 
any position. In general however the inertia of the rotating parts is 
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sufficient to reduce the variation in speed within narrow limits and the 
error caused by disregarding it may he neglected. The effect of 
obliquity is of more importance. In the first place the motion of the 
piston is not exactly harmonic, and in the second place the connecting 
rod does not simply reciprocate but has, in addition, an angular motion. 
These two points will now bo considered separately and in order. 

To find the effect of the deviation from harmonic motion three 
methods may be adopted:— 

(1) A linear curve of piston velocity being drawn as in Fig. 4«, 
page 100, we may derive from it, by an easy graphical process, a curve 
of kinetic energy. Divide tho stroke into a convenient number of equal 
parts and draw tho corresponding ordinates; the differences of these 
ordinates show the changes of kinetic energy and consequently the 
mean pressures necessary to produce them. 

(2) If / be the acceleration of the piston, /' the inertia-pressure, 

//' the weight, then (p. 107) 

p-irJ. 

<i 

In Fxs, 9 and 10, p. It).’), two constructions are given, by cither of 
which tho acceleration of thejiiston may be found graphically. A third 
(generally preferable) will be found in the Appendix. An acceleration 
curve can thus be drawn which will also bo the curve of inertia required, 
for reciprocating parts of given weight. 

(9) An acceleration curve may Vie constructed by graphical differen¬ 
tiation of the velocity curve, a method which it may bo worth while 
to illustrate in detail. 

Divide* the crank-pin circle into a number of equal part*, ami tmppo.-ing the connecting 
io»1h drawn, let them cut the vertical through 0 in the |K>ints 1\ 2', iV in Fig. 101. Also 

Fig. 101. Fig. 102. 



find and mark off the corresponding jvositions of the piston 1", 2", 3", eto. Now, ainoe 
the lengths, 01', 02', 03', etc., represent the velocities of tho piston and reciprocating parts 
when in positions 1", 2", 3", otc., the difference between any two consecutive lengths, for 
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example 1', S', wi)J represent the change of velocity that lnu taken place in the corre¬ 
sponding movement- of the pitduii 1", 2". If we nup)xit*e the crank pin to revolve uniformly 
and divide the circle into equal |>art«, equal times will he occupied in the. motions from 
|»oint to jK>int, and theri^'ro equal times in the rautionx between consecutive (Hwitiona 
1", 2", it", 4", etc., of tin- piston. Accordingly the differences 01’. 1'2‘, 2'H', etc., will 
represent the force required to change the velocity of the reciprocating part *• a,,, l we 
aet them up as ordinates la-tween the corre*|Huiding positions «»f the piston, we shall 
obtain the curve expressing the effect of inertia. Tin* ordinate should he erected from 
the position of the piston alien the crunk pin is at the middle of the intenals 1, 2, etc. 

It will he seen that the greater the number of parts into which we divide theerank pin 
circle theses* will be the ordinates representing the effect of inertia, though in all the 
curves the same character will lie preserved. Accordingly it is |K>s»ihlv to determine the 
number of parts into which the crank circle should be divided, or to determine the angle 
between consecutive radii. 01, 02, etc., so that the ordinates of the inertia curve may be 
of a length proper to represent the pressure |kt square inch of piston area required for 
inertia on the same scale that the iudieator diagram is diuwn. The ordinates of the 
resulting inertia curve mat then be directly employed t>> collect the indicator diAgram. 

Let A' be the number of revolutions per minute ; </ consecutive points on the crank- 

pin circle ; and let »F be the required angle. Further supjHtse that the crank pin 

circle is drawn on a scale of x inches to the foot. Then the change of velocity of piston 
Ac, in feet per second, is evidently 

.^ ^ . where is to he measured in inches. 
t*U x 


Now this change of velocity takes place in the time At occupied by the movement through 
it , that is in n.O • *V seconds. 


.’. Force duo to iueitia 


IF Ac IF 2 yJTV in inches) 
«/ At ,</ 1«F xn" 


Ami if the indicator diagram is drawn on the scale of // lbs. to the inch it will la* found 
that y.j 

v -oi !•;>/,„ • J 

r !> 

The curve will cross the base linear the point L where the piston has it. maximum velocity, 
that is approximately when the ciank is at right angles to the. connecting rod, hence 


(eon. rod I*-< (crank)- connecting rod. 


It can seldom In: necessary to apply any of these methods, for the 
error (Sf) in the acceleration due to ohlii|nity is given hy the simple 
approximate formula (p. 102) 

A/’. ^ " . cos 2b, 

iin 

while the corresponding error in the position of the piston is fouml by 
direct construction or by the formula on page 9b. When obliquity is 
neglected the curve of.inertia is a sloping straight line LCL (Fig. 99, 
p. 223), the extreme ordinate Al. of which corresponds to the accelera¬ 
tion at the ends of the stroke. The deviation of the actual curve of 
inertia from the straight line must therefore be 

Al 

• Deviation = ----- . cos 2 6. 

n 

This vanishes when the crank stands at 45’ from either dead point and 
is equal to AL/n at the ends of the stroke. When the crank is upright 
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the deviation ia -JL/n, and at S0‘ from either dead point ALjin. 
Finally the deviation at 60” from either dead point is - ALj'2n, and 
thus corrected ordinates are determined for each of nine corresponding 
positions of the piston. In addition, if necessary, the point L where 
the curve crosses the axis may be found by the simple rule given above 
(p. 227), giving altogether ten points bn the curve through which it can 
be readily traced. If n is not less than-4, the form of the curve is 
similar to that shown in Fig. 101, but with a shorter rod the formula 
hore usod for the acceleration 



shows that the negative ordinates reach a maximum value at a point 

S iv «'> by „ 

cos 0 - - 

The eurvo therefore becomes horizontal, and slopes upwards before 
reaching the point S at the end of the stroke. 

To ascertain the effect of the angular motion of a connecting rod 
of length l, consider a small portion of weight w at a distance from 
the cross-head end: then with the same notation as on page 223 the 
vertical velocity of that portion is 

Vertical Velocity = J. cos 0. 


The horizontal velocity when the rod is very long is sensibly the same 
ns that of the piston (V), and therefore if IF be the whole weight of 
tho rod 


Kinetic Energy= 


IFF 1 ZwJ V* 

- +.. . -ft. 

iij + /- 2 ,j 


■ cos -U 


Now 'i.vz- is equal to jilVP, where II is a fraction, which for a uniform 
rod would be one-third, and which in'any case can be calculated by 
summation, or determined experimentally as in Ex. 11, page 209. When 
the rod is vory long we have also V- F 0 sin 0, and hence by substitution 

iyyi IFF 1 
Kinetic Energy = (1 - j8) i + j8 . 


Thus it appears that the investigation already given for the pressure l‘ 
necessary to accelerate the piston will apply when the inertia of the 
rod is taken into account, if we suppose the fraction 1 — /f of its weight 
to be added to the other reciprocating parts. 


Tho formula hore given (or the kinetic energy of a connecting roil ic, however, cloeely 
approximate only for very long rods, unless the crank he at dead points or at 90° with 
the lino of oentres; it is therefore desirable to study the question more thoroughly in 
order that the nature of the inertia-curve may be better understood. 
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For brevity let m take 

/ - :—nf-iina; 

then p. in a fraction which ranges from zero to unity in ]>ro]tortion to the distance of the 
point considered from tin crank-pin, and with the usual notation (j». 102) the homonlal 
distance of the j>oint frosn tin* crank centre is ftm. cos 0 t <». coa<9. H\ differentiation 
and substitution, remembering the relation between 9 and 0 (oomj.are Kx. U, p. 103), 
Horizontal Velocity - l'„{smfN n . tan 0 . eosd}. 

This is less than the velocity of the piston by r„(t M ) tan0. oos0, a quantity which is 
positive, zero, or negative according as 0 is less, equal, or greater than IK)*. We also see 
that the **fect of obliquity on the horizontal velocity of joints on the rod is diminished 
in proiwrtion to the distance from the cross-head end till at the crank-pin it vanishes. 
The exact value of the kinetic energy ((/) of a weight w placed at the |H>int in question 
is now found to Ik? 


triyr . 

V-' ^ {sinit f n . tun0. 

tc V,r I , eo s'ri , 

-•/ \ cos>0 


i’os f 11 -• n)~ cofity | 
COS0 I 


Next let r be the crank effort which as the. crank turns through a small angle At* 
would produce the corresponding change of kinetic energy At ': then 

niAd Ar, 

ami if X be the co|respomling pressure on tin- piston, we hate, as on p. 1!U, 
s . r .v os0 1 CO.H 0 ,W 

*iu(tf«0) <i sin it# 10) tid 

liy differentiation and reduction, always reiiiemls riiig the relation between ti and 0, we 
now Hud 


s^! 


s(t 


/ sin'-V? ( n'-cotPfl \ 

I COS0 U 

head end of the rod, that is to say, 


. /x . cos a t r 
\ COS-0 

If n - I we get for the case where ir is at the er< 
vistuallv attached to the piston, 

I sin‘*d 1 cos-tf) 

COS 0 It CON :, 0 I 

As the quantity in the bracket is easily shown to be the acceleration-ratio of piston and 
crank-pin, this agrwes with previous results. (See Appendix, note to p. 102.) 

1 he nature of the inertia-curve is best seen by putting co»0—|, a supposition which 
for the present purpose is quite a sufficient approximation, and expressing sin a 0, cos-7/ 
in terms of cos20, then 


., «• 1 </ 1 

! cos 0 - 
flit \ 


S~ 


vVj 


| (2/u - fi~) cos 0 f ‘ t 


n- n+i*' 1 


Cos 29 


The value for the whole rod is now found b\ summation, to express the result of whie.h 
we may conveniently write * 

1 ic/jtl -- <r 1f7; 1 ir/tfV* 7 WC\ 

whore t rt i« the distance of the centre of gravity of the rod from the cr.«nk pin, and yfl 
the square of the radius of gyiation of the ns I alxuit the craiik-piu end, quantities con- 
nccteil with the fraction /3 previously used by the equation 

2„ 7^1 -0. 

Thus finally the inertia-curve fur a connecting rod is given very approximately by the 
formula 




1 zy * *±y 


COH 20 


For a uniform rod £=7=^, <r=i. On comparing this result with that for the piston, 
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which nmy lie deduced from it by putting <r= y -■ I, when the value already used fp. 228) 
ia obtained, it i* clear that the inertia-curve of a connecting roil is the name aa that of a 
weight (I ■ /<) W attached to the piaton, except that (I) the whole curve ia shifted down- 
warda from the lino of centrea through the email ajwee AL(<r • y).2o(l -ft), and (2) that 
the correction for obliriuity ia leaa, the length of the roil lacing virtually incrcaacd in the 
ratio 2(1 ■ /»),'(» I y). In a uniform rod thia ratio ia 1«. The curve may evidently he 
plotted by the method already explained. 

In tho present article the effect of the inertia ot the reciprocating 
|mrts of an engine on the crank effort at different points of tty) revolu¬ 
tion Ibis been exclusively considered. The disturbing forces called into 
play on the engine as a whole will lie described in a later chapter (see 
Arts, li t, 144,\, (ii. XL), to which the question properly belongs. 

110. Ctmslrnrlitw of Ciinrs of Crunk Effort for inn/ i/iren hnlimtar 
Diagram. If the varying magnitude of the steam pressure is given by 
the actual indicator diagram of the engine we may deduce the true 
crank effort as follows: Let. Fig. 1, Plate V., lie a pair of indicator 
diagrams. The examples chosen are from the low pressure cylinder 
of II.M.S. “Nelson.”* Before proceeding to make usd of them they 
should be corrected for inertia, and, where the engines are vertical, 
for the weight of the reciprocating parts. The curve of pressure due 
to inortin is KI.S in I'ig. 1, which has been drawn, as just described, 
to tho same scale as the indicator diagram. If we draw a line .1/tY 
parallel to tho base line of the inertia curve to represent /)„, the 
pressure due to the weight of the reciprocating parts, then the inter¬ 
cept between MX and k'f.S will bo the necessary correction for inertia 
and weight combined. In applying the correction, the forward pressure 
in one of tho pair of diagrams should be taken in conjunction with 
tho back pressure of the other, for it is the difference' between these 
which gives the true effective pressure, on the piston. Let the dotted 
lower curves bo the result of the correction, so that, the virtual pressure 
which is transmitted to the crank-pin is to be measured by the vertical 
intercept between the upper steam curve and the dotted curve, such 
as III' for example. Immediately below tho diagram draw a crank-pin 
circle with diameter equal to the length of the indicator diagrams. 
Divide the crank-pin circle into, say 20, equal .parts, and suppose the 
erank-pin to be successively at theso points of division ; determine the 
corresponding positions -of the piston in its stroke. Whilst doing 
this, mark the directions in which the connecting rod lies when the 
crank-pin is in these several positions. Let the positions of the pjston 
in the line of stroke be set off along the diameter 0, 10. Through 

*Tlie author Is indehted to Mr. (now Prof.) ifearson for the example here given, and 
for the method of drawing the carve of inertia described in smalt type on page 226. 
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these points <9aw verticals to intersect the indicator diagrams. The 
intercepts of these verticals will give us the virtual steam pressure 
at each of the points of the stroke and corresponding to each [sisition 
of the crank in it® revolution. Next, having in Fig. 2 drawn a 
number of radii through the [shuts 1, 2, :t, etc., lay oil' from the 
centre 0 along each, the res[iective intercepts of the indicator diagram 
which represent the virtual pressures of the steam when the cranks 
are in those positions. We thus draw what we may call a polar 
curve of virtual steam pressure. We have for example taken OK 
equal to BC in the figure, and similarly for all other radii. 

Now, referring to pagh 191, we observe that if the connecting 
rod in any position be drawn to cut the vertical through 0, in a point 
T, as for example in Fig. - when the crank is at 7, then the length OT 
will represent.the crank effort on the same scale that the length of the 
crank arm 07 represents the magnitude of the steam pressure. If 
now through K we draw K'J" parallel to 77’, then nv similar triangles 

~ anils thus on the same scale that OK represents the steam 
Oh Oi 

pressure UT will represent the crank effort. Now along the crank 01 
set off a length OT" Of, and perform a similar o[ieratiun for each 
of the positions of the crank. If through the points so obtained wo 
draw a continuous curve it will las the polar curve of crank effort which 
we require, for it will represent by its radii in any position the actual 
crank effort when the crank is in that position ; and we see that, in the 
construction, account is taken not only of the angular position of the 
crank, but also of the steam pressure which is available for turning 
the crank. Taking both indicator diagrams we thus draw the curve 
for the complete revolution of the engine. By transfer of the radii of 
the polar curve to the crank circle unrolled, we can construct a linear 
curve (Art. 105), and thus determine the fluctuation of energy. 

In Fig. 2 the thick curve has been drawn to show the crank effort 
<lue to the high and low pressure cylinders combined, by adding to the 
radii of the original curve the; corresponding radii of the high pressure 
curve (not shown in the figure) after correction for difference of scale. 
In this engine the high pressure crank is 90‘ in advance of the low: 
if it had been 90“ behind the low the fluctuation of crank effort 
would have been less. This is shown by the largo dotted curve in 
the figure. The circle of mean crank effort is added to facilitate 
comparison. 

111. Pumping Engine *.—We havo hitherto supposed the engine 
employed to turn a shaft against a resistance represented by an 
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approximately uniform force applied at the crank-pin. 'In cranes and 
other hoisting machines, though the resistance to be overcome is linear, 
the reciprocating movement of the piston cannot conveniently be con¬ 
verted into a continuous lift without the use of a rotating shaft driven 
by the engine, while for transmitting and distributing power to other 
machines shafting is generally necessary. In pumping water, however, 
a reciprocating movement is required in the pump piston, which is 
Converted into an intermittent upward movement of the water by the 
ratchet action (p. 15fi) of the valves. The pump piston is therefore 
connected with the steam piston either directly, so as to form one 
element ot tho same pair, or by the intervention of a vibrating beam 
introduced either for constructive reasons or for the purpose of altering 
the stroke and speed of the pump. 

The external resistance to the motion of the steam piston is now' 
approximately constant instead of being indefinitely great at dead points 
and least at tho beginning of the stroke; but in order that the engine 
may work economically tho steam must be used expansively, that is, its 
pressure must be great at tho commencement of the stroke and gradually 
diminish to the ends. There is therefore, as before, a difference between 
effort and resistance which gives rise to a fluctuation of energy of 
the moving parts. Referring to Fig. 07 (p. '.'IK) it will be seen that at the 
beginning of the stroke the pressure l\ of tho steam is greater than the 
moan pressure which represents the approximately uniform resist¬ 
ance to be overcome in lifting the water; the excess sets in motion the 
reciprocating parts, which, unless regulated in a proper way, will move 
with gradually increasing velocity until the point is reached where 
the mean pressure lino crosses the expansion line. At this point the 
pressure of the steam has by expansion fallen to its mean value and 
storage ot energy ceases. The part oi the indicator diagram lying 
“hove the mean pressure line represents in this case the Fluctuation 
of Energy, which can be calculated readily in any particular ease. 
It is stored in the moving parts and completely restored when they 
aro brought to a standstill ut the end of the stroke. 

The work of pumping requires a slow and steady movement of the 
pump piston, combined with a pause at the end$ to allow time for the 
opening and closing of the valves, otherwise dangerous shocks will occur 
and much loss by hydraulic resistance. Moreover in each stroke the 
mean pressure ot the steam must exactly correspond to the work done 
in raising the water, Hence some method of controlling and regulating 
the motion of the reciprocating parts and of the water moving with 
them' is generally necessary. Three ways of doing this will now bo 
briefly noticed. 
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(1) A crankaand fly wheel may bo employed as in the common form 
of small steam pump shown in Plate 11., or in a modified form in tho 
Stannah pump (Plato I.) referred to in Chapter V. Many pumping 
engines of the largest size are constructed in this way for waterworks, 
the drainage of a town, or other similar purpose They are sometimes 
direct acting but more often beam engines, a constructive difference 
which need not be here considered ; in either ease the crank and fly, 
wheel ig simply an appendage provided for the pnr|tose of defining tho 
stroke and regulating the motion. The greater part of the fluctuation 
of energy is in this case accounted for by the kinetic energy of tho 
reciprocating parts, inclusive of the. water being pumped : the weight 
of these parts being generally very considerable. The excess to ho pro¬ 
vided for by the fly-wheel can be found bv methods already explained. 

(2) In the Worthington direct acting horizontal engine, a regulator 
of a different kind has been recently introduced. 

A cylinder containing compressed air enclosed behind a piston is 
mounted on trunnions and oscillates to and fro in a vertical plane The 
steam and puftip pistons are attached to opposite ends of the same rod, 
to the middle of which the piston rod of the air cylinder is connected by 
a pin. The air cylinder is placed above the rod so as to be. vertical at 
mid stroke of the steam piston, ami in consequence the air piston is 
thou pushed furthest in and the pressure of the air is greatest. At the 
ends of the stroke of the steam piston the air cylinder is inclined to 
the vertical, its piston is furthest out and the pressure of the air least. 
Hence at the beginning of the stroke the thrust of the air piston acts 
against the steam pressure and at the end in favour of it. When the 
pressure of the enclosed air is properly adjusted by forcing fresh air in 
or allowing it*to escape, the compensation for varying steam pressure is 
nearly perfect and the engine works with great regularity. The air 
plays the part of a fly-wheel, storing energy in the first half of tho 
stroke and restoring it in the second. 

(3) In the Cornish engine, which is usually but not necessarily of the 
beam type, a single acting plunger pump at the bottom of a mine is 
operated from the surface by long and heavy “spear rials." The work 
of raising the water,is done on the down stroke of the pump by 
the weight of the rods, which has to be properly adjusted for tho 
purpose. The steam cylinder, also single anting, is employed solely for 
the purpose of raising the rods to the top of the stroke of the pump, 
li^this case no special regulator is necessary, the fluctuation of energy 
being wholly stored in tho heavy spear rods with pump plunger and 
beam (if any). The upward movement continues in the second half of 
the stroke until the energy thus stored is exhausted, the whole energy 
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exerted by the steam being now represented by the potential energy of 
tho elevated weights, which is made use of for pumping in the down 
stroke. The stroke in this type of engine depends t on the exact adjust¬ 
ment of the mean steam pressure to the weight lifted, and is accordingly 
subject to variation instead of being precisely defined as when a crank 
and flywheel is used. The alternate starting and stoppage of the 
heavy moving parts represents a largo fluctuation of energy, for which 
a suitable amount of expansion is necessary, and it is bclievyd that 
expansion was first employed for this reason and not from motives of 
economy, the type of engine in question being of very early date. 

In all pumping engines the valves and • valve gear form a most 
important subject for consideration, but this is beside the pur|x>se of 
the present chapter. 


lll.\. / rf/Wfi: Muliun oj Mtuhincs hi, (’Cnn'itl. —The motion of a steam 
engine, which we have been describing in detail in this chapter, may be 
taken as a typical example of the transmission of energy by any machine 
whatever. Neglecting frictional resistances the energy is transmitted 
without alteration from a driving pair to a working pair —when the 
complete period of the machine is considered; but the rate of trans¬ 
mission varies from instant to instant during the period. The alternate 
excess and deficiency of energy is provided for by the moving parts of 
the machine, which serve as a store of energy- or “ kinetic accumulator,” 
which can be drawn U|«m at pleasure. 

It has been sup|K>scd that tho mean resistance at. the working pair is 
exactly equivalent to the mean effort at the driving pair. If this lie not 
the case the machine will rapidly alter its mean speed till the balance 
is restored by alteration of the effort or the resistance or both. The 
balance seldom exists for long, and some means of controlling the 
machine is therefore generally indispensable. We have also to con¬ 
sider the straining actions due to tile motion of the machine, 
especially at high speeds. These, however, are matters for subsequent 
consideration. 


KXAM1U.ES. 


I. 1.1 the case of a |*ir „f crank. Ht rig |, t draw J lt . , w| , r ,, iaj!mn of cr , nk 

effort when the connecting ro,l i, indefinitely long, and find the ratio of maximum crank 
effort to mean, hind alee the position of the cranks when the actual crank effort je 
equal to the mean. Ant. Maximum crank efforts I'll mean. 


of 


- ^ r *' v dir diugram and obtain the results as ia the last question, when the length 
connecting tod ia equal to 4 cranks. c 


Maximum crank effort=1.107 mean. 

3. Draw the linear diagram of crank effort, assuming two cranks at right angles and 
connecting ro 1-i cranks. 
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4. What is thiynaximum Icugth of connecting rod for which the crank effort is lew 
than the mean throughout one quadrant? 

Connecting rod -7 1 cranks. 

5. From the diagrtwif of crank effort countracted in question 3, determine the co¬ 
efficient of fluctuation <if energy, 1st. When the connecting rod* are indefinitely long 
2nd. When the length equal* 4 cranks. 

Connecting rod indefinitely long. Co efficient of fluctuation of eneigy "Oil 

Connecting rod-4 cranks. Co-efticients are Oil, 042. Oil, W, *038, 000. 

(i. A pair of engines of 500 H.P., working on cranks at right angles with connecting 
rods~4 «ilinks, are running at 70 revolutions per minute. Kind the maximum and 
minimum moments of crank effort, and the fluctuation of energy in ft.-lb*. ; assuming 
the steam pressure and resistance uniform. 

Maximum moment of crank effort • 40.125 ft.-lbs. 

Minimum moment of crank effort --20,405 ft,-lh*. 

Mean moment of crank effort 57,500 ft. ll>*. 

Fluctuation of energy 11,000 ft.-lbs. Co-efficient ‘012. 

7. In the caw? of a single crank the steam is cut off at one fourth of the stroke. 
Neglecting back pressure and inertia, find the ratio of maximum to mean crank effort, 
ami also the ratio of the fluctuation of energy to the energy of one revolution. Con¬ 
necting rod--4 cranks. 

Maximum--2 45 mean erank effort. Fluctuation of energy .} energy of one revolution. 

H. Construct a diagram of erank effort for three cranks at angles of 120 . '1 he lines of 
stroke of the three pistons are parallel, the steam pressure constant, and the resistance 
uniform. Find the ratio of maximum to mean crank effort, and the co efficient of 
fluctuation of energy for n connecting rod of 4 cranks. 

An*. Maximum 1*077 mean crank effort, k 0115. 

9. In engines with a pair of cranks at right angles, connecting rod 4 cranks long, the 
reciprocating parts attached to etch crank have a stroke of 4 feet and weigh 20 tons. 
The steam pressure is uniform ami equal to 50 tons on each piston, and the resistance 
moment is uniform. Find the least number of revolutions the engines cun make without 
the aid of a fly-wheel and draw a curve of angular velocity ratio for this case. 

A ns. At the point of maximum speed the least number of revolutions will be 50 
per 1'. To obtain the curve and the least number of comjilrlr revolutions, see page 222. 

10. The pressure equivalent to the weight of the reciprocating parts of an engine is 
4 lbs. jicr square inch, the stroke is 4 feet Neglecting obliquity find the pressure 
necossiry to start the piston, when the engines are making 75 revolutions |mt minute. 
If the steam pressure be initially st 50 lbs above the atmosphere, and the cut off at jth 
the stroke, find th** effective pressure at each eighth of the stroke, taking account of the 
inertia of the piston, and assuming a constant back pressure of 5 lb*. 

Pressure equivalent to inertia at commencement of stroke - 15 5 lbs. per *q. in. 


Kffectix’e pressure at commencement 

20-4 

,, 1st eighth 

,, ,, 2nd ,, 

* 30 3 

34*0 

,, ,, 3rd ,, 

-23 0 

,, ,, 4th ., • 

19*4 

(1 M 5th ,, 

~1S*7 

,, ,, bth i, 

~ 19 5 

,, ,, i th ,, 

-21 *2 

„ ,. 8th .. 

-23 5 


11. In the last question, assuming the connecting roil to be 4 times the crank, plot 
a curve of inertia and obtain corrected values of the effective pressure. 
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12 In question 11 construct a curte showing the kinetic energy of*the piston at each 
point of the stroke, ami deduce a curve showing the pressure duo to inertia of the piston. 

Take the curve of piston velocity previously constructed, and PN being any ordinate 
of it, the kinetic energy of the piston will be proportional to the squaro of PN, so we 
have only to draw a curve wliose ordinates vary as (PN)' 1 . % 

Having drawn the curve of kinetic energy, take the difference between consecutive 
equidistant ordinates of that curve and set them up us ordinates in the same way as on 
page 22(1. 

12. In the connecting rod of question 11, page 209, find what fraction of the weight 
of the ro«l should be added to the other reciprocating parts when calculating the effect of 
inertia on the cmnk effort. Am. ’5. ' 

14. If « lie the revolutions per minute of a fly-wheel and d its diameter ; show that the 
weight of wheel necessary fur a given regularity in an engine of given indicated power is 

• 

n-'d- 

whore (' is constant. 

Noth. The diameter is generally about 3.J times the stroke (.V), and according to a 
well-known empirical rule for piston speed ( V ) employed in calculating nominal horse¬ 
power !'»x S. If this be assumed n*tfl is constant and the weight of wheel is then 
proportional to the indicated horse power, a rule sometimes employed, 100 lbs. being 
allowed for each horse- 1 ower. 

15. The fluctuation of energy of an engine of 150 l.J/.P. is 12 per cent, of the energy 
exerted in one revolution The revolutions are 35 per minute, find tile weight of ally- 
wheel 20 feet in diameter, that the fluctuation in speed may not exceed one-fortieth. 
Ann. 8 tons. 

111. Find the “inertia pressure” in the case of an oscillating engine. 

Here if; be the distance of the centre of the crank pin from the centre of motion of 
the oscillating cylinder, the angular velocity-ratio of cylinder and crank (p. 10b) is readily 
shown to be 


Angular velocity-ratio 


#>)• 


being the value of c for the extreme position of the cylinder. Hence the kinetic 
energy (17) of the cylinder is known in terms of r. liut ; differs from the space traversed 
by the piston only by a constant; 


.*. P~ 


dU 

dz 


is the value of the inertia-pressure. 

The effect of the inertia of an oscillating cylinder is the reverse of that of the piston 
ami connecting rod of the ordinary type, the crank effort being increased at the beginning 
and reduce*! at the end of the stroke. 

1‘rocoeding ns on p. 229, the kinetic energy of the piston ami rod may he found in 
terms of and the inertia-pressure then deduced ns above. 
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112. 1‘rehminartj ltemm -The action of a machine consist*, as we 
have scon, in a transmission of energy from a driving |«iir to a working 
[»ir, through a number of intermediate pairs, which change in a given 
way the motions proper to the source of energy. In the. absence of 
friction, the energy transmitted from piece to piece in a complete 
period would be the same for all the pairs, but, in consequence of 
frictional resistances, a certain part of the energy is lost at each 
transmission. These frictional resistances are of two kinds, one due to 
the relative motion of the elements of the pairs one upon another, the 
other to the changes of form which the flexible parts of the machine 
undergo, for example to the bending of ropeH and belts. It is to the 
first kind that the word “friction" is specially appropriated, although 
it is not essentially different from the second kind, which in some cases 
is also called “stiffness." 

We commence with the case of linkwork mechanisms in which the 
friction is due simply to the sliding of one surface upon another. The 
pairing is in this case of the lower class. 


SKITION 1.—EFFICIENCY OF laiWKI! I'aiiuno. 


113. Orilimry Laws of Slulimj Frktion. -If one body rests on unothcr 
(Fig. 102) and is pressed against it with a force .V, a mutual action 
takes place between the two which resists 
sliding. The magnitude of this mutual 
action or tangential {tress (Ch. XII.) is 
measured by the force F which is neces 
Bary to produce sliding, and the ratio 
F/X is called the co-cflicicnt of friction 


Finos. 

♦ ! 


F 

irl urm 


—*F 


antj will be denoted by /. The value of / depends on the nature and 
condition of the surfaces in contact, whether rough or smooth, dry or 
lubricated. Under certain circumstances and within certain limits it is 
independent of the area of the surfaces in contact and of the velocity 
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of sliding. These statements may be called the “ordinary” laws of 
friction. The evidence on which they rest and the limitations to their 
truth will he considered hereafter ; for the present we assume them as 
applicable to all the eases we consider. 

The work done in overcoming friction may be estimated just as in 
the case of' any other resistance. If the lardy move through a space 
<■ the work done is AV or j . Xx if X be uniform, and if it be not, a curve 
is constructed giving X at every point, then the area under that curve 
multiplied by the co-efficient / is the work done (See Ex. 2). If H be 
the reaction of the surface upon which the body we are considering 
rests, </> the angle its direction makes with the normal to the plane, 

U . cos </i - A’: II . sin »/> l '; 

.'. tan (/) = /, 

an equation which shows that the total mutual action between two 
plane surfaces, which slide over one another, makes an angle with the 
normal to the plane, the tangent of which is the co efficient of friction 
I he magnitude of this angle then is fixed, but its direction varies 
according to the direction of the sliding. It may therefore bo called 
the "friction angle, but it is also often called the "angle of repose,” 
because it is the greatest inclination of a plane on which the hotly can 
rest under the action of gravity without slipping. In the solution of 
questions respecting friction, graphically or otherwise, it is often 
convenient to suppose it known. 

114. hiiiloii of Ihtilimp.- Next suppose the surfaces in contact 
cylindrical. In I'ig. 103 .-/ />./ represents a cylinder pressed down 



into a semi-circular bearing by a force *S, the direction of which passes 
through the point 0, which is the intersection of the axis of the 
cylinder with the plane of the paper. We may take this to represent 
the ordinary case of a shaft and its bearings from which the cap, has 
been removed, S being the resultant of all the forces acting on the 
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shaft which, fey the moment, are supposed to have no tendency to turn 
the shaft. The force S is balanced by the reaction of the bearing 
which, when the bearing is in good condition, consists of a pressure 
distributed over life whole semi cylindrical surface. Let !>K be a 
small clement of the surface, ji the pressure. 0 the angle the radius 
of UK makes with the direction of .S', then we must have 
-pUK cost? - .s'. 

If imw w'C knew the law according to which p varies from point to 
point, we could by use of this eipiation find the actual value of p and 
also find the total amount of the distributed pressure, that is to say, 
-/>. UK which we will call X. Evidently then we shall have 
X-k.s, 

where /. is a coefficient depending on the law of distribution and 
therefore to some extent uncertain. When a hearing is well worn and 
imperfectly lubricated it is probable that (see Art. lib) if/<„ be the 
pressure at ll 

p }\,. cos W, 

that is, that the intensity of the pressure at any point varies as <h\ the 
distance of the point below the centre. This is the same law as that 
which the pressure of a heavy fluid follows, supposed occupying the 
semi cylinder and it is shown in books on hydrostatics that 

Total pressure t ^ 

Resultant pressure r 

Next suppose the shaft to be turned by the action of a couple M 
applied to it, then if a be the radius 

-f.p. IlK.a -/. Xu fk. •''it. 

In this formula we have some doubt as to the value of k, and wo are 
not sure that the co efficient f would be the same for a curve as for a 
piano surface; we therefore replace fk by /’, where /' is a special 
co efficient of axle friction determined by experiment. If there is a cap 
on the f>earing, which is screwed down, the value of S is increased by 
an amount about equal to the tension of the bolts. 

The loss of energy per resolution in overcoming axle friction is 
evidently M. 2r, or, if d be the diameter, 

* Work lost - trf’Sil. 

The reaction of thejiearing surface on the shaft is partly normal and 
partly tangential. The normal part balances .S' and the tangential j»rt 
balances M, hence the two jiarts may lie combined into a single force 
opposite and parallel to .S at such a distance 2 from 0 that 
,S: = Af, or i: = ji, 

that is to say, the line of action of the mutual action between the shaft 
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and its bearing always touches a circle, the diameter of wjiicb is/' times 
the diameter of the shaft. This circle is called the Friction Circle of 
the shaft or pin considered. When the bearing has a cap on, the force 
8 must be increased by the tension of the bolts in calculating M, but 
not for any other purpose, and the diameter of the friction circle is 
consequently increased, it may be very considerably. The utility of 
this rule will be seen presently. 

The real pressure between a shaft and its bearing varies from point 
to [mint, as wo have seen. What is conventionally called the “pressure 
on the bearing” is something different. Let l be the‘length of the 
bearing, then hi is the area of the diametpal section, and 

8 

v ~ id 

is the quantity in question. It is a sort of mean value of the actual 
pressure, and will liear some definite relation to it depending on the law 
of pressure. For the particular law of pressure given above 

it 

T=/V + ‘ 

The work lost by friction per square inch of bearing surface per 1' is 
evidently proportional to ;n\ where r is the rubbing velocity in feet per 
minute. An equivalent amount of heat is generated as wo shall see 
hereafter, and it is upon the rate at which this heat can be abstracted 
by the cooling influences to which the bearing is exposed that the 
amount of bearing surface required depends. We shall return to this 
hereafter (p. 24!)); for the present, it is sufficient to say that the pres¬ 
sure on a bearing may sometimes be as much as 1000 lbs. per sq. inch 
when the load is alternating, as in the case of a crank-pin, but is 
limited to 800 lbs. or less when the load is always in one direction. 


116. Fridmuf Pitots .—In pivots and other examples in which tho 
Fig.rn. revolving shaft is subject to an endways 
a force the surfaces in contact are fre- 
qnently conical. In Fig. 104 a conical 
v N surface A H is pressed against a cor- 
\ responding conical seating by a force II, 

: . and revolves at a given rate. If the 

surface be divided into rifigs, one of 
which is seen in section at DE, the 
pressure on those rings may be resolved vertically upwards and must 
then balanco II. Hence if p be the pressure on DE a ring the radius of 
which is a, 

DE. 2wycoso = 
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where a iB th% angle a 'normal to the conical surface makes with the 
axis. 

When the bearing is somewhat worn the conical surface will have 
descended through a certain space, and it may be assumed that all 
points such as Dh will descend through an equal space, so that the 
wear of the surface measured normal to itself is proportional to cos n. 

But if v be the velocity of rubbing of the ring EE, the wear will be 
proportional to pv, that is to pu : hence 

pH x cos a. 

This principle determines the most probable distribution of the pressure 
-on worn surfaces in any case, and has already been used above for the 
case of a journal. In the present case « is constant, and we have 
PH = constant />,//, -/y/.„ 

where the suffixes 1 and 2 refer to the upper and lower edge; hence, by 
substitution, if I be the length AII of the conical surface, 


pH ■ -itl . cos « ■ II, 

a formula which determines the pressure at every [mint. The moment 
of friction is evidently 

M = pIpEEiri/- 

• cos u 

where Ay is written for the projection of EE on the transverse plane. 
By use of the. integral calculus this is readily seen to be. 


~.fpyini- ■ 


!l, +.'/« 


or M--f.n. ! ! l ' + "-, 

• ' 2 cos« 

a formula which shows that the friction is the same as that of a ring of 
small breadth, of diameter equal to the mean of the greatest and least 
diameters of the portion of a cone considered. In the case of a simple 
flat-ended pivot the equivalent ring is half the diameter of the pivot. 
If the pressure were uniform throughout, the diameter of the equivalent 
ring would be ij instead of i tfie diameter of the pivot, and the actual 
diameter in practice wijl probably vary between these limits. 

Pivots are sometimes used in which the surfaces in contact are not 
•cones, but are curved, so that in wearing the pressure and wear are the 
same throughout (Schiele’s pivots). That this may be the case we 

must have, since p is constant, 

• * 

y x cos «, 

that is to say, if we draw a tangent DET to meet the axis in T, ET 
must be constant. The curve which possesses this geometric property 
o.M. Q 
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i« called the “tractrix.” It is traced readily hy stepping from point to 
point, keeping the tangent always of the same length. Pivots of this 
kind ai’e very suitable for high speeds, as the wear is very smpoth. 

116. Friction mill Efficient;! of Firenv.- -In any case of a machine in 
steady motion the principle of work takes the form (Art. 98) 

Energy exerted) | Useful work,.done 4- Work wasted 
in a period J [in overcoming frictional resistance. 

The simplest case is that of a screw which we will suppose to be square 
threaded and applied to a press, or to some similar purpose. The 
pressure between the nut and the thread is distributed uniformly along 
tho thread, if the screw be accurately constructed and slightly worn. 
As shown in the last article in the similar case of a pivot, the friction 
may be regarded as concentrated on a spiral traced on a cylinder the 
diameter of which may be,expected to be about the mean of the 
external and internal diameter of the screw. Fig. 105 shows one 
convolution of this spiral unrolled. .Ill 
is the thread. II A’ parallel to the axis of 
the screw is the pitch p, and .IF’ is tho 
circumference ml. 11 is the thrust of the 
screw, being the force which the screw is 
overcoming by means of a couple applied 
to turn it about its axis. It is the action 
of the screw thread which (Art. 113) 
makes an angle </> with the normal, where </> is the angle of repose. 
The normal itself makes an angle « with the axis of the screw, where a 
is the pitch angle given by the formula 

V 

tan n = ,. 
ml 

This force I! arises from the turning forces applied to the screw, and 
must have the same moment M alamt the axis of the screw; its vertical 
component therefore must be II and its transverse component a force 
& such that 



Hence the equations 

(«+ <#>),* 

ll It. cos (« + <(>). 

Also considering a complete revolution of the screw, 

Energy exerted M . 2r = Rvd . sin (a + </>), 
Useful work done **//.p = l!p. cos(a + <f>), 
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from which it fellows that the efficiency of the strew is 


„,,, . tali ■< 

Efficiency = 

• • tun (.1 + </>) 

It is not difficult to show that this fraction is greatest when « - In - I. </•, 
and its value is then 


Maximum efficiency 


(! +u)" : ‘!»l>'>»xiiiiat.cly. 


For ordinary values of/ then, the best pitch angle is approximately l!i‘ 
and the etliciency is considerahle. 

In practice, however, the pitch angle is nmeh smaller, its value in 
holts and the screws used in presses ranging from O.'lb in large screws 
to '07 in smaller ones; the etliciency is then less, often much less, 
than one-third, the object aimed at being not etliciency but a great 
mechanical advantage. 

If the pitch be sufficiently coarse, it will be |sissible to reverse the 
action, the driving force being then II and the resistance a moment 
opposing the rotation of the screw. In a well known kind of hand 
drill and a few other cases this occurs in practice ; the force J! is then 
inclined on the other side of the normal, and the efficiency is in the 
same way as before found to be 


Efficiency 


tan (» - ■/’) 
tan « 

In most eases, however, a is less than •/>, and the screw is then 
incapable of lieing reversed. Non-reversibility is often a most valuable 
property in practical applications, the friction then serving to hold 
together parts which require to be united or to lock a machine, in 


any given position. 

In cstimatingHhe efficiency of screw mechanisms the friction of the 
end of the screw acting like a pivot or of the nut upon its seat, must be 
included; in screw bolts this item is generally as great as the friction 
of the threads. The friction due to lateral pressure of the screw on its 
nut may usually be neglected, but when necessary it may be estimated 
by the same formula as is used for shafts. The above investigation, 
strictly speaking, applies only to square-threaded screws; it has, 
however, been shown tljat the efficiency is only slightly diminished by 
the triangular or other form of thread usually adopted for the sake of 
strength.* The formal# here given for screws may be applied to any 
case of a sliding pair in which the driving effort is at right angles to 
the useful resistance. A simpler case is that in which the driving 
effort is parallel to the direction of sliding. This is given in Example 1, 

* Court de Micaniquc Appliquic aux Machine*, par .1. V. Ponwlet, p. Paris, 

1874. 
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page 260. In all cases observe that the efficiency diminishes rapidly 
when the velocity-ratio is increased. This, which is common to most 
mechanisms, limits the mechanical advantage practically attainable. 
The hydraulic press is an exception, as will be seqn hereafter. 

117. Efficiency of Mechanism by Exact Method .—In the preceding 
casos tho efficiency is the same for any .motion of the mechanism 
whether largo or small. Generally, however, it will be different in oach 
position of tbe mechanism, and by the “ efficiency of the mechanism ” 
is then to be understood tho ratio of the useful work done in a period 
to the energy exerted in the period. . 

The exact calculation of the loss of work by frictional resistances in 
mechanism is generally very complicated, so that it is beBt to proceed 
by approximations the nature of which will be understood on consider¬ 
ing an example with some degree of thoroughness. The case we select 
is that of the mechanism of the direct^acting vertical steam engine such 
as is represented in Plate I., page 108. 

The losses by friction are (1) the loss by piston friction, (2) friction 
of guide liars, (3) friction of crosshead pin, (4) friction of crank pin, (5) 
friction of crank shaft bearings. Of these, the first two are considered 
sojiarately (Ex. 2, p. 261), and for tho present neglected, whilst the last 
three are treated by a graphical method as follows. 

In Fig. 106 VQA are the friction circles of tho three parts in question, 



which for the sake of clearness are drawn on a very exaggerated scale 
while the bearings themselves are omitted. We will neglect the weight 
of the connecting rod and its inertiaof these tbe first is generally 
relatively inconsiderable, hut in high speed engines the last is often 
very large and makos the friction very different at high speeds and low 
speeds (see Chap. XI.). .The weight of the ci%k shaft and all the parts 
connected with it is supposed to act through the centre of the shaft; 
for simplicity we will call it IV The pressure on the piston after 
correction for piston and guide-bar friction is denoted by P. Then, in 
the absence of friction, tho line of action of the thrust on tho connecting 
rod is tho line joining the centres of the friction circles, and the moment 
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of crank effort*!® P. CT„, where T 0 is the intersection of that line with 
the vertical through V. But the line of action in question must now 
touch the friction circles (Art. 114), and the true moment of crank 
effort on the same principle must be P. CT, where T is the intersection 
of this common tangent with the vertical CT. Thus P. TT„ is the cor¬ 
rection for friction of the crosshead and crank pins. Next observe that 
the forces acting on the crank shaft are IP the weight and S the thrust 
of the connecting rod; these may be compounded into one force It 
passing through T as shown in the diagram. The reaction of the 
crank shaft bearing is an equal and opposite force It which must touch 
the friction circle and cut OT in a certain point A'. Now the horizontal 
component of lx is tho same as that of N, namely P ; therefore the. true 
moment of crank effort after allowing for friction is P. TK. 

By performing this construction for a number of positions, as in the 
last chapter, we obtain a diagram of crank effort corrected for friction. 
The area of this curve will give us the useful work done in a revolution, 
the ratio of which to the energy exerted is the efficiency of the 
mechanism: and its intersections with the. line of mean resistance will 
give the points of maximum and minimum energy and the fluctuation 
of energy as corrected for friction. When the crank makes a certain 
angle with the line of centres TK vanishes. Within this angle no 
steam pressure, however great, will move the crank, as is well known 
in practice. It may be called the “dead angle,’ all points within it 
being dead points. 

118. Efficient'll uf Mcclttinuiin Ay .liiproj-imilc. Mdhtxl .—The process 
just described is not too complicated for actual use in the foregoing 
example, but in many cases it would be otherwise, and it may there 
fore bo frequently replaced with advantage by a calculation of the 
efficiency of each of the several pairs of which the mechanism is made 
up taken by itself. 

Each pair consists of two elements, one of which transmits energy to 
the other, with a certain deduction caused by the friction between the 
elements. The ratio of the energy transmitted to tho energy received 
may be called the efficiency of the pair. If r,, c„, c al ... las the efficiencies 
of all the pairs in the mechanism it is ovident from the definition that 
the efficiency of the wlrtle mechanism must be 
c = c,. c 2 . c a ... . 

In. some cases the efficiency of each pair will be independent of the 
frictional resistances of all the other pairs, and may be found separately. 
In general this is approximately, but not exactly, true, a (mint which 
will be best understood by a consideration of the foregoing diagram. 
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For example, the friction of the guide bars is diminkbed'in consequence 
of the friction of the crank pin, because the obliquity of the connect¬ 
ing rial is virtually diminished. The supposition is, however, often 
sufficiently nearly true to enable a rough estimate to be made of the 
efficiency of the mechanism by finding the efficiencies of the several 
pairs taken alone, all the others being supposed smooth. In doing this 
mean values are taken for variable forces, if the amount of variation be 
not considerable. The uncertainty and variability of the co-efficients 
on which frictional efficiency dcjamds are such as to render refined 
calculations of little practical value. 

I 

119 . h.rpcrimenh on Slhliiuj Fririion (Morin). —The ordinary laws of 
friction, which may ho comprised in tho single statement that the 
co-efficient of friction depends on the nature of the surfaces alone, and 
not on the intensity of tho pressure or on the velocity of rubbing, were 
originally given by Coulomb in a memoir published in 1785, although 
some facts of a similar kind were previously known. They are there¬ 
fore often called Coulombs laws. Yet Coulomb’s experiments were 
scarcely sufficient to establish them, and the subject was reinvestigated 
by others, especially by the late Ceneral Morin, whose memoirs were 
presented to the h conch Academy in 18,‘U-t. Morin’s experiments wero 
so elaborate and exact that they may be considered as conclusively 
proving the truth of Coulomb’s laws within certain limits of pressure 
and velocity, and under the circumstances in which they were made: 
it will therefore be advisable to explain them briefly. 

A sledge loaded with a given weight was caused to slide along a 
horizontal bed AH more than 12 feet long (Fig. 107), the rubbing 


Fiij.107. 



0 



surfaces being formed of tho materials to be experimented on. .The 
necessary force was supplied by a cord passing over a pulley at B to a 
descending weight Q. The tension of the cord T was measured by a 
spring dynamometer, and could likewise be inferred from the magni- 
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tude of the weight after correction for the stiffness of the cord and the 
friction of the pulley. In one form of experiment the weights were so 
arranged that the sjedge moved nearly uniformly : the correapondiug 
friction was measured and found to he constant. In a second form, the. 
times occupied by the sledge in reaching given points were automatically 
measured and coni]wired with the spaces traversed, hy setting them up 
as ordinates of the curve CZ shown below. The curve proved to he a 
parabola, showing that the space, varied as the wjuare of the time, from 
which it was inferred that the acceleration of the sledge was constant. 

From both methods it appeared that the coefficient of friction was 
exactly the same, whatever the pressure and whatever the velocity, 
provided the nature and condition of the surfaces were the same. A 
few important results are given in the. annexed table; they are taken 
from Morin’s latest memoir,* containing, besides many new experi 
monts, tables of the results of the whole series. The limits to their 
application will be considered presently. 


Natciuc of 
SCHFACKS. 


CoMUTniN OF 
Si UFACKS. 


( o FKFICIKNT OF 

KumioN. 


• | Perfect Iv dry and I .c, 

1 cIl'HII, » 


WihhI oii Wood, 

i 

Do., do.. Well luluicated, 


Do., 


<|o., 


•07 to Os 


I I.uliricunt eon l .^r, 
! I Htantlv lelieweii, < 


Full tallies of Morin’s results will lie found in Moseley’s work cited on 
page 257. The friction between surfaces at rest is often greater than 
when they are in motion, especially when the surfaces have been some 
time in contact: the excess, however, cannot lie relies! on, as it is liable 
to be overcome by any slight vibration. In the case of tnetal on metal 
whether dry or oily, or in wood on wood when dry and clean, Morin, 
however, found that there is no such difference. 


120. Limits of the Ordinary Liws. -From the exactitude with which 
Coulomb’s laws were verified by Morin’s experiments the inference was 
naturally drawn that they were universally true, but this is probably 
erroneous, even for dry surfaces without sensible adhesion. Although 
no complete and thorough investigation has been made, it can hardly 

* Nouvelles Experience* . . . faitet* k Met* en 1834. Page JW. 
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ftow be a matter of doubt that there are cages in whisb the laws of 
friction are widely different. The known cases of exception for plane 
surfaces may be grouped as follows:— ( 

(1) At low pressures the co-efficient of friction, increases when the 
pressure diminishes. This has been shown by various experimentalists, 
as, for example, by Dr. Ball* The lowest pressure employed by 
Morin was almut three-fourths of a lb. par square inch, and this is 
about the pressure at which the deviation noticed by Ball becomes 
insensible. This offect may bo ascribed to a slight adhesion between 
the surfaces independent of friction proper. 

(2) At high pressures, according to certain experiments by Bennie, t 
the co efficient increases greatly with the pressure. The upper limit 
of pressure in Morin’s experiments was from lit to 128 lbs. per square 
inch. At 32'5 lbs. per square inch Bonnie found for metallic surfaces 
at rest - lt to '17, nearly agreeing with Morin; but on increasing 
the pressure the coefficient became gradually greater, ranging from 
•35 to -4 at pressures exceeding 500 lbs. per square inch. The metals 
tried were wrought iron on wrought and cast iron, and steel on cast 
iron. Tin on cast iron showed only a slight increase in the co-efficient. 
This increased friction at high pressures may be ascribed to abrasion 
of the surfaces. 

(3) At high velocities the co-efficient of friction, instead of being 
independent of the volocitv, diminishes greatly ns the velocity in¬ 
creases. This was shown by M. Bochet in 1858. Similar results have 
been obtained by others, especially by Captain (now Sir Douglas) 
Caltou in some important experiments on railway brakes.* The limit 
of velocity in Morin’s cxjHiriments was 10 feet per 1", and at some¬ 
what greater velocities than this the diminution bceomfts perceptible. 
Morin’s results have been shown to l>e. applicable at tho very lowest 
velocities by the late Professor F. Jenkin and Mr. (now Professor) 
Ewing,§ tho friction increasing at excessively low velocities in those 
cases only in which there is a difference between the friction of rest 
and tho friction of motion. 

It appears difficult to explain the diminution at high speeds merely 
by a change in tho condition of the surfaces; is should, probably, be 
regarded as jairt of the law of friction. Professor Franko in the 
Civil Ingenieur for May, 1/182, has proposed the formula 

/=/„ 

* Kxperimentui Mechanics, by R. 8. Ball, |>. 78. Macmillan, 1871. 

t Phil. Trans . for 1829. 

J ffnpiiMvn'Mj/, vol. 25, page* 489-472. 

§ Phil- Trans., vol. 107, part II. 
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where /„ is about '29, and a (for velocities in metres per 1") ranges, 
from ‘02 to '04, according to the nature and state of the surfaces. 

121. Axle Frktio \.—It has already been pointed out that the co¬ 
efficient of axle friction is not necessarily the same os that for plane 
surfaces sliding on one another, and, besides, the continuous contact 
of a shaft and its bearing is very different from the brief contact 
occurring in sledge experiments. Morin, however, made special ex¬ 
periments on the friction of axles, and showed that the coefficients 
were constant and nearly the same in the two cases. The diameters 
employed, however, were, ! inches and under, while the revolutions 
did not exceed 20 per minute, so that the rubbing velocity was not 
more than 20 feet per minute. The pressures were not great, the 
value of jir not exceeding ‘>.000. 

Much greater values of pc than this are common in modern practice, 
and then it is certain that the value of the co-efficient is much less and 
diminishes with the pressure. Already in l*.‘>fi M. Him hail made a 
long series of experiments on friction, es[>ecially of lubricated surfaces. 
The following summary of his results is given by M. Kretz, editor 
of the third edition of the Hern tiii/ne /uduArirlle.* 

(a) That a lubricant may give a regular and minimum value to the 
friction it must be “triturated" for some time between the rubbing 
surfaces. 

( b ) The friction of lubricated surfaces diminishes when the tempera¬ 
ture is raised, other things being equal. 

(,:) With abundant lubrication and uniform temperature friction 
varies directly as the velocity. W hen the temperature is not main¬ 
tained uniform*, the relation between friction and velocity depends on 
the law of cooling of the special machine considered. In ordinary 
machinery friction varies as the square root of velocity. 

(d) The friction of lubricated surfaces is nearly proportional to the 
square root of the area and the pressure. 

Experiments made in 1**24 by Mr. Tower, t and subsequently by 
others, have however conclusively shown that, with thoroughly efficient 
lubrication, the frictioy of a bearing under pressures exceeding 100 lbs. 
|>er sq. inch is independent of the pressure, lhis is the well-known 
law of friction between a ffuid and a surface in contact with it, and 
indicates that the bearing surfaces arc not in actual contact but are 
separated by a thin film of lubricant, a fact which has also been proved 

* Introduction <! la Wainiqut Indtutrielle , |*r J. V. Poncelet. Troisieroe SiilMon, 
Pari*, 1870. P«*e 510. 

t Proceeding! oftht Iiutitutiim of Mechanical Engineer!. 
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by direct experiment. The co efficient of friction in siwh cases varies 
inversely as the pressure and under heavy loads may be less than one- 
tenth of the value ( 0f>) given by Morin. Thus Hjrn’s law of pressure, 
though verified by other experiments, is only true in special cases; in 
other respects his conclusions appear on the whole correct. With 
thorough lubrication very heavy pressures and high speeds may be 
employed, the value of pr reaching, or even exceeding, 100,000, but any 
inaccuracy of fit in consequence of which parts of the bearing surfaces 
come into actual contact will at once cause heating. On the causes 
which produce heating the reader is referred to a paper by Professor 
J teuton.* * 


Suction II. Ekkicikncy ok Hioiikk Pairing. 

122. Ilollimi Friction .—We now proceed to consider higher pairing, 
commencing with the case of rolling contact. The friction is then 
described us “rolling friction.” 

When a wheel rolls on soft ground tho resistance to rolling is due to 
the fact that the wheel makes a rut and depresses the ground as it 
advances over it. Thus the resistance to motion is proportioned to the 
product of the weight moved into the depth of the depression. The 
depth of the rut depends on the radius as well as the breadth of the 
wheel. It is found that the resistance may be expressed by 



r 


whore II' weight, r -radius of wheel, anil h is approximately a 
constant length. This might have been anticipated, since the depth 
of the rut is of the versed sine of the arc of contact, and therefore 
for a given small arc is inversely as the radius. If the wheel roll on 
hard ground over a succession of obstacles of small height tho law of 
resistance will be expressed by the same formula. 

When the surface rolled over is elastic, and the pressure on it is not 
sufficient to produce a permanent rut, the resistance to rolling is not so 
•easily explained. If we consider an extreme case, as for instance a 
heavy rollor rolling on india-rubber, we shall be able to see to what 
action the resistance is due. Tho wheel will sink into tho rubber, 
which will close up around it both in advance and behind, as shown in 
Fig. 108. At C the rubber will be most compressed. As the wheel 
advances and commences to crush the rubber in advance of it ithe 
rubber moves away to avoid the compression, heaping itself up con- 

* “ Special KxixrimcnU on Lubriwnlt ,by Prof. J. E. Denton. American Society 
4>f Mechanical Engineer*. November, 1890. 
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timmlly in advance of tho wheel. In this movement it tubs itself over 
the surface Ca of the wheel, exerting on it a frictional force in the 
direction shown by a the arrow F, which opposes the onward motion of 
the wheel. Again,*1110 rubber in tho rear is continually tending to 
recover its normal position and form of flatness, and in doing so rubs 
itself over the surface bC of the wheel in the direction shown by the 
arrow' F\ which also tends to oppose the onward motion of the wheel. 
The eflpct of this creeping action of the rubber over the surface of the 
wheel is to cause the onward advance of the centre of the wheel to be 
different from that due to the circumference rolled out,* Moreover 



F 


the vertical component of the reaction of the surface no longer passes 
through the centre of the wheel as it must do in the. absence of 
friction, but is in advance by a small (ptantity h such that II b is 
the moment of resistance to rolling. 

Experiments on rolling resistance present considerable discrepancies, 
but within tho limits of dimension of rollers which have been tried it 
appears that b is independent of the radios ; this leads to a formula of 
the same form as before for the force necessary to draw the roller, 
natnelv 

/’ 

where h is a constant which for dimensions in inches is from ’02 to 09 
according to the nature of the surfaces. W ith very hard and smooth 
surfaces of wood or metal, the lower value ‘02 may be employed. 
Rolling friction is nqj, sensibly diminished by lubricants, but depends 
mainly on smoothness and hairiness of the surfaces. It is probably 
influenced by the speed of rolling, but this does not apjxsar to have 
been proved by experiment unless in cases where the resistance of the 
atmosphere and other causes make the question more complicated. 

In many cases of rolling the surfaces are partly elastic and partly 

* Sec a Paper by Professor Unborne Reynold*, Phil. Tram., vol. 166, to whom the 
true explanation of resistance to rolling in perfectly elastic Indies is due. 
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•oft, so that tho resistance to rolling is partly due to surface friction 
and partly to permanent deformation. The value of the constant b is 
then much increased. For wagon wheels on macadamized roads in 
good condition the value of b is about •?>', and on, soft ground four to 
six times greater. The draught of carts is said to be increased by the 
absence of springs. 


123. brictian of Hopes and hells.— Frictional resistances i)re also 
produced by the changes of form and dimension of the parts of a 
machine occasioned either by the stresses necessarily accompanying 
transmission of energy or by shock. In ths present chapter we con¬ 
sider tension elements oidy, that is to say, chielly ro)>es and belts. 

In Fig. 109 A11 is a pulloy, the centre of which is 0, over which a 
rope passes embracing the arc A KB and acted on by forces 7’ | 7’„ at 

its ends. If their be sufficient 
difference between 7’, and T„ tho 
rope will slip over the pulley not- 
withstanding the friction which 
tends to prevent it. I.et the rope 
be just on the point of slipping, 
then its tension will gradually 
diminish from 7’, at A to 7’., at 
II. Let 'J\ T' be the tensions at 
the intermediate points A' L, then 
the portion AY, of the rope is kept 
in equilibrium by the forces 7’, 7" 
at its ends, and a third force .S' 
to the reaction of the pulley, the three forces meeting in a point 
A. On OL set off to 01 to represent J. and draw Ik perpendicular 
to A to meet OK in k, then the sides and the triangle OH will be 
proportioned by the threo forces, so that Ok represents 7" and Ik B. 
The angle S makes with the radius will l>o the same for all arcs of 
the same length, and if AY, be taken sn|all enough will be the angle 
of friction (Art. 113). 





This construction can, if we please, be commenced at A and re¬ 
peated for a number of small portions of the rope till we arrive at 
B \ wo shall obtain a spiral curve alkb, the last radius Oh of which 
represents T, on the same scale as the first Oa represents T v It 
is convenient, however, to have an algebraical formula to calculate X r 
Let the angle ADA be i and the angle S makes the radius <£, then 
T 01 _ sin Okl cos (i - <f>) 
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If now the angle t be diminished indefinitely we may write cos i *> 1 and 
sin »= i, so that 

T-T 

, T - = i ■ tan <#>. 

Replacing i by AS, ?' - T' bv A7’, and proceeding to the limit 
1 ilT t f 
7wr Un +'/• 

which being integrated gives 



where / is the co efficient of friction, 0 the angle subtended by the part 
of the pulleys embraced lib the rope, and «the number 2 7 IS being the 
base of the Naperian system of logarithms. The formula is applicable 
even if the pulley be not circular. For a circular pulley the spiral 
curve, representing graphically the tension at every point, is the 
equiangular or logarithmic spiral oi which the formula may be regarded 
as the equation. In constructing it graphically, the value of </), lor a 
small yet finite angle i, is found by replacing T 7 by e r ‘ and expanding 
the exponential: we thus get approximately 

1 + f i - cos i + sin i . tan </> -1 - \ > l + > ■ ton </>, 
tan </>= /+ii. 

Wiih small values of the co efficient 2/ may be a sufficiently small 
angular interval, but in general it will 
be advisable to take the angular in¬ 
terval equal to the angle of friction, 
then the value of <\> is 1 h times that 
angle. The construction being one in 
which errors accumulate, the formula b 
is preferable when great accuracy is 
desired. 

124. Jjritinf] Veils.— When a belt 
is stretched over a pulley < by equal 
weights, the tension of the belts is 
not necessarily the #ame everywhere 
in the first instance ; but if the pulley 
of the belt be disregarded, it must lie »q. Assuming this, let one 
of the weights be increased by a certain quantity Q and the pulley 
be held fast, then the tension of that side of the belt will be increased 
by an amount equal to Q at A, but diminishing to zero at L„* point 
determined by the intersection of the friction spiral a,, /, (Fig. 110) 
with the circle alb, the radius of which represents the weight IV. 
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Similarly if the other weight be diminished by Q', thp tension will 
be diminished by an amount equal to (/ at B, but ^diminishing to 
zero at L„. The portion L t L, will remain at the original tension IV. 
If QQ' be increased sufficiently, /.,, will coincide in one [mint L, 
the position of which will depend on the proportion between Q and 
(/. While these changes take place in tension, corresponding changes 
of length must occur in the parts of the belt exposed to them, //I, 
increases and IIL, diminishes in length. Hence both these parts 
slip over the pulley and work is lost by friction, while L { L t remains 
fixed. If now, instead of altering the weights IV, we imagine these 
weights held fast, and the pulley forcibly, rotated so as to increase 
,7’s tension by Q, and diminish B’s tension by Q\ 7,,/,., will rotate 
with the pulley, and the total increase of length of the one side must 
bo equal to the total diminution on the other, from which con¬ 
sideration it is possible to calculate the ratio Q bears to ()'. In 
practical cases, however, the difference between Q and Q' is so small 
that it may be neglected without sensible error, and therefore, in all 
questions relating to the working of belts, it may be assumed that 
the mean tension of the two sides of the belt is independent of 
the power which is being transmitted. The difference of tensions, 
however, is directly proportional to the power, and may at once be 
calculated if the speed be known, while the ratio of tensions may he 
determined, so that the belt shall just not slip, by means of the 
formula above obtained. The value of the co-ctticicnt of friction of 
leather on iron ranges front lb to '4b according to the degree of 
lubrication: under ordinary circumstances '2f> may he considered an 
average value. This, however, is often greatly exceeded in practice, 
and one reason why large values arc admissible is said by some to be 
the ert'oet of atmospheric pressure. The sectional area of belts is fixed 
by considerat ion of strengths, and as their thickness varies little, this 
is equivalent to saying that a certain breadth of belt is required for 
each horse power transmitted. (See Ex. II, p. 2G1.) 

125. Blip >]' Bells.—When a belt is stretched over a pair of pulleys, 
one of which drives the, other, notwithstanding a resistance not so great 
as to cause slipping of tho belt as a whole, it appears from what has been 
said that a certain arc exists on each pulley on which the belt does not 
slip. The length of theso arcs has already been found, but in the present 
eases the movement of the pulleys causes them to place themselves 
where tho belt winds on to the pulleys, so that the driving pulley has 
the speed of the tight side of the belt and the driven pulley that of the 
slack side. The two sides have different speeds, because the same 
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weight of bel(^ must pass a given point in a unit of time, wherever 
that point be situated, and therefore the speed must. lie greater the 
greater the elongation, that is to say, the greater the tension. Heme 
the driving pulley mbves quicker than the driven pulley by an amount 
which can be calculated when the tensions and the elasticity of the 
leather are known, and the ''slip'’ measures the loss of work due to the 
creeping of the belt over the pulleys described above. In ordinary 
belting the slip does not exceed 2 per cent., and is believed to bit often 
insensible. The length of belts, however, must not be too great, or its 
extensibility will be inconvenient, especially if the motion of the 
machine lie not sufficiently uniform.* Within moderate limits extensi¬ 
bility is favourable to smooth working. 

120. Stiffnest of li'ijii'i. —When a rope is bent it is found that a cer¬ 
tain moment is required to do it depending on the dimensions of the 
rope and, besides, on its tension. The reason of this is best understood 
by referring to the corresponding ease in a chain with Hat links united 
by pin joints. If d be the diameter of the pin, T the tension of the 
chain, there will be a certain moment of friction resisting bending 
which, if the pin be any easy tit, will be simply iJTil, but if it lie tight 
will lie 

M 4/7V + J/V. 

where T„ is a constant depending on the tightness. If tlie chain pass 
over a rotating pulley without slipping, this frictional moment has to lie 
overcome both when bending on and when bending oil the pulley. Thu 
effect shows itself by a shaft outwards on the advancing atid inwards on 
the retiring side of the chain, so as to increase the leverage of tins 
resistance and diminish that of the effort. In the present case t he two 
shifts are equal, I icing each given by the formula 

The case of a rope differs from this only in being more complex ; in t he 
act of bending, the fibres move over each other, and the relative motion 
is resisted by friction flue to'pressures which arc partly constant and 
partly proportional to the. tension. The shift of the centre line of the 
rope is visible on the side of the resistance, but hardly ]ierceptiblc on 
the side of the hauling force, showing that most of the Iohs of work is 
due to the bending on the pulley. The magnitude of the shift varies so 
much according to the mode of manufacture anil the condition of the 
rope that it is useless to attempt more thun a very rough estimate. 

•Sec a footnote bj M. Kreti. Court Ur itfcanii/ue ApfUi'iuir avx Murkita, |«r 
Poncelet, p. 264. 



258 DYNAMICS OF MACHINES. [part ui. 

According to a formula given by Eytelwein, if d be the diameter of 
the rope, 

S=C.lP, 

where r is a constant, which for dimensions in inches is taken as '47 for 
hemp ropes ; but this value is too large, except for light loads, and 
small diameters of pulley. The loss of work per revolution is T. 2irx, 
and if l) be tho effective diameter of the pujloy, 

Efficiency 

There is a loss of work by tho stiffness of belts of a similar kind, but of 
uncertain amount. Ily most authorities it is considered so small as to 
bo negligible. 

Tho shift of the line of action of the tension of a rope duo to its 
stiffness has the effect of diminishing its strength. 

127. Fritlimi of Toothed iVheels and Cams. .-The friction of toothed 

wheels is partly rolling and partly sliding, but the first is relatively 
small and may he neglected. To determine the sliding friction, lot 
PT~-i (see Fig. 71, puge 1 lit), then (page 153) the velocity of rubbing 
is given by the formula, 

+ .T):, 

which may be written, if V be tho speed of periphery of the pitch 
circles, It, If the radii, 



If, therefore, the wheels be supposed to turn through a small space & 
measured on tho pitch circles, the pair of teeth will slide on one another 
through the small space fly, given by tho formula 

fly=(j,4) ; dr. 

This enables us to find the work done in overcoming friction, for if I‘ 
be the pressure between tho pairs of teeth, 

Work done = j/. Pdy = ( ^ j/. P-ih\ 

The pressure between the teeth will vary as tho,wheels turn according 
to some unknown law, depending on the way the teeth wear and the 
co-efficient / probably varies. Assuming fP constant, and further, 
supposing that the chord VT (Fig. 71) is equal to the arc PT, and there¬ 
fore to r the arc turned through by the wheels after the teeth pass the 
line of centres, 

Work done -/./*. (J + j.i'j£■ 
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The same formula applies before the line ol centres, ami if we assume 
the ares of approach and recess each ovpud to the pitch />, we shall have 
for the whole work lost by the friction of a pair of teeth, 

Wliule Work lost /l\j, + J, )l'~- 

The energy transmitted during the action of a pair of teeth is 
therefore the counter efficiency is 




where «, «' arc the numbers of teeth in the wheels. A smaller an- of 
action is sometimes employed in practice, and the friction will then 1m; 
less. This is also the case in bevel gear. The formula shows that the 
friction is diminished by increasing the number of teeth. 

A more exact solution of this ipmstion* can be obtained on the 
assumption that /' varies as it would do if there were only one pair of 
teeth ; but as this is uncertain it is not practically useful. 

In all cam and wheel mechanisms the efficiency fora small movement 
in any position can be determined exactly by a graphical or other pro¬ 
cess. For the velocity-rafio can be found, as shown in Part IP, anti the 
force-ratio is determinate by the principles of statics, therefore the 
'piotient which gives the efficiency can also be found. In the ease 
of toothed wheels this method shows at oncet that- the friction of 
the teeth before the line of centres is greater than the friction after the 
line of centres. The difference appears insufficient to account for the 
injurious effects generally ascribed to friction before tlm line of centres, 
which however may be due to other causes, In cant mechanisms the 
efficiency in one position is little guide to the efficiency in a complete 
period, which can only be found by a process too intricate to be useful, 
or by making some snpjiosition as the mean value of the pressure 
between the rubbing surfaces. 

The counter efficiency of a train of m eiptal pairs of wheels is 


, , ■ (1 lv 

I -f C »1 4- III hr I t , )• 

ii n / 


Assume now that a gi*'cn velocity-ratio is to he provided by the train, 
and that the number of teeth iu one wheel is given, then it is possible 
to find the value of in that the friction may Jic least. The. solution of 
this problem is the same as that of finding the least possible number of 
tee^h, and it was shown by Young that, for this, we ought to take m, 
so that the velocity-ratio for each pair of wheels is, as nearly as possible, 


* See Moseley’* MtcImuiroJ PrhutjJf* of fJix/ina riny 
page 280. 

K 


C.M. 
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3-59. For example, if the train is to give a total velocr.y-ratio of 46, 
there should he three pairs of wheels. The gain over a single pair in 
this ease is one-third, Imt will ho much greater for higher velocity-ratios. 
The solution (first given by Mr. Gilbert) takesi no account of axle 
friction, a circumstance which would greatly modify the result. 

Home experiments on the friction of toothed and worm gearing have 
l(Oon made by Mr. W. Lewis, a brief account of which, with a table of 
results, will lie found in a treatise on the Merhamcs of Miuliifieri / by 
l’rof. A. B. \V. Kennedy. The table shows that the efficiency of spur 
gearing increases from ’hi at a speed of periphery of 10 feet per minute 
to -980 at a speed of 200 feet per minute, but is nearly independent of 
the pressure. In a worm wheel there is a similar increase with the 
speed, but the efficiency is much smaller, diminishing with the angle 
of the worm. The experiments by Sir Douglas Gallon on railway 
brakes already referred to (p. 248), show that the friction of a wheel 
when “skidding,” that is when sliding on the rail without rotation, is 
much less than the friction of the brake blocks on a rotating wheel. 
It diminishes rapidly as the speed increases. In eases of higher pairing 
by contact we may therefore probably say generally that the co-efficient 
of friction is relatively small except at the lowest speeds, the difference 
being greater the higher the speed. 


Section III.- -Fuktionai. Uksistanvks in Gknku.u.. 

* 128. Ay/fWi’iicy of Mirhniiisni in tirunnl. It appears from what has 

been said that an exact calculation of the frictional resistances is im¬ 
practicable, part ly because the process is too complex to be useful, but 
chicHy because the co-efficients to be employed are variable according 
to circumstances, and within limits which are not precisely known. 
Hence when possible the efficiency of a machine is estimated, not by 
considering eaeh particular element, but by direct experiment on the 
machine as a whole, and we conclude this chapter with some general 
principles which boar on this ipiestion. , 

The effort employed to drive a machine may be greater or less, 
according to the resistance which is being overcome, and therefore the 
stress between each element will also vary according to this effort. As, 
however, these stresses depend also on other forces, such as weight and 
elasticity, which have no connection with the effort, but are always the 
same, they will not increase so fast, and the frictional resistances will 
accordingly bo proportionally less the greater the effort. Some resist¬ 
ances are absolutely constant, tor example, the friction of bearings, the 
load on which is simply the weight of a fly-whoel or other moving part: 
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or the frictio# of a piston rod in its stuffing Iwx. Others are sensibly 
proportional to the driving effort or the useful resistance, in which case, 
when the ordinary laws of friction apply, the loss of work increases in 
direct proportion tottheso quantities. The greater number depend on 
both variable and constant forces, hut these may be in great measure 
separated into two parts, one of which is approximately constant and 
the other approximately proportional either to the driving effort or to 
the useful resistance. Hence, if / 'be the useful work done, and E the 
energy exerted in a penis! of the machine, 

E - U + !•// + /•'. E + H, 

where k, k' are numerical co efficients am) II the work done in over 
coming the constant resistances. In hydraulic and other machines, 
whore fluid resistances occur, terms depending on the speed of the 
machine must be added, indeed this is so in all machines when driven 
at a high speed ; because forces due to inertia increase the friction, 
and besides, shocks and the resistance of the atmosphere have to be 
considered. Such cases, however, are not considered here. 

If we transfer the term k'E to the other side of the equation and 
divide by 1 - /.', we get 

E = {\ +<•)//+ A',, 

where c, E arc two new constants derived from the former ones, of 
which E„ is the, work done in driving the machine when unloaded, and 
1 +r the counter-efficiency when the load is very great. 

The same formula may also be written in a way which is some¬ 
times more convenient, I.et /’ be the mean value of the driving 
effort and It that of tho useful resistance during a complete period, 
r the mean value of the velocity-ratio of the working and driving 
pairs, then 

P~l\+e)Ilr + l‘ t , 

where l’„ is now the effort required to drive the machine when unloaded. 
In hoisting machines R is the weight lifted and 1‘ the hauling force 
usually called the ]>ower, K/Ei s the mechanical advantage or purchase. 

In the steam engine, if p„ be the actual mean effective pressure, //„ 
the part of that pressure employed in overcoming the useful resistance, 
/I, the pressure necessary to drive the engine when unloaded, 

Pm ~(I + *)/''»+/V 

The value of « may be taken as 15 or in large engines somewhat less. 
The constant p„, often called the “ friction pressure,” is from 1 to 1 ] lbs. 
or in marine engines 2 lbs. or more per square inch. At high s|Hjeds 
and pressures the ordinary laws of friction fail and e is diminished, the 
constant friction is then relatively of more importance. 
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Kxperimonts recently made by Professor Thurston oci the friction 
of a horizontal engine driving a crank shaft and fly wheel showed that 
the loss of work by friction was nearly independent of the power 
transmitted, 47 )> per cent, of the whole being due to friction of the 
crank shaft. The question is one on which little is definitely known, 
but it seems clear that the “constant” friction must be the most 
important element, and that it must be to a great extent uncertain, 
varying from time to time even in the same engine. 

If the direction of motion of the machine lie reversed so that the 
original resistance becomes the driving effort and the effort the resistance, 
the same general formula is approximately true, but the constants /.’, A 
are interchanged. Unless under special conditions the efficiency is not 
the same in the two cases, and in fact is generally very different. Let 
ns suppose that in a machine working against a known reversible 
resistance, the driving effort is gradually diminished until the machine 
reverses, and let E' he the work done when reversing, we have the 


equations 


A' = U + /. U + EE + IS, 


U = A" + EE' + kU + II, 


from which by subtraction and dividing by U we find 
E' -1 I • A A 

r “ i + a ‘ i +a* a" 


a formula which gives the efficiency when reversing. If the original 
efficiency be less than 1(1 - A), the machine will not reverse even when 
the driving force is entirely removed. In most forms of hoisting 
machines A is small enough to be neglected, and we have the important 
principle that a machine will not reverse if its efficiency is less than -5. 
It will not reverse under any circumstances if k>\. As previously 
explained in the case of a screw, non-reversibility is a property so vain 
able in practical applications as to be worth obtaining at the sacrifice of 
efficiency. The differential pulley block is a common example. 

Frictional resistances, though a source of waste of energy, are usefully 
employed in machines for various purposes. In screws and driving 
belts we have already found them used for the purpose of locking a 
(Mir or closing a kinematic chain, and many instances of the same 
kind might be referred to. Another application of equal importance 
will lie considered in the next chapter. 


KXAJtrUtS. 

1. A weight is moved up a plane inclined at 1 vertical to n horizontal by an effort 
parallel to the plane: *how that the counter-efficiency it 1 + «/, where f i» the co-efficient 
of friction. Find the value of u for a mechanical advantage of 10 : 1 and a co-efficient 
M. Am. n=20. 
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“■ Show tluti-lit- pressure ou the gititie foam of a liiioct-aftiu^ cngiiit' is a}i]iro\im*lt'iv 
proportional lo tlw ordinate* of an ellil.se, and deduce the work lost |mr stroke. 

Referring to Fig. 91 let .V Ik* that pressuie. tln-n 

.1 -iS Hiu </■ -r /*. tan 0 ^ siu 0 approximately 
i n ' ‘ 

If the ratlins of the crunk circle represent /*, an.l an ellipse he drawn with the same 
major ax in, and minoi avis /* n, X will he the ordinate of the ellipse at a jHiint lepre 
renting position of piston. 

laoss of work per stroke Area of setni-ellipHe 


wheie x is the stroke aud/the co-ethcient of fiiction 

A bearing HC diumeter is acted on by a h«»t i/ontnl force of 50 tons unit a vertical 
force of 10 tons. Find the work lost hv frietion |ier levoliition, using n coefficient of 
one-eighteenth. Find also the .ioi>e poner lost hv friction at 70 revolutiona per minute. 
An*, Loss of work = 11 *87 foot ton* ll.p rai l. 

I. The thrust of a screw propeller is 20 tons, the pitch 28 feel. The thrust block is 
18" diumeter at the ceutre of the rings Kind the etheienev with a co efficient of triotion 
of 00. A tm Efficiency - ‘98ti. 

Find the efficiency of a common screw ami nut with pitch angle 45' and co efficient 
'Id. Ann. Kfliciency 72. 

d. A screw holt is V’ diametei outside ami 'AW' at the base of the thread. The 
effective diameter of the nut is 3'\ the pitch angle 07. ami the co efficient of friction ’Id; 
supposing it screwed up hv a spanner two feet long, find the mechanical advantage. 


Tension of bolt - 218 pull on the spatiioT. 

7. Find the efficiency of a pair of wheels, the number of teeth being 10 ami 7 5. ami 
tlm coefficient of flirt ion l.Y 'Aim. 951. 

s . The stroke of a direct acting < ngme is I feet, piston load 5s tons, loud on crank 
shaft hearings lo tons, connecting rod I cranks; trad the curve of crank effort when 
friction is takui into account, assuming all heatings |ii" diameter and co-efficient, onn- 
eighteenth. Find the “dead angle." 

9. In the last • | not ion, if the engine duvr the screw jirtij wl U-r of question I, find the 
efficiency of the mechanism, including thrust block, by the approximate method The 
connecting rod mav la* supposed indefinite!v long except for the pur|Hisc of estimating 
the efficiency of the guide bais. 

Kfliciency 989 ■ (-97)-' • '.‘Kb t»2 

10. A rope is wound thrice round a |»o*t. and one end is held tight hv a force not 
excewling 10 lbs What, pull at the othei • nd would he necessar) to make the rope idip, 
the co-efficient of friction luring supjtofmd 300? Ann. 10.000 lbs. 

11. Find the necessary width of belt three-sixteenths inch thick to transmit I H.lV, the 
belt embracing 40 jier cent, of the circumference of the smaller pulley and running at 
300 feet per 1'. Co-efficient - '25. # Streiigth 285 lbs. per aq. Inch. Ann. Hreadth 4.V', 

12. In rpiestiou 10 construct the friction spiral showing the tuiiMftm of the rope at 

every point. • 

13. The axles of a tramway car are 2$" diameter, and the wheel 2' 0": find the 
resistance, being given, that the co efficient of axle friction in 08 and that for rolling *09. 
Ant. Resistance --28^ lb* per ton. 

14. Find the efficiency of a pulley 6" diameter, over which a rope diameter pause*, 
tljp axis of tlie pulley being diameter, and the load on it twice the tension of the 
rope. Co-efficient of axle friction 08 Coefficient Kir stiffness of rope 47- Ana. 
Efficiency =94 per cent. 

16. From the result of the preceding question deduce the efficiency of a jwir of three 
sheaved blocks. Ana. Efficiency=71 per cent. 
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16. A wheel weighing 20 lh»., radian of gyration 1 ', i« revolving at A revolution per 
•ecoml on axle. 1' .IOmeter. It in oheervoil to make 40 revolution! before .topping: find 
th« co-effloient of axle friction. Ant. Co-etficiciit= *059. 

17. In a pair of three .heaved block, it i» found by experiment that a weight of 40 lb. 

can be rained by a force of 10 lb..,d a weight of 200 lb., hi*, force of 40 lb. Kind 

the genetal relation between /' a„,l W, and the efficiency when raining 100 II,a. 

f*- i'« 1K+). Efficiency = 7 S 4 when rai.iiig 100 lb». e = J. 

IN. Kin,I the di.tanee to which |«twcr can be tran.initteti by abafting of uniform 
,1 ametcr. with a lo»» by friction tine to ita weight of rc-pcr cent., aaauming that the angle 
of tor.lon i» immaterial, and co efficient for strength 0,000 llai. |a-r »|„are inch. . 

If / be co efficient of friction, then the length of abafting i. l.'IJ . “ j„ f„. t . 
Rkfkuknurm. 

referreiu', 1 '" i " f ‘" rm ‘ tiu “ present chapter the reader ia 


Kknnmiv, Urrhauin of Mnrl.inrrii. Macmillan. 



CHAPTER XI. 

MACH INKS IN tiKNKIiAl, 

• 

129. Prrlimiimni Ilmmrkn. —In the motion of a machine the relative 
movements of the several parts are completely defined bv the nature 
of the machine, and the principal action consists in a transmission ami 
conversion of energy. Hence it is that the principle of work is of 
such importance in all mechanical operations that it is desirable to 
consider it as an independent fundamental law verified by daily 
experience. Even in applied mechanics, however, we have sometimes, 
to do with sets of bodies, the relative movements of which are not 
completely defined by the constraint to which they are subject, but 
partly depend on given mutual actions between them. When this is 
the case, the principle of work, though still of great importance, is 
not by itself sufficient to determine the motions. 

Again, if we w ish to study the forces which arise when the direction 
of a body x motion is changed, the principle ol work docs not help us. 
tor no work is done by such forces, for example, the position of the 
arms of a governor, revolving at a given speed, cannot be found, except, 
perhaps indircctlv. bv the methods hereto employed. W e then resort 
to the ordinary laws connecting matter ami motion, which form the. base 
of the science of mechanics, and of which the principle of work itself is 
often considered as simply a consequence. 

The present chapter will be devoted in the first place to a brief sum¬ 
mary of elementary dynamical principles, and afterwards to various 
questions relating to machines ami the forces to which they are subject. 

Skotiox l.—K lksikxtaky I'imm iim.ks ok Dynamics.* 

130. Quantity of Mater. Maw- The effect of an unbalanced force 

acting during a certain time U tut a piece of matter, is to generate a 

velocity r, which is proportional to 1‘ and t directly and the quantity of 

* The brief statement here mule of principles assumed in subsequent ai tides of the 
treatise is not intended as a substitute for a treatise on elementary dynamics. 
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matter inversely. When the three P is equal to the weight 11, as in the 
case of a body falling freely, the velocity generated in 1 is known to he 
//. ii here // is a number which varies slightly for different positions on 
the earth s surface (Art. 99), hut is precisely the)same for all sorts of 
matter. We may express this hy the equation 

W 

I’t = -r. 

9 

Since we use gravitation measures exclusively, the symbol If in this 
formula must be understood to mean tho weight of the piece of matter 
as compared with that of a standard piece at some definite place, as, for 
example, (Irecnwich Observatory. The weight If then varies according 
to tho actual position of tho piece of matter upon, above, or below the 
earth’s surface; but these variations are in exact proportion to cor- 
res]Hinding changes in the value of//, so that the quotient If p, 
commonly known (p. 200) as the Mass, furnishes a definite measure 
of the inertia and therefore of the quantity of matter in the piece. 

Tho quotient thus described as the “mass,” however, is not numeri¬ 
cally equal to the quantity of matter because the unit of measurement 
is different. The unit of mass is here derived from the unit of force, 
being necessarily a quantity of matter such that If In is unity, that 
is, the weight of the unit mass must lie ;/ units of force. Hut the 
weight of the standard piece at (Irecnwich is one unit of force, and 
therefore the unit mass is the quantity of matter in the standard 
piece multiplied by y„, the value of y at (Irecnwich. Now quantities 
of matter are practically determined by the process of weighing them 
against the same standard pieces as aro employed in measuring forces; 
the quantity of matter in the standard piece is therefore the unit of 
measurement. .So much is this the case that in ordinary language 
the terms “pound or “kilogramme’’ are used indiscriminately for 
force, or the matter on which force acta. 

The unit of mass then in gravitation measure, as usually defined, 
is the unit quantity of matter multiplied by ;/,,, and therefore, if /< 
lie the quantity of matter, and m the npuss, 



It is obvious that the value of g is an absolute measure of the 
quantity of matter, being independent of time, space, and the place 
where the weighing takes place: it is numerically the same as lf 0 , 
the force with which the quantity of matter g is drawn to the groqnd 
at Greenwich, for which reason the term “weight” in ordinary 
languago is used in the sense of quantity quite as often as in that of 
force. On the other hand, the value of m is a measure which is 
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only relative.to the numerical value of </„. Hence in gravitation 
measure, the word “mass" means the pnantitv of matter measured 
on a special scale, dependent on the. units of time, space, arid force 
adopted. ■ 

Some remarks on the “absolute " system of measurement employed 
by physicists, in which the mass and the nuantity of matter are 
identical, will lie found in the Appendix, hut as this system has 
not as ^yet been introduced into practice, either at home or abroad, 
it is unnecessary for the purposes of this work to dwell on the 
subject here. 

131- Iv/unUwi o] Moiitntiinu. (Vc/rj/in/u/ /■<,/•,,. l>cnoting, then, the 
mass by /», the equation connecting /', I. and r, becomes 
I'l I/O. 

The products l‘t, ntr are. called Imim (.stand MuMKNTI'M rcsprrtiwlv. 
and the equation may be written 

Impulse exerted Moment inn generated. 

A unit of impulse is unit force exerted for unit time, usually I lb. for 1 , 
a ipiuntity for which the expression “secoudpiound may conveniently 
lie used. If /* he variable, then impulse is calculated in the same way 
as the energy exerted by a' variable force (Art. fib), the abscissa 1 of the 
diagram now representing time instead of spare. 

The body we are considering may have a velocity at the commence 1 
incut of the time I, and the force may he partially balanced ; if so, r 
must lie understood to be the '/core nt velocity, and / the unbalanced, 
part of the force. 

So far, the epilation of momentum is analogous to the epilation of 
work, impulse representing the time effect ot force as energy rcpieseuts 
its space effect. There are, however, two inpsirtant ditierenees, which 
we consider in the present and next succeeding article. 

Change of kinetic energy arises from a change in the magnitude of 
the velocity irrespectively of direction, whereas change ot momentum 
must be estimated in the direction ol the lorce producing it, and includes 
change of direction, lienee the epuation is applicable when thedirection 
of the force is perpendicular to the direction of motion, so that the only 
effect produced is change of direction. The rate of change of velocity 
taken in the most general sense, is called Acceleration, and the epuation 
of momentum may also be written 

* ‘ /'-/a/; 

where I' is the acceleration estimated in the direction of the force. By 
taking the force perpendicular to the direction of motion we get the 
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equation which connects the curvature of the path of « moving body 
with the force It, which compels it to deviate from the straight line, 
namely, 

Ii- mr ', 

r 

where r is tho velocity and r the radius of the circle in which it is 
moving at tho instant considered. Sincq v/r is the angular velocity 
of the line in which the body is moving the formula shows that the 
deviating force is equal to the product of the momentum and tho rate 
of deviation. 

Like other forces this arises from the mutual action between two 
bodies: one of these is the moving body; tho other, the fixed body 
which furnishes the necessary constraint. If we are thinking of the fixed 
laxly instead of tho moving body, we call the force It the Centrifugal 
Force, being the equal and opposite force with which the moving body 
acts on the body which constrains it. The two forces together con¬ 
stitute what wo have already called a Stress (Art. I). To determine 
a stress of this kind it is necessary to refer the direction of motion 
to some laxly which we know may he regarded as fixed, and we 
are not at liberty to choose any body wc please for this purpose, as 
in kinomatical questions. What constitutes a fixed body is a question 
of abstract dynamics, into which wo. need not enter. For practical 
purposes the earth is taken as fixed. 

If a laxly rotate about a fixed axis the centrifugal forces, arising 
from the motion of each particle, will not balance one another unless 
the axis be one of three lines, passing through the centre of gravity, 
which are called the “ principal axes of inertia ” at that point. In most 
cases occurring in practical applications the position of these lines can 
he at once foreseen as being axes of symmetry. This is the case, for 
example, in homogeneous ellipsoids and parallelepipeds. In the com¬ 
mon case of a homogeneous solid of revolution, the axis of revolution, 
and any line at right angles to it through the centre of gravity, are 
principal axes. If tho axes of rotation laj parallel to one of these axes, 
but does not [hiss through the centre of gravity, the centrifugal force? 
reduce to u single force, which is the same ns ifi the whole mass were 
concentrated at the centre of gravity. In all other cases thero is a 
couplo depending on the direction of the axis of rotation, as well as 
the force just mentioned. (Ex'. U>, p. 291.) 

C 

132. Principle of Momni/nm. —Again, every force arises from the 
mutual action between two bodies, consisting in an action on one accom¬ 
panied by an equal and op|a>site reaction on the other. Hence, if we 
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understand by 'she total momentum of two bodies in any direction, the 
sum or the difference of the momenta of each, according as the Isslies 
move in the same or in the opposite direction, it appears that the total 
momentum will not bt> affected by the mutual action between the two. 
And more generally, if there be any number of bodies we shall have 
Total impulse exerted -.■Change of total momentum, 
where, in reckoning the impulse, we are to take into account external 
forces alqne, and not the internal forces arising from the mutual action 
of the parts of the set of laslies we arc considering. This equation 
expresses one form of what we may call the Principle of Momentum : 
other forms will be explained hereafter in connection with questions 
relating to fluid motion (Pari V.). 

The total momentum of a number of bodies may be reckoned by direct 
summation, with due regard to sign, but it may also be expressed in 
terms of the velocity of the centre of gravity ; for, let in be, the mass of 
any particle of the system, the ordinate of which, reckoned from a given 
origin parallel to a given line, is x ; also, let -mx denote the sum of all 
the separate products nu, for all the particles of the system, and let Al 
be the total mass, then we know that the ordinate of the centre of 
gravity * is given by the formula 

-mx. 

' ''' M ' 

Let the velocity of a particle parallel to the given line he «, then if 

/.„ be the ordinates at the beginning and end of 1" we shall have 
a 

Hence if u be the velocity of the centre of gravity parallel to the same 

-nl(s„ - jr,) -mil 

" ''' . 1 / 1 / ’ 

which equation may be written 

Mu -- -mu, 

showing that the total momentum of the system is the same as if its 
total mass were concentrated in its centre of gravity. We conclude 
from this that the motion of tin* centre of gravity can only be influenced 
by external forces and not by any action between the [tarts of the 
system. * 

133. Internal and External Kiuehr Energy.—If we multiply the 
equation just obtained by 2« and rememlier that u being constant may 
be placed within the sign of summation, we obtain 
VMu 1 - -m . ‘luu,, 

•Celled more correctly by Young "the centre of inerti»” unit by modern writerr 
on mechanic* the “centre of nuts*,'' or more briefly the “centroid.” 
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which, adding Amt/- to each side and re arranging thA terms, may he 
written 

Mu 2 + Urn (a - u) 1 = -mu-. 

Thin in triui in whatever direction the velocities'are estimated, and we 
can therefore write down two similar equations for the velocities in two 
directions at right angles to the first. Now the resultant of three 
velocities at right angles is the square rijpt of the sum of the squares of 
the components, also a « is the velocity parallel to r relatively to the 
centre of gravity ; hence if U he the resultant velocity of the centre of 
gravity, », r the velocities of any particle relatively to the body regarded 
as fixed and relatively to the centre of gravity respectively, we have, 
adding the three equations together, and dividing by 2, 

\MU- + ~kmt° 21,i/ir'-’. 

The first term on the left-hand side of this equation is what the energy 
would be, if the whole mass wero concentrated at its centre of gravity, 
a quantity which may be described as the External Energy, or otherwise 
as the Energy of Translation of the system. The second term is the 
energy relatively to the centre of gravity considered as fixed, which 
may lie called the Internal Energy. The right hand side is the total 
energy of motion, and we see therefore that this is the sum of the 
internal and external energies. In the ease of a single rigid body the 
motion relatively to the centre, of gravity is always a rotation about 
some axis, and therefore 

Energy of Motion Energy of Translation + Energy of dotation, 
a principle already employed m a preceding chapter (p. 202). 

In the case of a set of rigid bodies the internal energy is the sum of 
the energies of rotation of each together with the internal energy of a 
set of particles of the same mass occupying the centres of gravity of the 
bodies and moving in the same way. . 

134. Examples of hirmiipli'tr Cimstniiiit. In the cases which occur in 
applications to machines and structures we usually have to consider two 
lies lies moving in straight lines without, rotation. 

Cask I. Heroil of u Own. When a cannon is fired the shot is pro¬ 
jected and the cannon recoils with velocities dependent on the relative 
weights of the shot, t he cannon, and the charge of powder. 

Here, the motion is due to the pressure of the gases generated by 
the combustion of the jiowder one way on the shot, the other way on 
the cannon. If the inertia of these gases could be neglected /hese 
pressures would be exactly equal at each instant and would cease as 
soon as the shot left the bore. The impulse exerted on shot and 
cannon would then be equal. In fact, the inertia of the powder gases 
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causes the presume to be greater and to last longer on the cannon than 
on the shot, so that the impulses on the two are not nearly opinl. For 
the present we shall neglect this, and shall further suppose that the 
material of both shot and gnu is sensibly rigid. 

In general, recoil is checked by uu apparatus called a “compressor, 
which supplies a gradually increasing resistance to the backward move¬ 
ment of the gun, while friction and the resistance to rotation ol the 
shot resist the forward movement of the shot. In the first instance 
suppose there are no such resistances, let V be the velocity ol recoil 
and M the mass of the gun, r the velocity and m the mass of the shot : 
then, since the impulse exerted is the same for both, 

MV me. 

Further, if the weight of the charge and the amount ot work I lb. ol 
it is capable of doing be known, the explosion will develop a definite 
amount of energy (E) which will be all spent in giving motion to the 
shot and the cannon. 

Energy of Explosion 1.1// ’ + l""'- 
Here E is the sum of two parts - 

. 1 / 

Energy of Shot ^ J'-. 


* III 

Ktwr^y ufKmnl ^ { J'- 

The energy of recoil has to be absorbed by the compressor, usually an 
hydraulic brake, which will be considered hereafter (see I’arl \ 

Cask II. Ciillision of /Ws.- When two vessels come into collision 
an amount of damage is done depending on the size and velocities of 
the vessels. 

Here we may suppose the vessels moving in given directions with 
given velocities; let the velocities parallel to a given line be and 

the masses m„ m,, then, as in Art. IT!, the velocity of the centre of 
gravity parallel to the same lii^e is 


in.ii, + in..11., 

• "" in,+ iii., ’ 

and therefore the velocities of the vessels relatively to their common 


centre of gravity must be 

* v. - u -- i 11 -> ~ 11 

• 1 


«i(V' «,) 

//t, + M., 


Two similar equations may Vie written down for the velocities in a 
direction at right angles to the first. Square and add corresjionding 
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equations, multiply by hi,, and add the pair ofsproducts, then 
(Art. 133) 

Internal Energy =!,. m, ~- V- 
w • m, + wi 2 ;’ 

where V is the velocity of either vessel relatively to the other, a 
quantity found immediately from the givon velocities of the vessels 
by moans of a triangle of velocities. 

The total kinetic energy of tho vessels is found by adding the 
energy of translation. As, however, this quantity cannot be altered 
by the collision, it is clear that the amount of work done must 
depend on the internal energy alone: we,may properly call it there¬ 
fore the “energy of collision.” If the displacements in tons of the 
vessels be IF.,, we shall have, in foot-tons. 

Energy of Collision ----- J! ^,r. ■ ---. 

II | + II'lii 

It is not, however, to be supposed that the whole of this is neces¬ 
sarily expended in damage to the vessels ; if the circumstances of 
tho collision be such that the vossels, oven though completely devoid of 
elasticity, would have a motion of rotation or a velocity of separation 
of their contrcs of gravity, then the corresponding internal energy 
must be deducted. Also the influence of tho water surrounding the 
vcssols has been left out of account; this somewhat augments the 
effect by increasing the virtual mass of the vessels. 

The same formula may lie used for other cases of impact, but 
the effects of impact depend so much on tho strength and stiffness 
of the colliding bodies that the subject cannot be further considered 
hero (Oh. XVI.). 

Cask 111. Free Ilulution.- If the axis of rotation of a solid be free 
to move, it will shift its position as .already stated unless tho axis 
be one of tho principal axes of inertia: but if it bo a princi|ial axis 
it will remain fixed in direction unless external forces act upon it. 
When the solid rotates rapidly it offers a considerable resistance to 
any change of direction of its axis wlpch can only bo overcome by 
the action of forces which have a moment about an axis inclined 
to tho axis of rotation. In consequence a body in rapid rotation 
may possess considerable stability in circumstances where in the 
absence of rotation equilibrium would bo impossible. The principle 
is important and has many applications, the well-known gyroscope 
being a common example. The question, however, requires a gon- 
siderable amount of explanation to render it intelligible, and the 
limits of this work render it impossible to do more than mention 
it here. The theory of the gyroscope is given in a clear and simple 
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form by Profbssor Worthington, in a small treatise referral to at 
the end of this chapter. - 


.SkitkiN II.- l!m;n.ATOits .txn Mktkh.v 

135. Pi'diudmiij Jli'iiinih. ltrrulriiui l‘emln!im:. Centrifugal forces 
may be employed iti machines to do work bv energy transmitted from 
a source, or derived from the kinetic energy of tint moving parts. 
Sometimes the work thus done is the object of the machine, tin in 
certain drying machines where the substance to lie dried is caused 
to rotate with great rapidity so that the fluid is expelled at lint outer, 
circumference: or, partially, in centrifugal pumps. More frequently 
they serve to move a kinematic chain connected with a shifting piece 
which regulates the s|K)ed of the machine. Such mechanisms are 
called Centrifugal Regulators nr, more briefly. Governors. 

In Fig. 112 V is a heavy particle 
attached by a string to a fixed point 0 
and revolving in a horizontal circle the 
centre of which is N vertically below 0. 

This will be possible if the centrifugal 
force due to the motion of the particle 
is equal to the horizontal component . 
of the tension of the string. I.et N lie / 
that tension, II’ the weight of the ' 
particle, and let the string make an 
angle ff with the vertical, then the 
horizontal and vertical components of S arc 

X-S. sin tf; IV ■ - S. cos d, 

Let. A be the angular velocity oftfce revolving particle, then it is shown 
in works on elementary dynamics that the centrifugal force i» 

II' 

'I 



X 


■ A-. y.v. 


Equating these values of A* and eliminating .S'. 

VA'. 


• //'. tan 0- 

Since QN= ON. tan 6, this reduces to the simple formula 
ON ~ 


<1 

" A-' 


which shows that the vertical distance of Q below the [mint of sus¬ 
pension depends oti the speed, not on the length of the string or the 
magnitude of the weight. 
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This distance is called the “ height ” of the revolving pendulum, and 
will be denoted by h. If / lie the period, that is the time of a complete 
revolution, we find, since Al-’lir, 



t 


showing that the period is the same as that of a double oscillation of a 
simple pendulum of length h (see Art. 103). The height of a simple 
revolving pendulum may, as already explained in Art. 101 (p. '.’01), 
often be conveniently adopted as a measure of a speed of revolution. 
It is iiivrrxi'l/i proportional to the »/«<»« of the speed being given in 
inches at n revolutions per minute by the equation 


/i = 


3o,23g 

ii- 


Instead of supposing the string attached to a point 0 in the axis of 
revolution, we may suppose it attached to a point A’, rigidly connected 
by a cross piece A'A', with a revolving spindle ON. The same reasoning 
applies, 0 being now an ideal point, found by prolonging the string to 
meet the axis. The height of the pendulum is still ON, and is found 
by the same formula. 


136. Sjii'n/ of n Hmv non' tu ornriiini: ijimi Frii'tiniutl Ilrsistanra*. 
haul'd (iiimnnrs. In the simplest centrifugal governors two heavy 
balls are attached to arms, which are jointed either directly to a 
revolving spindle, or to the, ends of a cross-piece attached to a 
spindle. Motion is communicated by litlks from the arms to a piece 
sliding on the spindle, the movement of which is communicated bv 
a train of linkwork, either to a throttle valve directly controlling 
the supply of steam, or to an expansion valve which regulates the 
cut-off. In either ease an upward movement of the anus has the 
effect of diminishing the mean effective pressure, and a downward 
movement of increasing it. Two forms of this mechanism are shown 
in the figures of Plate VI.: in one of these (Fig. 1) the weight of the 
sliding piece is increased by a large additional weight, the governor 
is then said to be loaded: while in the other (Fig. the armB cross 
each other, the spindle being slotted, or the arms bent to permit 
this. The object of these arrangements we shall see presently. 

If now the speed of revolution be increased or diminished, the arms 
move outwards or inwards, and so adapt the moan effective pressure to 
the work which is being done, if there were no frictional resistances 
the smallest variation of speed would produce a corresponding motion 
in the arms; but, as the linkwork mechanism necessarily offers a certain 
resistance, motion cannot take place until the change of speed has 
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reached a certain magnitude, which is smaller the more sensitive the 
governor is. These frictional resistances are measured by a certain 
addition to, or subtraction from, the weight of the a 
sliding-piece, which night lie determined experiment 
ally, and therefore will be'supposed a known tpian 
tity F. We first investigate what change of speed 
will be necessary to overcome them. 



Fig.ns. 


In Fig. 113 AQli is a (Wangle revolving about A It 
which is vertical, a heavy particle is placed at Q, and 
the weights of the liars AQ, HQ are small enough to 
he neglected. If the triangle revolve at a speed cor¬ 
responding to the height .7A'of a simple revolving 
pendulum AQ, there will be no stress on IKJ, but if it lie greater or 
less there will lie a pull or thrust, the magnitude of which is determined 
thus: — 

Set up NO equal to the height due to the revolutions, and join 
(JO. Then it appears from what was said in the last article that 
if NO lie taken to represent the weight IF of the |iarticlo, NQ will 
represent .V the centrifugal three, and therefore the resultant force 
on Q must lie represented hv (JO. Through 0 draw 0/ parallel to 
HQ, then QOZ is a triangle of forces for the joint (J of the. triangular 
frame AQH, so that (JZ, OZ must represent the stresses on AQ, HQ 
respectively. For our purposes we require the vertical rouqxihent of 
the stress on the link HQ, which is obtained by drawing Zt, horizontal: 
OL must he the force in question which we call T. In the Figure T 
is an upward force, 0 being below A, and the speed of revolution 
therefore great. In this construction the links need not he actually 
jointed to the spindle AH', they may, as in the simple pendulum, 
be attached to the extremities, of cross-pieces fixed to AII. A and 
H are then ideal points of intersection of the links with the axis 
of rotation. 

In general AQ and HQ are equal ; we may then obtain a simple 
formula for T. Let NO = h, jj quantity given by the same formula 
as before for a given speed, and let AN, the actual height of the 
governor, bo denoted by //, then OA = // - A; but in the ease supposed, 
OA m \10L , therefore 

■>T= IF hv,ll. ^ 

■ h ’ IF+iT 

fornjulffi which give the pull for any Bpeed, and conversely the speed for 
which the pull will have a given value. In practical applications there 
are always two balls, so that if IF l»e the weight of one, ‘IT will be the 
pull due to both. 

C.M. s 
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We can now find within what limits of speed the mechanism can he 
in equilibrium. Let w be the weight of the sliding-piece B, inclusive of 
any load which may be added to it, h the height due to the speed at 
which there is no tendency to move the arms, It,, A 2 , the heights due to 
the speeds at which they are on the point of moving upwards or down¬ 
wards respectively, then 


/-, - II 


iv 

tV +H+ F 



the limits for which rest 


, tV , „ W 

tV + vi - Ir +10 - r 
In general F will be small compared 
with IV + v, and then we have very 
approximately, 


These results show that loading a 
governor gives it a power of over¬ 
coming frictional resistances which 
would otherwise require a weight of 
ball equal to the sum of the load and 
the actual weight. Light balls may 
therefore be used as in the figure 
(I’lnte VI.) without sacrificing power, 
as the load may be made great with¬ 
out inconvenience. The speed of a 
loaded governor is greater than that 
of a simple governor of the same 
actual height, as appears from the 
formula for It. it may be altered at 
pleasure by altering the load. This 
arrangement is known as Porter’s 
governor, from the name of the in¬ 
ventor. 


137. Variation of Height of a Pendu¬ 
lum Governor Igi a Change of Postilion of 
the Arms .—Next suppose the speed to 
alter so much that the arms actually 
change their position, then if II re¬ 
mained the same, the tendency to 
move would also be the same, and the 
movement must therefore continue 
until the speed is brought back within 
is possible. In the ordinary pendulum 
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governor, however, Ii alters in a way which depends on the mode 
of attachment and arrangement of the arms, as will appear from the 
annexed diagram (Fig. 114] which shows three cases. 

In the centre figtiFe the arms are jointed to the spindle so that 
their centres of rotation are in the axis, in the. two others they are 
jointed to a cross-piece. KK. but differently arranged in the two 
cases. In all three, as explained in the preceding article, the height 
H is measured to A, the real or ideal intersection of the arms with 
the axis ol rotation. 

Suppose the arms to move from position 1 to (Ktsition - in the 
figure; 11 diminishes to 11', hut the amount of diminution is different, 
in the three cases: in the right hand figure it is greatest, and in the 
left-hand least. Indeed in the latter case where the arms are crossed 
it is possible by making KK long enough, to change the diminution 
into an increase. (Ex. 4, p. t'8‘1.) If then, bv an increase in the 
speed, the arms move into a new position, the speed required for 
equilibrium does not remain the same but increases, so that, when the 
adjustment has been effected between the energy ami the work, the 
8peed is increased, instead ol being the same as before. ((inversely, 
after adjustment to suit a diminished s|ieed, the speed actually attained 
is diminished. Thus the effect of the. variation in 11 is to widen the 
limits within which the speed can vary. 


138. 1‘iimbolir (im'iriioif. —A governor may la' constructed in which 
// does not vary at all. 

In Fig. lift (j is a ball resting on a curve CC attached to a vertical 
spindle. The curve lies in a vertical plane. j! 

and l) is the lowest point. When at rest Fis.ns. j! 
the ball cun only be in equilibrium at !>, jj A 

but, if the spindle revolve, it may rest at ,• |j 

another point, the position of which depends £ j: 

on the speed of revolution. If the curve be q q / I, c 

a circle we have only the poqdulum gover- v 0 jj N 

nor in a different form, for, drawing the jf D 

normal QA and the perpendicular (jS, A N 

will be a point to which Q might be attached by a string and the curve 
removed. Hence, AN must lie equal to h, the height due to the 
speed of revolution. But if the curve be not a circle the same thing 
mu$t be true, only A is now not a fixed point; hence in every case 
the sub-normal AN of the curve at the point of equilibrium must 
be equal to A. In general this geometrical condition determines one, 
and only one, position for a given speed; but if the curve be a 
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parabola with vortex at I), AN will be constant, and therefore Q 
will rest in any position for one particular speed, but for tower speeds 
will roll down to It, and for higher speeds will move upwards inde¬ 
finitely. Wo have here a governor for wlrich^ neglecting frictional 
resistances, only one speed is possible. Such a governor is said to 
be “ isoc hronous.” 

The curve arrangement is inconvenient for constructive reasons, but 
if it be replaced by u linkwork mechanism 'the ball still moves in a 
parabola. An isochronous governor is therefore often said to be 
“ parabolic.” The term is preferable, for no governor is actually 
isochronous on account of frictional resistances. A pendulum governor 
is much more nearly parabolic when the arms are crossed, and by 
properly taking the length of the cross-piece (Ex. 4, p. 2811) it may be 
made exactly parabolic for small displacements. This arrangement 
is called Parent’s governor from tho name of the inventor. 

139. Stability of (rommn. -U the curve VC be not a parabola II, 
which in this case is the sub-normal, will diminish or increase as the 
hail Q moves outwards. Take the first caso and suppose Q in equi¬ 
librium at a certain point when the speed of revolution has a given 
value. Let Q now lie moved up or down, then, if released, it will 
not remain at rest, but will return towards its original position and 
oscillate about it, or in other words tho equilibrium of Q is stable. 
A governor possessing this property is described as “ stable,” and its 
stability is greater the quicker It diminishes. Similarly when II 
increases for an outward movement of the balls the governor is 
“unstable," and a parabolic governor may properly bo described as 
“ neutral.” 

A certain degree of stability is necessary for the proper working 
of a governor, and the amount required is greater the greater the 
frictional resistances. For assuming tho revolutions at which the 
machine is intended to work to be «, the balls commence to work 
outward at the speed «+/, where x hj a small quantity depending 
on the frictional resistance. After starting, the frictional resistances 
are not increased, but on the contrary will somewhat diminish; 
and, in a neutral governor, the balls therefore move outwards with 
increasing speed until by alteration of the regulating valve the 
supply of energy is diminished and the speed of the machine lessened. 
This change however requires time, and besides the balls are in 
motion and have to be stopper!. The consequence is that they move 
outwards too far, and the supply of energy being too small the 
revolutions diminish to n - x, the speed necessary to move the balls 
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inwards, notwithstanding the frictional resistance. Thus the motion 
is unsteady, the halls oscillating, and the speed fluctuating, between 
limits wider than a + a* without ever settling down to a permanent 
regime, an action known as “hunting/' 

The oscillation of the balls may be checked by a suitable brake, but 
it is preferable to employ a governor |Missessing a moderate degree 
of stability ; the tendency to move the balls then diminishes as Siam 
as the .balls move, and they stop before moving far. Tim greater 
the frictional resistances the greater is the change recpiircd to enable 
the balls to return at once it they have moved too far for equilibrium. 
An important characteristfe therefore of a good centrifugal governor 
is that the stability be capable of adjustment to suit the frictional 
resistances. Certain forms of compound governors, as for example 
that known as the “cosine,” fulfil this condition and can, probably, 
be made more |>crfeet than the simple pendulum governor. It should 
also be remarked that a governor should not be so sensitive as to bo 
called into action by the changes of speed in the course of a revolution 
consequent on the fluctuation of energy of the moving parts. These 
changes arc regulated by the fly-wheel as already fully described in 
Oh. IX. 

All such mechanisms are however imperfect in principle, for they 
cannot come into operation till a certain change of speed has actually 
existed for a perceptible length of time. Where the changes of 
resistance are sudden and violent the best governor will scarcely 
prevent violent fluctuations in speed. In screw vessels, where this 
difficulty is much felt, it has been proposed to employ an auxiliary 
engine rotating against a uniform resistance; any difference of speed 
of which and the screw shaft immediately shifts the regulating valve. 

140. Brakes .—In order that a machine may be under complete 
control when the changes of resistance are sudden and violent, and 
especially when it is required to stop it, it is not sufficient to cut 
off the supply of energy, buf it is necessary in addition to have 
some means of absorbing the energy stored in the moving parts. 
An apparatus for this purpose is called a Brake. The surplus energy 
may in some cases be stored bv springs or an elastic fluid, and 
subsequently applied to useful purposes; the brake is then combined 
with an accumulator. In general, however, this cannot conveniently 
be accomplished and frictional resistances are then employed to 
convert the energy into heat, which is dissipated by radiation and 
conduction. When the amount to be disposed of is not too great 
the friction of two solids pressing against one another may be used 
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for the purpose, but care must he taken to provide sufficient surface 
to prevent temperature from rising too high during the process. 
A brake of this class is generally applied to a rotatory wheel or 
drum, and consists either of a solid block of w&od or metal pressed 
against tho wheel by some suitable mechanism, or else of a strap of 
metal often lined with small blocks of wood embracing the drum 
and tightened by a lever or otherwise. Three common forms are 
shown in Plate VII., two of these are used as dynamometers, and 
will be referred to again presently. 

The most powerful brakes however are those in which hydraulic 
resistances are employed, some examples 'of which will be found in 
a later chapter. 

In tho “cup governor,” invented by Dr. Siemens,* a regulator 
and an hydraulic brake are combined. A cup containing water 
rotates within a cylindrical casing; at low spoeds the water remains 
within tho cup, but as soon as the speed exceeds a certain limit 
centrifugal action causes it to |iour over the edge of tho cup into 
the space botweon tho cup and tho casing. A set of vanes attached 
to the cup rotate between fixed vanes attached to the casing, and 
break up the descending water, which re-enters the cup by an orifice 
in the bottom. There is then a great resistance to the motion of 
the cup which absorbs surplus energy. Some other forms of governor 
will be considered hereafter. 

141. Dijmiwinrlert.- Mechanisms employed for the pttr|>ose of 
measuring physical quantities, such as time, speod, etc., are called 
generally Meters. Tho subject is very extensive, and would require a 
complete chapter to deal with oven in outline. Wo can only notice 
here very briefly the apparatus used for tho measurement of Power, a 
class of instruments known as Dynamometers. They are of very 
various construction, the most common being those in whieh tho instru¬ 
ment measures the driving effort while the speed is independently 
determined and the power thence obtained as in Art. 97, page 193. 

(1) In Pig. 4, Plate III., page 141, a common form of “ transmission ” 
dynamometer is represented. A shaft transmitting {lower is divided 
into parts and bevel wheels Bl) attached to each. A lever A turning 
about an axis concentric with the shaft in a plane perpendicular to it 
carries bevel wheels C, gearing with BD, through which the power is 
transmitted. If A be held fast a couple will be required to prevent it 
turning, which is just twice the driving couple being transmitted, and 
hence if a weight sliding on A, as shown in the figure, be so placed by 
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trial that A joist remains horizontal the driving couple in question will 
be determined. Hence the revolutions of the shaft being known the 
power can be found. 

(2) Two shafts being connected by a belt some arrangement may be 
adopted by which the difference of tensions of the two aides of the lielt 
is measured, and thus the driving effort being transmitted may las 
determined. For example, in the apparatus employed by Fronde and 
Thorneycroft to measure the power required to drive a model screw 
propeller the two sides of the belt pass round pulleys mounted at 
opposite ends of a lever turning about a fulcrum at the centre. The 
force required to prevent the turning furnishes a measure of the 
difference of tension. 

(3) In Fig. 1, Plate VII., a “friction dynamometer” is represented in 
one of the various forms in which it is applied. .1 is a lever from which 
a weight is suspended, It is a block fixed to A, which rest on a revolving 
drum. A strap passes below the drum and is tightened by the nuts 
.Y.V till the friction just balances the weight, which in its turn is adjusted 
by trial till it just balances the driving couple tending to turn the 
shaft. Stops arc provided to prevent the lever from moving except 
within narrow limits, and when the adjustment is perfect the lever 
remains horizontal without resting against either stop. Here the 
driving couple and consequently the power are determined us in the pre¬ 
ceding example, from which it only differs in the way in which the 
[tower is employed. Instead of being transmitted to a machine which 
is being driven it is all absorbed by a friction brake which replaces the 
machine for the time being. A modification is shown in Fig. 2, in which 
the strap [tasses over a wheel and is tightened by a su8|>endcd weight, 
the difference between which and the tension of a spring balance, to 
which the other end of the strap is attached, measures the driving 
effort. 

In both these forms of friction dynamometer any variation in the 
driving effort requires a corresponding adjustment. The more complex 
form shown in Fig. 4 is provided with a compensating lever It lit , 
which tightens the friction stray) embracing the wheel when the driving 
effort is great and Isosens it when the effort diminishes. A self¬ 
acting adjustment is thus obtained, but the pressure of the fixed pin D 
fitting into a slot in the end of the lever renders the indications 
inaccurate, and the error may be serious unless special care is taken. 

J4) In both the preceding cases the driving effort and the s|>eed of the 
driving pair are constant, but in the indicator universally employed to 
measure the power of steam and other heat engines we find an example 
in which both vary. The driving effort is now measured for each 
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position of the piston ami a curve drawn which represent it; the area 
of this curve will ho the work done per stroke, and divided by the 
length of the stroke will give the mean driving effort. This will lie 
further explained in Fart V. 


Suction III.—Ktiiainino Actions on tiik Parts ok a Machink. 

142. 1'imimimim of Sin** in Maehinen.—We have seen (Art. 94. 
p. 1K9) that a mechanism becomes a machine if certain links are added 
capable of changing their form or size, and so producing forces which 
tend to move the mechanism combined with other forces which resist 
the motion. Each link so added exerts equal aud opposite forces on 
the elements it connects, and for a pair of forces the general word 
“Stress” may be used, which has already )>een employed in Article 1 
in the vase of the bars of a framework structure. 

Whon the machine is at rest the forces, being all in jrairs, balance 
each other, and have no tendency to move the machine as a whole. 
For example, in the direct-acting vertical engines represented in Fig. 1, 
Plate I., page 109, the driving link is the steam, pressing with equal 
force, one way on the cylinder cover, and the other way on tho piston ; 
the working link is the resistance to turning of the crank shaft, which 
exerts equal and opposite forces, one way on the crank, the other way 
on the frame which carries the crank-shaft bearings. The steam pressure 
and the working resistance may each be described as a “ Stress.” The 
forces which make up the stress are transmitted from the piston through 
the connecting rod to tho crank, and, in the opposite direction, from the 
cylinder cover through the frame to the crank shaft. The horizontal 
pressure of the cross-head on the guide-bars is in like manner balanced 
by tho equal horizontal thrust of the connecting rod on the crank pin, 
comhinod with tho moment of the working resistance. 

So in every machine, when at rest, or moving slowly and steadily, the 
stress is transmitted from the driving pair to the working pair, not only- 
through the movable parts of the machine, but in the opposite direc¬ 
tion, through tho framing; and this is a circumstance which must be 
always borne in mind in designing the framing. -Thus, id our example, 
the steam cylinder and crank-shaft bearing must be rigidly connected 
by a frame strong enough to withstand the total steam pressure, and, 
in addition, the bending due to the lateral pressure on the guide bars. 

We have here one of the simplest examples of the transmission of 
stress; whether in a machine or in a structure it always takes place 
in a closed circuit. 

If the driving pair and the working pair arc the same, and acted on 
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by the sanity stress, the whole state of stress is the same for all the 
mechanisms which are derived by inversion from the same kinematic 
chain. All such mechanisms arc therefore statically as well as kine¬ 
matically identical; it is only when we consider machines in motion, or 
the straining actions due to gravity, that it is necessary to consider 
which link (if any) is fixed to the earth. For example, the only differ 
cnce between the direct-acting engine of Fig. 1, and the oscillating 
engine^of Fig. 4, Plate I., is that the working pair is HA in the first 
and HC in the second. So again, in Plate 111., the only difference 
between the water wheel of Fig. and the horse gear of Fig. .'t is in 
the nature of the driving l ; nk, which in the first case is gravity acting 
on the falling water, and in the second a living agent. 

A striking example of the balance of forces in a machine occurs in 
the hydraulic riveting machines. Here the working pair is a small 
hydraulic cylinder and its ram, between which the rivet is compressed. 
This cylinder is suspended from a crane by chains, anil can be moved 
into any position, as it communicates with the. accumulator (Part V.) 
by a flexible pipe. Any portable machine, however, is an example of 
the same kind : ntachinos which require foundations have no complete 
frame apurt from the solid ground which connects their [sirts together. 

143 Ihrersal cf Alress .—In many machines the direction in which 
stress is transmitted through one or more of' the moving parts is 
reversed in the course of the period. For example, in a double-acting 
engine of the ordinary type the piston rial and the connecting rod are 
alternately in compression and tension as the crank turns through a 
revolution, .Such a reversal of stress is a cause of shocks which, though 
they may individually be small, yet from the rapidity with which they 
recur at high speeds are ultimately destruct ive, and require in any case 
to be carefully considered in the design. 

Suppose a crank which is rotating uniformly to lie connected by a 
rod with a reciprocating piece such as a piston, but in the first instance 
let there be no steam admitted to the cylinder. When the piston is at 
the end of its stroke it is at rest, and has to be set in motion ; it con¬ 
sequently drags on the crank with a force which we have already 
investigated in Art. 109, p. 224. As the piston moves onwards the 
drag diminishes and becomes zero near the middle of the stroke at the 
point where the velocity of the piston is greatest. In the second half 
of the stroke the piston is being gradually reduced to rest, and conse¬ 
quently presses against the crank pin and drives the crank, thus 
reversing the stress on the rods. A small amount of play is necessary 
for the purposes of lubrication between the crank pin and the brasses 
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into which it fits, and consequently at the instant of reversal a “ knock ” 
occurs, thus damaging the bearing surfaces and wasting energy. The 
intensity of a knock of this kind depends on the acceleration of the 
moving piece, and would be small in the Case here supposed where 
there is no steam admitted to the cylinder, so that reversal occurs in the 
middle of the stroke. Next imagine steam admitted to the cylinder in 
the usual way, then, as already described fully in the article cited, 
the pressure on the crank pin is due to the difference between the 
steam pressure and the force called into play by inertia, and the effect 
is that reversal occurs at or near the ends of the stroke. If the speed 
bo moderate and the moving parts light, the knock will occur at the 
ends of the stroke, and if the steam be suddenly admitted and there be 
no compression, will be of considerable intensity. It may, however, be 
much diminished by “ cushioning,” that is, by closing the exhaust port 
before the end of the return stroke and thus enclosing in the cylinder 
a mass of steam, the compression of which behind the returning piston 
furnishes a force which, by its increase, gradually diminishes the stress 
and rentiers the reversal at admission less violent. At very high speeds 
or with heavy moving parts reversal occurs after the stroke has 
begun ; as shown by the point K on the dotted line I.'CL' shown 
in Fig. 100, p. 225, the effect of roversal in the absence of cushioning 
is then not so groat as if -it occurred in the absence of cushioning 
at the ends of the stroke. Heavy reciprocating parts may therefore, 
under certain circumstances, be advantageous. 

When the speed is excessive the forces called into play by inertia 
are so great that reversal must be avoided altogether. For driving 
a fan or some similar purpose a small engine of throe inches stroke 
is sometimes run at 1000 or oven 2000 revolutions per minute ; on 
making the calculation by the formula of page 224 we find that the 
force I’ necessary to start the piston is now 150 times its weight, 
and the shock at reversal necessarily great. If the engine is made 
single acting, rovoraa! can bo prevented entirely by cushioning. In 
the Willans high speed ongino the piston rod prolonged moves as a 
plunger in an independent cylinder containing air, which serves as 
the cushion, an arrangement which admits of any compression being 
used in the steam cylinder, which may for other reasons be convenient 
or economical. 

The speed in the foregoing case is limited by the amount of 
cushioning employed, and this is also the case in cam mechanisms 
with force closure, such as have already been discussed in Ch. VI. 


144 . Stability of Machines. Balancing,—\n a machine with recipro- 
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eating parts the balance of forces (Art. 142) is destroyed by their 
inertia when the machine is in motion, and, in consequence, the 
machine must lie attached to the earth or some massive structure by 
fastenings of sutticienl strength. The straining actions on these fasten 
ings will now be briefly considered. 

Taking the case of a direct-acting horizontal steam engine, let /' 
be the total pressure of the steam on the cylinder cover, then the 
pressuws (/'') transmitted to the crank pin is not equal to but there 
is a difference (.S'), given by the formula (Art, 109, p. 221): neglecting 
obliquity, 

n i- 

h 

This difference will be a force acting on the engine as a whole, and 
straining the fastenings. The direction of this force is reversed twice 
every revolution, and its maximum value is obtained by putting 
x = a in the above formula. In slow moving engines the value of 
S is small, but at high piston speeds it becomes very great, and 
must be carefully provided against, especially when, as in locomotives, 
the engine cannot be attached to the ground. 

Fig.in. 


.._m» 


- t-P 

In most cases there are two cranks at right angles, and therefore two 
forces S, ,S" given try the equations 

5-r.“.coa0; S' -■ .mn«, 

where 6 is the angle the first crank makes with the line of centres. 
These two forces are. equivalent to a single force (Fig. 116), 

Q = S + S'=U r . “(sin 0 + cost/), 

acting midway between them, and a couple 

L~(S-S’)c~ /r.*.e(co8 0-8in0), 

where 2c is the distance apart of the centre lines of the cylinders. 1 he 
total effect therefore is the same as that of a single alternating force 
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combined with an alternating couple, which tends to tlfhi the engine 
as a whole about a vertical axis. Tho maximum values are 





and they are each reversed twice in every revolution. 

In locomotives this action produces dangerous oscillations at high 
speeds, and must therefore be counteracted by the introduction of 
suitably placed balance weights, so as to 
neutralise both the force and the couple. 
Fig. 117 shpws a projection on a ver- 
R tical plane of the two driving wheels 

' and their cranks. On each wheel a 
balance weight is placed, occupying a 
segment between two or more spokes. 
The contro of gravity of each weight is in 
a radius nearly, but not exactly, opposite 
the noarcr crank, the angle of inclination 
to the bisector being an angle i somewhat less than 45". If H 
lie tho weight, r the radius of the circle in which its centre of 
gravity lies, 


Fig.m. /R 



is its centrifugal force; and by rightly taking the values of II and i the 
horizontal components of these forces derived from the two balance 
weights may bo made to counteract both the force and the couple 
(Ex. 10, p. 290). In practice the weights are fixed approximately by 
a formula derived in this way. nnd the final adjustment is [icrformed 
by trial. The engine is susjiendcd by chains, nnd its oscillations, when 
perfectly adjusted, are very small even at very high speeds. 

In high speed marine engines similar forces arise, of great magni¬ 
tude, which must add considerably to the strain upon the fastenings, 
and which are now known to be the principal cause of vibration of the 
vessel. The question of balancing these forces has therefore become 
. of great imjiortance, and we shall recur to it hereafter. 

When the speed of a machine is excessive, we have already seen 
that reversal of stress must be avoided, and besides this the greatest 
care is necessary that the axis of rotation of each rotating piece 
passes through its centre of gravity, and coincides with one of the 
axes of inertia of the piece (Art. 132). The magnitude of the forces 
which arise, in case of any error, may be judged of from the results 
of Exb. 13,16, pages 290, 291. The vibrations due to these forces will, 
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however, in seme cases he greatest at some particular speed -dtqiend- 
ingon the natural period of vibration of the frame of the machine - 
which could only be determined by trial, (t'h. XVI.) 

In similar machines the forces due to inertia will lie in a fixed 
proportion to the weight of the pieces, when the revolutions vary 
inversely as the square root of the linear dimensions of the machine. 

144a. Stabilit/i of Miultiiw s (cwilinunl). The pressure on a piston 
necessary to overcome the inertia of a connecting rod has already laien 
investigated, but to complete the subject it is now desirable to study 
the relation which exists between the pressure thus found and the 
horizontal momentum of the reciprocating parts upon the change of 
which the disturbing forces considered in the last article depend. 

Referring to |>ago ‘J'Jll the horizontal velocity of a point on the roil 
distant /*/ from the crank pin is r„|sin he/*, tan <l >. cos Wj, which may 
be written 

Horizontal velocity (I /*)/'„. sin 8 + pV.. 

TakiHg therefore as before / as the acceleration ol the piston, we have 
at the point in question 

Horizontal acceleration (1 /*) “ . cos 8 + /</, 

as may be easily proved independently. Hence, by summation, the rate 
of change of the total horizontal momentum of the rod is 

irv - . f 

A r = ( 1 -ir) u .cos U + <rll . , 

'/" '/ 

where, as before, *W is the distance ot the centre ol gravity of the 
whole rtxl from the crank pin. 

Writing for /its approximate value given on page -28 we find 

A' - ^ ^ 0 ■! cos 8 + " cos - 8 ] • 

//« | n ) 

If *r= 1 we have the ease of weights actually or virtually attached 
to the piston, when the inertia pressure /* already found is equal to X. 
But in the ease of the i»d /’ is a smaller quantity, the reason of which 
is that the angular swing of the rod requires it force at the crank pin 
in order to produce it. As the rod swings outwards it is gradually 
stopped, as it swings inwards it is gradually accelerated, by a pull of 
tbo crank arm towards the centre. Now if T be this pull, T cos 8 
wilt be a horizontal force at the crank pin which assists in producing 
the horizontal acceleration, so that 

T cos 8 + P «» X 
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Taking for X the value just given and for P the value already found, 
we find after ilividing by cos 0, 

T-Whs-y. 

(ja | n J 

Tho force T thus found is a tension of the crank arm which furnishes 
an unbalanced force on the crank centre. The total horizontal dis¬ 
turbing force is therefore not but the larger quantity X given by 
the formula above. 

In balancing the reciprocating parts of an engine the formula shows 
that wo have two separate sets of horizontal periodic disturbing forces 
to consider. The first are given by the formula 


v//T - 
m 


. cos 0, 


where If is the total weight of all the parts, connecting rod included. 
These arc independent of the length of the rod, and they go through 
their variations in one revolution of the crank shaft. The second are 
given by the formula 


X, • 


If + .rlf r„ 

a ‘ i/i i 


. cos ‘10, 


where II is the weight of the piston and all parts attached to it, while 
If' is the weight of the connecting rod, and they go through their 
variations in half the time. In the production of vibration the effect 
of the two sets is entirely different, as will be fully explained hereafter. 
It is tho first set alone which are considered in tho preceding article; 
the second set are a consequence of the obliquity of the connecting rial, 
and though of much less intensity, for a complete balance require 
consideration as well as the first. 

Besides the horizontal forces there are also periodic forces perpendi¬ 
cular to the line of centres which may here be briefly noticed. 

The force T found above has a vertical component T sin 0, and in 
addition the pressure of the cross-head on the guide is altered by the 
inertia of the connecting nai. The effqpt of these two vertical forces 
taken together is best seen bv ilividing the weight If of the rod into 
two parts irlf at the cross-head and (1 rr)W'.at the crank pin. As 
the two parts have the same [centre of gravity as the original rial 
their motion gives rise to horizontal and vertical reactions of the same 
total amount. The difference consist* in the couple called into play 
by the rotation about the centre of gravity. The (radius) 2 of gyration 
of the two weights about the centre of gravity is easily seen to be 
<r(l - whereas that of the rod is the much smaller quantity 
(y-ir s )P. The effect of the rod may be derived from that of the 
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weights Ly subtraction, amt the disturbing forces to lie considered me 
therefore (1) a force 

irv- 

i a- (i - tr), — ".sin o 
mi 


acting at the crank centre per|*>ndiculnr to the line of centres, and 
(•_') a couple 

L - ^ I x Angular Acceleration, 

the angular acceleration being given by Ex. it, p. 103. 

The transverse forces here considered are due to the inertia of the 
rod alone, and are generally of less importance than the horizontal 
forces previously found. The method here used to find them may be 
employed to find the value of T, and thence a value of /' may lie 
derived which will be found to agree with that already obtained It 
need hardly be added that the terms “horizontal" and “ vertical” are 
simply abbreviations for “parallel ’ and “perpendicular" to the line 
of centres. The actual position of that line has no influence on the 
i ptcstions considered. 

As described in the last article in the ease of a locomotive, the 
original method of balancing the forces due to the inertia of recipro¬ 
cating parts was by the introduction of rotating masses suitably placed. 
The forces in question, however, are not annulled by the action of 
rotating weights, but simply altered in direction through 90"; if 
originally horizontal as in the locomotive they become vertical and 
conversely. Also the secondary forces which are the effect of the 
obliquity of connecting rod are. not balanced at all. With short rials 
these forces may be of serious im|airtance. it we take the case of a 
pair of cranks at right angles already considered (p. 293), then since 
cos (180°+ 20) = - cos 20, the forces arising from each crank are equal 
and opposite so that the resultant alternating force is zero. The alter¬ 
nating couple, however, is doubled, becoming 


// = 2 


II, + IT II' III 

-. . . cos 

n It 


Tho maximum value of this is when cos 20= 1, and comparing it with 
the maximum value of the primary couple (p. 281), we obtain 


Ratio = 


I-o_ 


H'+vir 

ly+ir 


s/2 

"■ ' * 

n 


Taking, for example, (1 as 20 per cent, of the whole weight 

the ratio is 1*13/n, which is not inconsiderable even when 
as in a locomotive the value of n exceeds 6. If a shaft lie available 
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which rotates at exactly double the speed of the crafck shaft, the 
secondary forces may bo balanced by counterweights attached to it, 
but this will rarely be the case. For a complete balance, therefore, 
other reciprocating weights must be introduced for the special purpose; 
or else, and preferably, in an engine with four or more cylinders, 
one-half the reciprocating parts may be made to balance the remainder, 
the engine thus becoming self-balanced. The conditions to be satisfied 
in such arrangements are essentially the same as when rotating 
weights are employed. 


145- Straining Actions m the. Parts of a Machine due to their Inertia,-— 
Another important effect of the inertia of a piece is to produce straining 
actions upon it. An ini|>ortant example is that of a ring rotating about 
its centre: the centrifugal force produces a tension on the ring which 
may bo thus determined. 

Sup|Hise Fig. 121, p. :t()2, to represent the ring. Let the velocity of 
periphery be V, the weight tV, and the radius r, then the centrifugal 
force on the small portion UK of length is 


8 -IF. 


2irr 


V- 


Hesolve this in a given direction and sum the resolved parts, as in 
the article to which this figure refers, then tho total is 


r-tr . . = 

Itrr nr jrr g 

The stross to which this gives riso is evidently 

W V- r- 

<1*7, ■ - —.tv, , 

Im-A g g 

where A is the sectional area of the ring and w is the weight of unit 
volume The result here obtained is of great importance; it shows 
that the “centrifugal tension” of a revolving ring is independent of 
the radius for a givon speed of periphery. Hence tho result also 
applies to every point of a flexible element, sukh as a bolt, whatever 
be the form of tho surfaces over which it is stretched. In high-speed 
belts the tension is considerably increased by this eause, and additional 
strength has to be provided (Ex. 12, p. 290). 

Another example of the straining actions due to inertia occurs 
in the motion of a rod, the ends of which describe given curves. 
Shearing and bending are produoed, and at high-speeds the magnitude 
of the stress thus arising is very great. Two common examples are 
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given on p. 991, but the limit* of this work do not permit us to 
pursue the subject. 

In similar machines the intensity of tho stress occasioned by the 
straining actions we are here considering will be the same if the 
revolutions vary inversely as the linear dimensions of the machine. 

146 . Virtual Machines. —It has already been pointed out (Art. 94) 
that a qiachine may be regarded as a mechanism with two additional 
links applied as straining links, or, what is the same thing, a frame 
with one straining link (Art. 43). Further, as also remarked in the 
article cited, the external forces on any structure may be regarded as 
a set of straining links. It follows then that if in any framework or 
other structure one of its parts Buffer a change of form or size of any 
kind, the rest remaining rigid, we shall have a machine in which the 
driving links exert a known stress and the working link is the bar in 
question. The principle of work then enables us to determine the 
stress on the bar, for the stress ratio must be tho reciprocal of the 
velocity ratio. A maebino thus formed Ptg.na. 

may be ealled a “virtual machine,” its ..?. v ^,a 

movements being oidy supposed for the 1 
purpose of the calculation, not actually 

existing. It is especially in' applying this method that we find in 
treatises on statics the principle of work employed under the title 
“principle of virtual velocities." 

Wc must content ourselves with a single example of this method. 
AH (Fig. 118) is a beam supported at tho ends and loaded uniformly. 
Imagine the beam broken at K , and the pieces united by a stiff' binge, 
the friction of which is exactly equal to the bending moment M, then 
if the hinge be supposed gradually to yield under the weight, so that 
the joint K descends through the small space KN( = y), 

F.nergy exerted - } yw(AK + UK), 

Work done =M( t, + i 2 ) = ^{~AK+Bk)' 

where «,, i t arc the angles AK, BK make with the horizontal. 

Equating the two, * 

mQz+^-imak+bk), 

which gives the known value (p. 39), 

, M~\w.AK.BK. 

The advantage of this method it that it leads directly to the required 
result, without the introduction of unknown quantities which require 
to be afterwards eliminated. 4 
C.M. * T 
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EXAMPLES. 

1. In Ex. 1, p. 207. suppose the gun to weigh 35 tons, what additional powder will 
he required to provide for recoil? Ana. 1 lb. nearly. 

2. Two vessels of displacements 8,000 and 5,000 totiH are' moving at 6 knots and 4 
knots respectively. One is going north and the other south-west; find the energy of 
eolliaion. Ann. 11,700 foot-tons. 

3. Find the height of a govornor revolving at 75 revolutions j>er T. An*. 6*24". 

4. Find the dimensions of a Karcot governor to revolve at 40 revolutions per 1', with 
the arms inclined at 30“ to the vertical, and to be [Arabolic for small displacements. 
An*. Height of governor 22". Length of arms 34". Length of cross-piece to which 
arms are attached 8A". More generally, if 6 be the inclination, l tho length of the 
arms, the length of cross piece is 2/ siu 3 0. 

ft. In a simple governor revolving at 40 revolutions p«-1' find the rise of the balls in con¬ 
sequence of an increase of speed to 41 revolutions. Also find the weight of ball necessary 
to overcome a frictional resistance of £ lb., the linkwork being arranged so that the slider 
rises at the same rate its the balls. A in r. Rise of balls 1 ’1". Weight of each ball -• 5 lbs. 

6. Tho balls of a governor weigh ft lbs. each and it is loaded with 50 lbs. The link- 
work is such that the slider rises and fulls twice ns fast as the balls. Find tho height 
for a speed of 200 revolutions per 1', and if the speed be altered 2 |>er cent., find the 
tendency to move the regulating apparatus. How much is this tendency increased by 
the loading? If the engine is required to work at three-fourths its original speed, by 
how much should the load on tho governor be diminished? An*. Height 9‘7". Ten¬ 
dency 2*2 lbs. (increased 11 times). 

7. A uniform rod is hinged to a vertical apiudle and revolves at a given number o 
revolutions; find its position. Deduce the effect of the weight of the arms of a governor 
on its height. An*. Height of roil-= J. f//A' J . Height of governor is increased in the 
ratio 11 in: 1 1 i» where n is the ratio of the weight of the* arm to the weight of the ball. 

K. In Ex. II, p. 124, find the ratio in which the bending moment at each point is 
affected by the inertia of the rod. 

Every point of the rod descrilies relatively to the engine a circle and the centrifugal 
force of any portion of the rod 18’fl times the weight. In the lowest jiosition the centri¬ 
fugal force acts with gravity, ami so in this position the bending action is the same as if 
the weight of the material of the rod wore 19*ti times its true weight. 

0. In a horizontal marine engine with two cranks at right angles distant 8 feet from 
one another, weight of reciprocating parts attached to each crank 10 tons, revolutions 76 
|**r minute, stroke 4 feet. Find the alternating force and couple due to inertia. Ant. 
Alternating force 54'2 tons. Alternating couple 216*8 foot-tons. 

10. An inside cylinder locomotive is running at 50 miles per hour, find the alternating 
force and couple. Also find the magnitude and position of suitable balance weights, the 
diameter of driving wheels being 6 feet, the distance between centre lines of cylinders 
2 1 fi", stroke 2', weight of one piston and rod 300 lhs. Horizontal distance apart of 
balance weights 4'9”. Diameter of weight circle 4'6". A ns. Alternating force -7,871 
lha. Alternating couple 9,893 foot-lbs. fl-lOO’ftlbs. r 27| u . 

11. A fiv-wheel 20 feet diameter revolves at 30 revolutions per Y : . Assuming weight 
of iron 450 lbs. per cubic foot, find the intensity of the stress on the transverse section of 
the rim, assuming it unaffected by the arms. An*. 96 lbs. per »q. inch. 

12. A leather belt runs at 2,400 feet por 1'; find how much its tension is increased 
by centrifugal action, tho weight of leather being taken as 60 lbs. per cubic foot. 
An*. 20‘5 lhs. per square inch. 

13. If r be the radius of the cirole described by the centre of gravity of a rotating Lody^ 
A the height due to the revolutions, show that the centrifugal force is 
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Obtain the numeral result (1) for a wheel weighing 100 lbs. with oentre of gravity one- 
sixteenth of an Inch out of centre, revolving at 1000 revolutions per minute, (2) for a 
pieoe weighing 10 lbs. revolving at 300 revolutions per minute in a circle 1 foot diameter. 
Am. (1) 17# lbs. (2) 154 lbs. 

14. In question 8 suppose'the connecting rod of uniform transverse section, find how 
muoh the bending moment ujton it due to it* weight is increased by the effect of 
inertia. 

Here the bending moment is greatest (very approximately) when the crank is at right 
angles to the connecting rod, and the forces due to inertia then consist (also very approx i- 
mately) of a set of forces perpendicular to the rod, and varying as the distance front the 
cross-head ^>in. At the crank pin we have simply the centrifugal force due to the revolu¬ 
tions and length of crank. Thus the curve of loads in :* straight lino (p. 62) whence, 
proceeding by the methods of Chap. III., we find for the maximum moment 


u" m 


it 

h' 


where / is the length of iod, u the length of crank, !• the height due to the revolutions 
In the numerical example the effect of inertia is about 9$ times that of the weight If'. 

15. A body rotates about an axis OK, lying in a pritici|ail plane through its centre of 
gravity O, and inclined to a principal axis Of/ at an angle 6. Show that the moment of 
the centrifugal forces about O is 

I^ . sin . cos H. 

/» 

where h is the height due to the revolutions, and k\ k arc* the radii of gyration alwut Of/ 
ami a line through O, perpendicular to Of/ in the plane f/OE, resj>ectivelv. Deduce the 
height of a compound revolving pendulum. 

16. A disc rotates nl>out an axis through its centre at 1000 revolutions per minute. 
The disc is intended to be perpendicular to the axis, but is out of truth by J Jo l J of the 
radius: find the centrifugal couple. Ant. If r be the radius in inches the couple in 
inch-lbs. is 


17. In question 10 find the alternate increase and diminution of the pressure of the 
driving wheel on the rail due to the inertia of t!u- balance weight. Ant. 4,400 11m. 

Noth. This force of about 2 tons produces great straining actions on both the wheel 
and the rails. 

18. The power of a portable engine > tested by passing a strap over the fly-wheel, 
which is 4 feet 6 iuches diameter, fixing one «*nd and suspending a weight from the other. 
The weight is 300 lbs., ami the tension of the fixed end is found by a spring balance 
to be 195 lbs.: what is the power when running at 160 revolutions per minute ? 
Ant. 7*2 H.P. 

19. In question 10, page 235, find tin? least number of revolutions for which there oan 
be a ‘‘knock " after the stroke has commenced. If the steam l*e cut off at ith or earlier, 
•how that a knock will also oacur at other points of the stroke. A tit. 124. 

20. In the cam movement shown in Fig. 1, Plate IV., page 159, suppose the cam a 
circular disc of radius equal to the stroke of the sliding piece. Supposing the force of 
the spring twice the weight of the sliding piece; find the greatest number of revolutions 
per 1' the cam can make when rotating uniformly. Ant. If *V be the stroke in inches, 
n the revolutionii, 

a 216 

"---*/*• 

21. In the original form of the 3-cylinder Brotherhood engine the cylinders communi¬ 
cated with a central chamber containing steam at full pressure. At the farther end the 
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steam *m a Jtcrnafcsly Admitted and exhausted. Show tbftt to avoty reversal of Wress 
the weight of piaton and rod most not exoeed 


W- 70,800 


n a »S' 


where P is the totftl pressure on one piaton. 

22. Find the alternating foroe and oouple both primary and secondary for & pair of 


oranks inclined at an angle 0. 

The simplest way of expressing the results for a pair of cranks is by measuring the 
angle 8 which gives the position of the cranks not to one of the oranks but to the line 
bisecting the angle 0 between them. The results the* are 


Xi=A^.ooBd.oo*\fi\ X t —Ai. cos 28. oos|9; 
L { -Di .sin 8. sin j|3; = . sin 28 . sin/J; 


where A lt B { : A » are oo-efflcients found as in the text pages 283, 287 for the primary 
and secondary foroes respectively. The results show that, when the crank angle /3 can 
be chosen at pleasure, the disturbing foroes may, to a considerable extent, be regulated. 
In some cases the alternating couples may lie more injurious than the alternating forces, 
and this is probably true in a locomotive. In others the secondary forces may be less 
injurious than the primary, 
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147. Intro,hidirry Jlamrks. The straining actions which tend to 
cause a body or a structure to separate into parts A and K in the 
manner explained in Part I. are counteracted by the mutual action 
between the parts at each point of the real or ideal surface which 
divides them. In other words (see Art. 1), a Sl'ltKSS exists at each 
point of the surface, the elements of which arc A s action on li and 
B's action on A. If we consider the total amount of the stress, 
these elements each form one element of the straining actions on 
A and I! respectively ; but for our present purpose it is needful to 
consider, not the total amount, but the intensity of the stress. This 
in general varies from point to (joint, and at each jioint is measured 
by the stress per unit of area on any small area enclosing the point. 

Either element (say A) may be regarded either as A'* action m 
B, or as the resistance which ./ oflers to the action oj B ; in other 
words, stress may be regarded in two aspects, cither as the cause 
tending to produce separation into parts, or as tho resistance to 
such separation. It is under the first asjjcct that we shall chiefly 
regard stress, generally employing the word resistance when we wish 
to express the second idea. Stress then may be described as the 
straining action on the ultimate particles of a laxly. Conversely ft 
straining action as defined in Oh. II. may also be described as the 
“ resultant stress ” on the section we arc considering. 

If the stress exceeds a certain limit, separation into parts occurs, 
and this limiting intensity of stress varies for different material and 
measures the Strength of the material. 

Accompanying tho tondcncy to separation into parts we invariably 
find changes of dimension in the body and each of its parts, for no 
body in nature is absolutely rigid. Such changes are called Strains, 
and are of two hinds, changes of volume and changes of figure, or, 
in other words, changes of size and changes of shape. Changes of 
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size in any dimension are measured by the ratio of tke change to 
the original dimension considered; changes of shape consist in the 
alteration of relative angular position or distortion of the parts con¬ 
sidered, and are measured by the absolute magnitude of the alterations 
in question. In most cases which concern us, both kinds of change 
take place together, and are of exceeding smallness. 

The strains produced in solid bodies by the action of forces depend 
on the nature of the material and on the kind of stress. 

Bodies are either solid or fluid. A fluid may be defined as material 
which offers no resistance to change of shape, but only to change of 
volume, especially diminution of volume, so,that any distorting stress, 
however small, will cause indefinite change of shape if sufficient time 
be allowed. On tho other hand a solid body will resist a distorting 
stress for an indefinite time, provided that stress be not too great. 
In a fluid bgdy at rest only one kind of stress can exist, namely, a 
pressure equal in all directions: hence often called “ fluid ” stress. 

There aro two extreme conditions in which a solid body may exist, 
the Elastic state and the Plastic state. Elasticity is the power a laxly 
ppssessos of returning to its original shape and dimensions after the 
forces which have been applied to it aro removed. All bodies possess 
this proporty to a greater or less extent, and most (perhaps all) possess 
it to a great dogree of perfection if the strains to which it has been 
exposed are not too great. Even so unlikely a material as soft clay is 
elastic if the force applied to it is very small. This may be shown by 
suspending a long filament, formed by forcing clay through a small 
orifice, by one end and twisting tho other, to which an index is 
attached; on release the index returns to its original position.* In 
perfectly elastic material tho recovery of size and shape on removal of 
the forces is complete, unless the temperature has meanwhile varied; 
and the materials of construction may be regarded as approximately 
satisfying this condition, provided a certain limit stress bo not over¬ 
passed. This is called the Elastic Strength of the material. It is 
also described as the "limit of elasticity." 

Whon, on the other hand, the forces applied to the body are compar¬ 
atively great, the material in many cases approaches the other extreme 
oondition, the plastic state. In this state any forces causing a distorting 
stress beyond a certain limit, and so applied that disruption does not 
oocur, will produce indefinite distortion, so that the material behaves 
like a fluid. Thus soft clay, lead, copper, or even malleable iron may 

•See Robison's Afsdkotwooi Pkilotopky, vol. I., page S"5. The origin*! observation is 
said to have been mads by Coulomb. Though frequently quoted it does not appear to 
kav* bean verified. 
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be moulded ib„o different shapes or drawn out into wire. In inter¬ 
mediate cases a body may exhibit the properties of the elastic and the 
plastic states combined. 

We commence by'studying matter in the perfectly elastic state. 
There are two different kinds of elasticity,—Elasticity of Volume and 
Elasticity of Figure. A fluid possesses the first kind only, since by 
definition it has no power of resisting change of shape: the second is 
characteristic of solids. In general a change of dimensions involves 
both a change of size and a change of shape, so that both kinds of 
elasticity are called into play together. In perfectly tdnBtic material 
the strain produced by a given stress is always proportional to the 
stress, being found by dividing the stress by a co efficient or “modulus" 
of elasticity, depending on the kind of stress and the nature of the 
material. This property having been discovered by Robert Hooke, 
is known as Hooke’s Law. Further, if the stress be rcliixud in the 
slightest degree the strain diminishes, that is, in perfectly elastic 
material, the elastic forces are completely “reversible” (p. 18t>). 

The magnitude of the stress produced by the action of given forces 
upon a body depends very much on whether they are applied all at 
once or are supposed to be at first very small and gradually to increase 
to their actual amounts. The next four chapters will bo limited to the 
action of a gradually applied load on perfectly clastic material, after 
which the effort of sudden application and of impact is considered. 
The experimental part of the subject is placed in the last chapter 
(Ch. XVIII.), but should be referred to constantly as required. 



CHAPTER XII. 

✓ 

•SIMPLE TENSION, (IMPRESSION, ANI) BENDING OF 
PERFECTLY ELASTIC MATERIAL. 


Section I. —Tension and Compression. 


148, Simple Termini. 'I'he effect of forces acting on a bar bas already 
been explained in Chapter If, to consist in the production of certain 
straining actions which we called Tension, Compression, Bending, 
Shearing, and Twisting, and we now go on to consider the changes of 
form and sixe which the bar undergoes and the stress produced at each 
A P [mint on the supposition that the material of the bar 
i is perfectly elastic. 



Lot All (Fig. 119) be a bar subjected to the action 
of equal and opposite forces applied at the ends in 
the same straight line. At any transverse section 
KK there will be a tendency to separate into two 
parts A, H, which is counteracted by a mutual 
action between the parts at each point of the section 
which, in accordance with our previous definitions, 
is called the Tensile Stress at the point. The total 
amount of the stress will be P ; but the intensity 
will dopend on the area of the section (A), so that 


j I’/A is the mean intensity of stress, or the stress per 

r unit of area. The stress may be the same at all 

points of the section. We then say it is uniformly distributed, and the 


intensity at all points ■= PjA. 


Stress is commonly expressed either in pounds or in tons per sq. inch. 
The second method is on the whole the most convenient, and will be 


chiefly employed in this treatise. In metric measures the unit com¬ 
monly employed is the kilogramme per square centimetre, which is 
connected with the British system by the relations: ‘ 


One kilogramme per sq. cent« 14 233 pounds per sq. inch. 
One ton per sq. inch ~ 157-5 kilogrammes per sq. cent. 
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In order* that the intensity of the stress may be the same at every 
point of every transverse section of the bar, it is Htrorrtimlh/ necessary 
that the load P should be applied in a uniformly distributed manner all 
over the end H. Then if the material is perfectly homogeneous each 
elementary portion of Kit will be strained alike, and the uniformly 
distributed load at />’ will be balanced by a uniformly distributed stress 
over any section KK. In such a case the line of action of the resultant 
of the applied load /' [tasses through the centre of gravity or centre 
of position of the transverse section KK. t'nless it does so the 
equilibrium of the portion Kit is not possible by means of a uniformly 
distributed stress over the section. But front experience it appears 
that for uniformity of stress it is not absolutely necessary for the load 
to be applied in this distributed manner. It may be applied for 
instance by pressure on a projecting collar ; and yet if the line of 
application of the lootI Internes lla: centre of grantp of tin .actional area, 
the material, if homogeneous, will so yield as practically to produce 
at a section a little distant from the place of application of the load 
a stress of uniform intensity. This is a particular case of a principle 
which will lie further referred to hereafter. 

If the applied load is increased, the stress on the section is propor¬ 
tionately increased, until at lust the material yields under it anil tho 
bar breaks. If IK - breaking load, the corresponding stress measured 
by If/A is a quantity which depends on the nature of the material. 
If we call it f, then the breaking or ultimate load Af. 

Accompanying the application of the load producing a tensile stress, 
an increase of length and diminution of transverse dimension is observed. 
In metallic bodies the alterations are exceedingly small if the limit of 
elasticity is not exceeded (see Table II.. Oh. XVIII.), and therefore in 
estimating the stress on the section it is not worth while to take account 
of the slight alteration in the area of the transvorse section. mler the 
same load the change of length is proportional to the length. If r lie 
the total change of length, and I the original length, then the extension 
per unit of length is 


On account of the smallness ot e it is immaterial, so long as the limit of 
elasticity is not exceeded, whether l is taken as the original or altered 
length of a metallic bar. 

,As already stated (Art. 147), it is usual to restrict the word strain to 
mean the alteration of the dimension and form which bodies undergo, 
and to use the word stress when referring to the elastic forces which 
accompany the strain. Thus t is a measure of the tensile strain pro- 
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duced in the bar, whilst p is a measure of the accompanying tensile 
stress. Since by Hooke’s law the extension of the bar is proportional 
to the force producing it, it follows that the strain is proportional to the 
accompanying stress. Thus p and e may be connected by some constant 
the value of which depends on the nature of the material. We may 
write 

p-Jie, 

in which E is called the modulus of elasticity of the material, a quantity 
which is of the samo kind and expressed in the same units as the stress 
p. When the stress p is expressed in pounds per square inch, the value 
of. A’ for wrought iron may be taken as about n 29,00(>,000. This is about 
13,000 tons per square inch, but in many kinds of iron the value of E 
is considerably leas than this. 

Putting for e its value xjl, we have the general relation, 

p _x 

E T 

The transvorso strain, that is, tho contraction per unit of transverse 
dimension, is from one-third to one-fourth the longitudinal strain. 


149. IEork done in Elrdehimj a Hod .—Having found the relation 
botweon tho tensile stress and strain, we will now consider how much 
work must be done in order to streteh it. 


via. is 


last the load of gradually increasing amount bo applied to the bar, the 
bar will stretch equal amounts for equal increments of load: 
or the elongation of the bar will for ail loads be proportional 
to tho load. This may be represented graphically. Suppose 
the load /■' produces the extension shown, greatly exag¬ 
gerated, by (Fig. 120), and we set off an ordinate BN' 
to represent l v on some scale, and do that for any number 
of loads, taking, for example, BN to represent l\ which 
producos the extension #<,#»/; then all the point* N will 
lie on tho sloping line passing through B„. Having done 
this, the area of the triangle B 0 BN will represent the quantity of work 
done in stretching the bar by the amount B 0 B = y. Thus 




eL_' 

i-p 


Worlf done - I Pr. 

The energy thus exerted is stored up in the stretched bar, and may lie 
recovered if the bar is allowed under a gradually diminished load to 
oontract. In the perfectly elastic bar the contraction will be exactly 
the same as the extension, and there will be no loss of energy in 
stretching it. In other words the elastic forces are "reversible.” But 
if the elasticity is imperfect, some of the energy expended in stretching 
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the bar ig tftiployed in producing molecular changes, as, for example, 
change of temperature. On contraction this amount of energy will not 
be restored. 

The energy stored may be described as the Elastic Energy of 
the bar, and we may express it in a different form. For P put its 
value -pA, and for x its value=/<//£. The substitution of these 
values of P and x will give 


Elastic Energy = \pA . $ «= t'l ^ 

h k m E 


Volume 
x ■ ‘ 


Otherwise, replacing p by Ee, we find 


Elastic Energy - \ Ee- x Volume. 

Thus the work required to produce a given stress p or strain e is 
proportional to the volume, or, what is the same thing, to the weight, 
of the !>ar. 

If the stress produced is increased up to the elastic limit, or, as it is 
often called, the proof slim, so that p - f, then ' °^ ,nle expresses 

the greatest amount of work which can be done on, and stored in the 
liar without injuring it or impairing its elasticity. This is called tho 
resilience, of the bar. The quantity /-/£, the value of which depends 
on the nature of tho material, is called the modulus of resilience ; it is 
double the resilience per unit of volume (see Appendix), and, as we shall 
sec hereafter, furnishes a measure of the resistance of tho material to 
impact when the limits of elasticity are not exceeded (Chap. XVI.). A 
table of co efficients of strength and elasticity for materials commonly 
used in construction will bo found at the end of Chapter XVIII. 


150. Thin Pijies and Spheres under Internal Fluid Pressure. — We 
now pass on to consider an important case of simple tension : that 
of a thin cylindrical shell subjected to intornul fluid pressure. A 
cylinder with rigid ends and> a sphere are cases of a vessel under 
internal fluid pressure which tends to preserve its form. The equili¬ 
brium in these two casks is stable, for if the vessel suffers deformation 
the internal pressure tends to make it recover its original true form. 
Vessels, the sides of which are flat, tend, by bulging, to assume these 
forms, and the tendency must be resisted by staying the surfaces 
in font* way. If, as generally happens, there is acting also an 
external fluid pressure less than the internal, then, in what follows, 
the intensity of the internal pressure must be taken to be the 
excess of the internal over the external pressure. 
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Lee p he the intensity of the fluid pressure in pounds per square 
inch, d the diameter, t the thickness of the shell, and l the length 
of the cylinder. Suppose in some way that the ends are maintained 
perfectly rigid, and for convenience let them be llat. There are two 
principal ways in which the strength of the shell can be estimated. 

First, consider the tendency to tear asunder longitudinally, parallel 
to the axis of the cylinder. Imagine the cylinder divided into two 
parts by a plane passing through the axis of the cylinder. Op each 
half cylinder there is a pressure 1‘ due to the resultant fluid pressure 
on that half which tends to produce a separation at the section 
imagined. Tho separation iB prevented by* the resistance to tearing 
which tho metal of the shell offers, calling into action a uniform 
tensile stress at the two sections made by the imaginary plane through 
tho axis of the cylinder. 

Let 1 / ••= intensity of tensile stress produced ; then the area over which 
the stress acts being 'lll, the total resistance to tearing is q x '111, which 
must l>o equal to /’ the tendency to tear. In a transverse section take two 
points II, II' (Fig. 121) near together. The surface of the shell, 1111' x l, 

is acted upon by a normal pressure 
•q.ti p per unit of area. Tho pressure 
p. IIII. I may be taken to act in a 
radius drawn to the middle point of 
1111', making an angle f) with the 
direction of the resultant force /’. 
The resolved part of this pressure in 
tho direction of V 


Fl(f. I Sit. 




t ,— • -wq.tt -pi. Illf .fosO-pi. NS', 

SN' being the projection of Hit on 
the plane of section. Summing tip 
the pressures on all the small arcs Hit, composing the semicircle, we 
obtain the total separating force. 

/' - pi . SNA” =p.l ,d, 

Iqtl -[ill, 
pd 

or , 


thus the tensile stress is directly proportional to the diameter, and 
inversely proportional to the thickness of the cylindrical shell. For 
greatest accuracy d should be taken as the mean of the internal and 
external diameters. The formula just obtained is true only when (he 
thickness is small compared with the diameter. If t is large, tho stress 
is not uniform over the section; the formula will then give the mean 
stress if d be understood to mean the internal diameter. 
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We next consider the tendency for the cylinder to tear .rerow a 
transverse section when there are no longitudinal stays to take the 
pressure on the ends. The total pressure on each end of the cylindrical 
shell is the separating force, and in the absence of stays the resistance 
to separation is due to the tensile stress, q suppose, called into action 
over the annular area vd. I of the transverse section. 


'. mil. q - - il-p ; 

■t 


or q 


j' 1 

4 / 


This is just half the stress on the longitudinal section. If the vessel 
is spherical in form, the stress produced on all sections of the sphero 
through the centre is the same as at the transverse section of the 
cylinder. 

The formula just obtained is used to estimate the strength of a 
boiler which is more or less cylindrical; but since the boiler is made 
up of plates overlapping each other, connected together at the edges 
by rivets, and since also a line of rivets in a longitudinal section is 
generally found only for a portion of the length of the boiler, the 
question of strength is complicated. Hut a longitudinal section through 
the greatest number of rivet holes is the weakest section, and if for 
q we write /, where / is a co-efficient of strength to be determined from 
experience, the value of it depending, among other things, on the form 


of joint, then the formula 

P 


2 it 

,r 


or t 


jni 

" 2 / 


inay be used as a semi-empirical formula to determine the greatest 
pressure which can be employed in a given boiler, or the thickness 
of metal required to sustain a given pressure. The value of the co¬ 
efficient for iron boilers with single rivetted joints is about 4,000 lbs. 
per square inch, or, when double rivetted, as is usual in large boilers, 
5,500. With steel the value is about one-third greater. In large 
boilers at high pressure these values, however, have of late been 
very greatlv exceeded, for reasons which will be considered in a 
subsequent chapter. ’ 


161. Remark* on 7Wst»».—The results obtained in the present sec¬ 
tion are, strictly speaking, only applicable when the piece of material 
considered is of uniform transverse section, but they nevertheless may 
be used when the transverse section is variable, provided the rate of 
variation be not too great and the other conditions mentioned are 
strictly fulfilled. The intensity of the stress is then different at 
different parts of the bar, varying inversely as the transverse section 
and in determining the elongation this musk be taken into account. 
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In many caws of tension the 6fleet of the weight of the tie and 
other circumstances introduces an additional stress, the amount of 
which is often imperfectly known. Tip's is allowed for, either by 
making a certain addition to the theoretical diameter, or by the use 
of a factor of safety adapted to the particular case. On the other 
hand it also often happens, as in the case of ropes for example, that 
the strength of the material is greater in small sires than large ones 
for reasons connected with the mode of manufacture. 

152. Simple Compression ,—When the forces applied to the ends of 
a bar act in a direction towards one another the bar is in a state of 
etmpreuum. If the bar is long compared with its transverse dimen¬ 
sions, then any slight disturbance from uniformity will cause it to 
bend sideways under the compressive force, and we have then, not 
simple compression, but compression compounded with bending, an 
important case to lie considered hereafter. To obtain simple com¬ 
pression tho ratio of length to smallest breadth should not exceed 
certain limits which depend on the nature of the material, viz., cast 
iron 5 to 1, wrought iron 10 to 1, steel 7 to 1. These values, however, 
depend to some extent on tho type of section. Further, it is necessary 
that the material be perfectly homogeneous, and that the line of action 
of the load should bo in the axis of the bar. Then the results we have 
obtained for simple tension apply to this case of simple compression 


1 > 



and the strength of the column is given by P*=Af, where / is the 
co efficient of strength. Tho compression r which the column under¬ 
goes is connected with the stress by the equation 

rJC . 

*“ h V 

The modulus of elasticity E wduld, in a perfectly elastic body, be 
the same as for tension. In actual materials it sometimes appears to 
be less ; but within the elastic limit only* slightly less. 

EXAMPLES. • 

' 1. A rod of iron 1 inoh in diameter and 6 feet long is found to atretoh one-sixteenth 
ineh under a load of T| tons. Find the intensity of stress on the transverse section 
and the modulus of elasticity in lbc and tons per square inch. 

Stress-21,382 lbs. =9*53 tons. 

Modulus of elasticity » 24,638,000 lbs.«11,000 tons. <• 

2. What should be the diameter of the stays of a boiler in which the pressure is 
80 lbs. per square inch, allowing one stay to cash 1} square feet of flat surf«oe and a 
stress of 3,500 lbs. per square inoh section of the iron! Ant. 1| inoh. 

8. In Example 1 And the work stored up in the rod in foot-pounds. Ant. 43}. 



OH. XII. AST. 153.] 


BENDING. 


305 


* 

4 . If iu the l&t question the ro<l 
turned down to a diameter of 
of the previous question. 


were originally 2" diameter and half its length were 
com|iare the work atom! in the roil with the result 


9 Aim. Ratio ~{j. 

3. In Example 1 assume the Riven loa.l u f 7( tone to Ik- the proof Inml; fln.t the 
modulus of resilience. Am. 18 .36 in inoli ll>. units. 

6 Find the thickness of plates of a cylindrical boiler 4' 2" diameter to susUiu a 
pressure of 50 Jba. per mjuaiv inch, taking the eo-eftiuient of Htrength of plate at 4,000 Hat. 
Ana. xY‘ 

7 A spherical shell 4’ diameter J" thick is under internal fluid pressure of 1,000 lbs. 
per st|uare inch. Fiud the intensity of stress on u section of the sphere taken through 
the centre. An/ r. 48,000 lbs. per square inch. 

8. Find the necessary thickness of a copper steam pipe 4" diameter for a steam pressure 
of 100 lbs. above the atmosphere,* the safe stress for copper being taken as 1,000 lb*, per 
square inch. Am. ’2". 

0. A circular iron tank, diameter ll> feet, with vertical sides V' thick, is tilled with 
water to a depth of 12 feet: And the stress on the sides at the liottoin. How should the 
thickness vary for uniform strength throughout? Am. 1,024 lbs. per square inch. 

10. What length of iron sufqienHion rod will just carry its own weight, the stress Wing 
limited to 1 tons per square inch, and what will he the extension under this load? 

An*. 2,7(X) feet. K.\ tension - 5". 

11. The end of a l>eam 10" broad rests on a wall of masonry ; if it be loaded with 10 
tons what length of liearing surface is necessary, the safe crushing stress for stone 
being 150 lbs. j**r square inch? Am. 15". 

12. Find the diameter of lieuring surface at the base for a column carrying 20 tons, 
the stress allowed being as in the last question. Ant. 20" nearly. 

13. Compare the weight of the shell of a cylindrical Isiiler with the weight of water it 
contain** when full. Ana. Katio- l.Vfi pjf. 


SECTION 11. -SlMPi.K Bknihnc. 

163. Proof Ihiil tlir. Stress nl each Point varies as its Distance from 
the Neutral Axis. -The nature of the straining action producing bend¬ 
ing has been sufficiently explained in the third section of Chapter 11., 
and we shall now consider thp kind of stress which results on the 
ultimate particles of a solid bar of uniform transverse section and of 
perfectly elastic material. The bar is supposed symmetrical about 
a plane through its geometrical axis, and the trending is supposed to 
take place in this plane, which may be called the Plane of Bending. 
In the first instance the bending is supposed to be “simple," that is, 
it is not combined with shearing as is most often the case in practice, 
but is due to a uniform bending moment (see Art. 21). The curvature 
of the beam is then uniform, that is to say, it is bent into a circular 
arc. The investigation consists of three parts. 

Fig. 1 22 shows a longitudinal section AB and a transverse section 
LL through the centre of the beam; by symmetry it follows that if 
the bending moment be applied to both ends in exactly the same 
way, that transverse section, if plane before bending, will be still plane 
c;.M. u 
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after bending, for there is no reason for deviation in o/ie direction 
rather than another. It will be seen presently that if the bending 
moment be applied to the ends of the beam in a particular way all 
transverse sections will he in the same condition, and we may there¬ 
fore assume that not only the central section, hut any other sections 
KK we please to tu fee, will remain plane notwithstanding the bending 
of the beam. Ail such sections, if produced, will meet in a line the 
intersection of which by the plane of bending will be a point 0, which 
is the common centre of the circular arcs KL, AW, etc., formed by 



the plane of bending, the other in the transverse plane; the transverse 
bending however need not be considered at present, and the transverse 
section of the layers may lie treated as straight lines. Before bending, 
the layers were all of the same length, being cut off by parallel planes, 
but now they will vary in length since they lie between planes 
radiating from an axis 0. We shall find presently that some layers 
must be lengthened and some shortened, an intermediate layer, NK 
in the figure, being unaltered in length. This layer is callod the 
Neutral Surface, and the transverse section of that layer .SS is called 








CB. XII. ART. 15- 


BENDING. 


307 


the Neutral‘Axis, the last expression being always used in reference 
to a transverse section, not a longitudinal section, bet the radius of 
the neutral surface be It. The more the beam is bent, that is the 
less It is, the greater will be the stress products! by the bending 
action ; and the first step in the investigation is to obtain the relation 
between the stress produced at any point of a transverse section and 
the radius of curvature It. If we bisect .''N in .V and draw LXL at 
right angles to EXE, it is necessary that the section of the beam 
should be symmetrical on each side of LXL ; with this restriction 
the section may be any shape we please. 

Now consider any layer 77' of the beam between the planes 1.1. and 
KK which is at the distance y from the neutral surface NX or neutral 
axis SXS. This layer will be curved to a circle whose radius is It + y, 
and it must undergo an alteration of length from XX which it had 
before bending, to 1‘F which it now has. Thus the alteration of 

length per unit of length, that is, the strain e -----, but. since 
arcs are proportional to radii j, 11 . 


. nr-xx n 

.-. the strain c --^ ^ 

If the layer we are considering is taken below the neutral surface, 
the strain, which w ill then be compression, will lie given by the same 
expression e^y/Ii, e and y both being negative. 

Accompanying the longitudinal strain just estimated there must be 
a longitudinal stress proportional to the strain. Letp be the intensity 
of that stress, then 

yi --- Hr, 

where E is a modulus’of elasticity. If we imagine the. beam divided 
into elementary longitudinal bars, and il we imagine each of those bars 
independent of the others, it will follow that A is the same modulus of 
elasticity as we have previously employed in Section 1. of this chapter. 
This, however, implies that the bar can freely contract and expand 
laterally when stretched and compressed, and we therefore,could not 
be sure a priori that* the union of the bars into a solid mass would 
not cause the value of E to be different from that for simple stietching, 
and to vary for different layers of the beam. It will be seen hereafter, 
however, that there are good reasons for the assumption. 

,Accordingly we write 



where E is the ordinary (also called Young's) modulus of elasticity. 
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If y is taken below the neutral axia then p is negative, signifying that 
the stress is now compressive. In perfectly elastic material the value 
of K is the same for compression as for tension, and so, within the 
limits of elasticity, the same equation will a{5ply for all parts of 
the transverse section. 

Thus the stress at any point of the transverse section of the bar is 
proportional to its distance from the neutral axis. 

164. Determination of VoAtian of Neutral Axis. —The second step in 
the investigation is to find the position of the neutral axis, which may 
lie done by dividing the beam into two portions, A and H, by a section 
LL, and considering the horizontal equilibrium of either portion, say il. 
The external forces, being vortical, have no horizontal component, and 
we havo therefore oidy to take account of the internal molecular forces 
which act alt the section I.L. Above the ‘neutral axis the action of 
LA is a tendency to pull 11 to the left; but below the neutral axis, 
the tendency is to thrust B to the right. In order that it may remain 
in equilibrium, and not move horizontally, it is necessary that the 
total pull should equal the total thrust; or the total horizontal force 
at tho section must be zero. To estimate the horizontal force, consider 
tho force acting on a thin strip of the transverse section, of breadth li, 
und thickness t, distant y from the neutral axis. The thrust or pull 
on this elementary strip - p.h. I. 

Summing the forces on all the strips composing the sectional area, 
we must have 

i’p. U ■= 0 ; 

but p - Ey I It where E and It are the same for all strips of the section. 

,. J.SW.y-O. 

That is to say, the sum of the products of each elementary area into 
its distance from the neutral axis must be zero. 

This can be true only if the axis passes through the centre of 
gravity of the section; for it is the same thing as saying that the 
moment of the area about the neutral axis is to be zero. 

166. Determination of the Moment of Resittanee .—The third and last 
step in the investigation is to obtain the connection between the 
bending moment applied, and the stress which is produced by it 
Again, considering either portion, AL or BL, of the beam, say Af,, 
tho external forces on A produce a bending moment or couple, M, 
which has to be resisted by the internal stresses called into action at 
the section K; so that the total moment of these stresses must be equal 
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to M. The moment of the resisting stresses, being a couple, may be 
estimated about any axis with the same result. For convenience wo 
will estimate it about the neutral axis of the section. 

Let us again consider the elementary strip of area W, distant y from 
neutral axis, on which the intensity of stress is p, the force, pull, or 
thrust, on this strip being phi. The moment of the force = p. hi. y. 
Seeing that forces on all elementary strips, whether pull or thrust, all 
tend to turn the piece .11. the same way, the total moment of the 
stresses will be found by summing all terms, p. hly , for the whole area 
of the section. 

.'. .1/ - -p. hly. 

Since p ~ EyjR, substitute, and remember that ElH is the same for 
all strijM, then 

A 

In this formula the area of each strip hits to lie multiplied by the 
square of its distance from the neutral axis and the sum of the pro 
ducts taken. This, or an analogous sum, is of constant occurrence in 
mechanics, and has a name assigned to it. -lily is the, simple moment 
of an area about an axis. Srfy s may lie called the moment of the 
second degree, but the common name is the Moment of Inertia ; be¬ 
cause a similar sum (differing only from this in involving the mass) 
occurs in dynamics under that name. To distinguish the two cases 
area-moment and mass-moment, the former is sometimes called the 
geometrical moment of inertia. 

Let / denote the moment of inertia, so that I-Uhty-, the value of 
which for any form of section can lie obtained by geometry, then 


M = h or 
h 


M E 
1 "IS 


thus connecting the curvature of the beam with the moment producing 
it. Having previously found py-E/Jt, we can now connect the 
moment with the stress by writing 
• pM 

y i 

This equation may be employed to determine the strength of a 
beam to resist bending. The limit of strength is reached when 
either the greatest safe tensile stress on one side of the neutral 
axis, or the greatest safe compressive stress on the other side of 
the neutral axis is called into action. Thus in the equation 
ply**MjI we mutt put p**f v the co-efficient of strength under 
tension, or p**f T the co-efficient of strength under compression; and 
for y, either y 1( the distance of the most remote point on the stretched 
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side, or y 2 , the distance of the roost remote point on the* compressed 
side, so that 

mJh, or *‘‘1. 
h h 

The strength of the beam, or maximum moment of resistance to 
bending, is measured by the least of these quantities. 

y, or y., is readily determined from geometry, the form of the section 
of the beam being given. It may be most conveniently expressed as a 
fraction of the depth of the beam. Thus y, or y., may be put = qh, 
where tho coefficient q has different values. In a rectangular section 
q- 1, in a triangular section q-\ or |, and so on. 

Next to express the value of I. It will be found that whatever be 
the form of the section, / may always be written =*nAh 2 , A being 
the area of the section of the beam, h the depth in the direction 
of bending, and n a numerical co efficient, the value of which depends 
on tho form of the section. 

For a rectangular section, 

n = so that 1 - AIA. 

For an olliptical or circular section, 

« - so that I - ,',,/f/i 2 . 

For a triangular soction, 

n ~ i’„ so that / -= Ah 

and so on. 

Therefore assuming q and « known, we can write 

M~ [nAIA,-f n .Ah, 
qh q 

a formula which shows that for sections in which n/q is the same, 
the moment of resistance to bending is proportional to the product 
of tho area and depth of the beam. Sections with the same n and 
q are said to be of the mnu tyqte, They are often, but not correctly, 
said to be similar. 

In estimating the numerical value of *M, care must be taken with 
the units. It is generally advisable to use the inch unit throughout. 

150. R/marh m Theory of Bending .—In the foregoing theory of 
simple bending it is supposed 

(1) That the bar is homogeneous and of uniform transverse section 

and perfectly elastic; < 

(2) That sections plane before bending are plane after bending, for 
which it is theoretically necessary that the bending moment should be 
uniform, and applied at the ends of the bar in a particular way; 
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(3) Thatl’ongitudmal layers of tbe beam expand and contract later¬ 
ally in the same way, as if they were disconnected from each other. 

These assumptions are not obvious a priori, and require justification, 
which at the prosent stage ofjthe subject wo are not in a position to 
give; for the present it may be stated that if the material bo homo¬ 
geneous and perfectly elastic, the equations hold good with certain 
qualifications to be considered hereafter (Chap. XVII.), even though 
the transverse sections and the curvature vary and however the 
tending moment is applied. The strength of the material, however, 
is not generally the same, as if the layers were disconnected, and 
co-efficients of strength require therefore to be (determined by special 
experiment on transverse strength (Chap. XVU1.). 

157. CalaiUtion of Moments of Inertia .—We have frequently to deal 
with beams of complex section, in which case to determine / it is 
convenient to divide the section up into simple areas, the eye of each 
of which is known, and the total moment of inertia of the section will 
be the sum of these /'s. In employing this process we require to know 
the relation between the moments of inertia of an area ateut two axes 
parallel to one another, one being the neutral axis. We make use of a 
goneral theorem which may be thus proved. 

Let A be an area of which we know the moment of inertia ateut 
the neutral axis, SS (Fig. 12.!), and we require to know the moment of 
inertia about any parallel axis, XX, distant ?/„ from 
SS. Dividing the area into strips of breadth h, and 
thickness t, 

Moment of Inertia required / ■- Oh. I. (y + y 0 )- 
= + 3y„ . // + y u J A. 

Now htff- - moment of inertia about neutral axis, 
y,t . y = 0, because the neutral axis passes through 
the centre of gravity of the section, and V)t = Area A; 

/ /,, + . /.'/„ *■ 

The moment of inertia qf an area ateut any axis is, therefore, 
determined by adding to the moment of inertia of the area about a 
parallel axis through the centre of gravity the product of the area into 
the square of the distance between the two axes. 

This theorem, together with previously quoted values of /,„ will 
enable us to determine the following results, which will be useful in 
implication to beams— 

Rectangle of height y about its base, ... l“\Ay l . 

Triangle „ „ ■ ••• 

Triangle about a parallel to its base through vertex, /- \Af. 
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Many other forms will divide up into rectangles or triangles/or 
both; for example, the moment of inertia of a trapezoid about the 
neutral axis may he readily determined by taking, for the area above 
the neutral axis, the I for a rectangle about ode end, and triangles 
about the liase. For the area below, a rectangle about one end and 
triangles about the vertex, and add the results, 


158 . Beams of l Bedim with etptal Flanges. .The case of a beam of 

I section is very important. 

First, supjiose the flanges of equal breadth and thickness, and the 
web of uniform thifkncss li, the depth being 
It, h being the breadth of the flange, and h the 
whole depth of the beam. The moment of 
inertia of the section may be taken as the 
difference of the moments of inertia of two 
rectangles (see Fig. 124). 

I — hfjfi - ,' 4 (4 -//)/(’». 

This is the accurate value of /, and when the flanges are thick this 
expression for / must be used; but if the flanges aro thin compared 
with the depth, an approximation can be obtained by supposing each 
flange to be concentrated in its centre line, and taking for the depth 
of the beam the distance h 0 to the centre of flungos. 

If A *■ area of each flange and (.'--area of web, 




then /=/[+•• ! h \+t'A'K 



Putting p-f and y ■- in the formula 


V 

II 


M 

T 


‘i iM A + ^rH' l + Yy)' 


Since the total area of the flanges is 2 A it appears that, area for area, 
the web has only one-third the resistance to bending of the flanges. 
The result given by this formula is too large, the excess being greater 
the thicker the flanges, partly because a part of the web is reckoned 
twice over, and partly for the roason mentioned below. 

We previously deduced an approximate expression for the strength 
of an I beam, viz., 

M ■= Hit = fhA (see Art. 27), 

in which the effect of the web in resisting bending was neglocted, tlje 
whole of the bending action being supposed to be taken by the flanges. 
The present formula shows the amount of the error involved in that 
assumption. In using this approximation when h the effective depth is 
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reckoned froA. centre to centre of the flanges, two errors arc made, one 
in supposing the resistance to bending of the web neglected, and the 
other, in supposing the mean stress on the flange equal to the maximum. 
When the web is very thin the first of these errors is the least, and the 
effective depth is more nearly h\ where li is the outside depth and li { , 
the depth from centre to centre of flanges. This is little greater than 
the inside depth. On the other hand, in beams rolled in one piece the 
web is thick. The first error is then the greater, and l'rof. Phtlbriek 
has pointed out that the approximation gives fairly accurate results 
if h be taken as the outside depth.* Such approximate rules are 
useful in rough preliminary calculations of dimensions, but always 
require verification. 

169. llutio if Depth to ti'pin in l Hearns.— The formula just obtained 
for the moment of resistance of a beam of I section shows that the 
greater the depth of the beam and the thinner the web the stronger 
will the beam be for the same weight of material, or in other words 
that the best distribution of material is as far away from the neutral 
axis as possible. The practical limitation to this is that a certain 
thickness of web is necessary to hold the flanges together and give 
sufficient power of resistance to lateral forces and to the direct action 
of any part of the load which may rest on the upper flange. Hence 
the weight of web rapidly increases as the depth increases, and a 
certain ratio of depth to span is best as regards economy of material 
(see Ex. 17, page 319). This is especially important in large girders 
in which economy of material is the primary consideration. In smaller 
beams the proper ratio of depth to span is generally in great measure 
a question of stiffness, a part of the subject to lie considered in 
Chapter XIII. The moment of resistance of I sections of practical 
proportions is generally nearly double that of a rectangular section 
of equal area and mean depth. The straining actions on the web 
will be considered in Chapter XV. 

» 

160. Proportion* of I Beam* for Equal Strength .—Materials in general 
are not equally strong Ander tension and compression, so that a beam 
whose section is symmetrical above and below the neutral axis will 
yield on one side before the material on the other side of tho neutral 
axis has reached its limiting stress. Accordingly we might obtain a 
motje economical distribution of material if we were to take some 
from the stronger side and put it on the weaker, so that the limiting 
tensile on one side and the limiting compressive stress on the other 

* Van Nnttrand'i Magazine. Not., 1868. 
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may be produced simultaneously. The section of the 'beam will be 
different above and below the neutral axis, which will not now be 
at the centre of depth of the beam, but in such a position that the 
distance to the top and bottom of the beam 'arc in the proportion 
of the greatest allowed strosscs to one another. The neutral axis in all 
cases must pass through the centre of gravity of the section. 

Let f t , /„ be the co efficients of strength under compression and 
tension respectively, y t , //„ distances of the most strained layer from 
the neutral axis, then the beam will be strongest when 

V.t ,J* J!*+_ VA^ * 

St .ft .ft +/* f.l +/ It 


For simplicity of calculation we will consider a beam (Fig. 125) in 
which the web is of uniform thickness through¬ 
out the depth, and so of rectangular section, 
and each flange also of rectangular section, 
and determine the relation which should hold 
between the areas of flanges and web for 
maximum strength of beam, and the moment 
of resistance to bending where this condition 
is satisfied. We will further suppose each flange to be concentrated 
in its contro line. 

Let A » area of compressed flange, II = area of stretched flange, 
C-aroa of web. Since the neutral axis is at the centre of gravity 
of the section, we obtain, by taking moments about the axis, 





or, substituting the previously given values of //, and y„ 

Supposing /., and /, known, A, IS. and C must be such as to satisfy this 
relation. We have some liberty of choico between these quantities, 
and frequently find one of the flanges, omitted, so producing a beam 
of T or X section. 

In a cast-iron beam, whero the resistance tv> compression is greater 
than for tension, the compressed flange A may be omitted. Putting 

A **0 we get and supposing ^ »4 ; C ~\B. or /i = UC. 

-It It 

In a wrought-iron beam on the other hand, if we take fjf, to be jj, 
the stretched flange B is to be omitted. Putting B- 0, we find 

aJjszL*c~\c. 

*Ja 
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Otherwise le may assume the depth and thickness of the welt to he 
given (Art. 159), then the equation 

. 46 

furnishes a relation between tho areas of the flanges. For example, in 
cast iron, if we assume/, = if,, we liml 
IMA + IC. 

Having decided on the proportions between the |uirts of the section 
we can now calculate the moments of inertia ami resistance. Still 
considering the flanges concentrated in their centre lines, 

I-As'+Btf+lC .*-*. y.,*+ \C. "I . *.» 

a result which admits of ready calculation. Further 

■V ./1 Jn J, +./« 

I !h v« a 

whence we obtain +/*)^- 

The calculation just now made is one which has been frequently 
given in dealing with beams of I section.* but in applying it to 
actual examples it should be remembered that the results are obtained 
on the supposition that the flanges are concentrated in their centre 
lines, and are consequently only approximate when the co efficients 
fj, f, mean the intensities of the stress at those centre lines, mil at 
the surface of the beam where the stress is greatest. If, for example, 
F, be the maximum stress on the flange 

v f "a -t 16 

where is the thickness of the flange. The difference is especially 
great in the case of the larger flange of cast-iron beams, anil the true 
ratio of maximum compressivo and tensile stress is much less than it 
appears in the preceding urticie. On the other hand, in extreme 
cases, such as we are now considering, the stress may not lie uniformly 
distributed along a line’parallel to the neutral axis. 

Extensive experiments were made on castiron beams by Hodgkinson 
with the object of determining the best proportions between the 
flanges, with tho result that rupture always took place by tearing 
asupder of the lower flange, unless it was at least six times the size of 
the compressed flange. This proportion is rarely adopted in practice, 
from the difficulties of obtaining a sound casting, and the necessity 
* See fUnkine'e Civil Ksfiiiwenns, page 257. 
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of having sufficient lateral strength. Nor is it certain'that the pro¬ 
portions which are best for resisting the ultimate load are also best 
in the case of the working load; it is, in fact, probable that a smaller 
proportion is better even on the score of strength. If we take /, = 24 /,, 
instead of 4/ s we find 

Ji = 2U + $C, 

which agrees moie closely with practice. The ratio of maximum com¬ 
pressive and tensile strength is in this rate about 2, which, accoiding 
to some authorities, is the ratio of elastic strengths in the two cases. 

In wrought-iron beams the arras of the flanges are usually equal, and 
this is correct if the elastic strength, and not the ultimate strength, is 
regarded as fixing the proper proportions, and if there be sufficient 
provision against the yielding of the top flange by lateral flexure. 
Small-sized beams of this kind are rolled in one piece, while large 
giideiH are constructed of non or steel plates and angle irons, rivetfrd 
together. Some of the forms they assume arc shown in Plate VIII' 
Chapter X VIII. 

In making calculations respecting girders, approximate methods may 
be used for preliminary tentative calculations, but should be checked by 
a subsequent accurate determination of the neutial axis and moment 
of inertiu. A previous reduction of the section to an equivalent solid 
section is required when, us is often the case, all parts of the section 
do not offer the same elastic resistance to the stress applied to them, 
either because they arc not sufficiently rigidly connected or from the 
material being different. This is especially the case in determining 
the resistance to the longitudinal bending of a vessel occasioned by the 
unequal distribution of weight and buoyancy already considered in 
Chapter III. On this important question the reader is referred to a 
treatise on Naval Architecture by Mr. (now Sir) W. H. White. In 
many cases of built-up girders the shearing action which generally 
exists has considerable influence, u matter for subsequent consideration 
(Ch. XV.). '1 he effect of the weight of the girder itself has been con¬ 
sidered in Chapter IV. (See also Ex. 13, p. 319, and Art. 192.) 

161, Brums of Uniform Stmiytli. —A beam of uniform strength is one 
in which the maximum stress is the same on all sections. For beams 
of the samo transverse section throughout, this can only be the case 
when the bending moment is uniform, but, by properly varying the 
section, it is possible to satisfy the condition however the bending 
moment vary. For this purpose we have only to consider the equation 

M-f. ”. Ah, 
q 
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which must nl\t be satisfied at all sections. Suppose 
A = IM, 

where k is a numerical /actor depending on the type of section, then 
. ’ 7 

All sections of the beam being supposed of the same type we have only 
to make Ah or Wt 2 vary as .1/, that is, as the ordinates of the curve of 
bending moments. The principal cases are— 

(1) Depth uniform. Here the breadth must, vary as the bending 
moment, whence it is clear that the curve of moments may be taken as 
representing the half plan of the I wain. 

('!) Sectional area uniform. Here the depth must vary as the bend¬ 
ing moment, that is, the curve of moments may be taken to represent 
the elevation or half elevation of the beam. 

(3) Breadth uniform. Here the elevation or half elevation of the 
beam must be a curve, the co-ordinates of which are the square roots of 
the co-ordinates of the curve of moments. 

(4) Ratio of breadth to depth constant. Here the half plan and half 
elevation arc each a curve, the ordinates of which are the cube roots 
of the ordinates of the curve of moments. 

The first, third, and fourth of these cases are common in practice with 
some modifications occasioned bv the necessity of providing additional 
material at suctions of the beam where the bending moment vanishes, 
as it usually docs at one or both ends. 

162. Unsymw.tru'ul occasionally happens that the plane 

of the bending moment is not a principal plane of the lieam, as for 



example when a vessel heels over, the plane of longitudinal bending 
will not coincide with the plane of symmetry of the vessel which is 
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obviously the plane of the masts. The neutral axis does not now 
coincide with the axis of the bending couple, though in other respects 
the theory of binding still holds good. 

In Fig. 126 let MM be the axis of the bending moment M, inclined 
at an angle 0 to the principal axes of inertia OX, GY of the plane 
section. Then the couple M may be resolved into two components 
M cos 0 and M sin 0, each of which will produce stress at any point P as 
if the other did not exist. Let ]> be the stress, x, y the co-ordinates of 
P referred to the axes OX, 0 Y, the moments of inertia about which are 
/,, Z 2 , then 

M . cos 0 . y M , sin 0 . x 
/'./, - + ' 

The position of the neutral axis NX is found by putting p - 0, then 
the angle <ji which it makes with OX is given by 

tan </> - - '• = 6 . tan 0. 
x J., 

This equation shows that the neutral axis is parallel to a line joining 
the centres of the circles into which the beam would be bent by the 
component couples supposed each to act alone. 

The neutral axis being thus determined and laid down on the diagram 
the points can bu found which lie at the greatest distance from that 
axis. At these points the stress will be greatest, and if A', Y be their 
co-ordinates, still referred to the axes OX, OY, the moment of resistance 
will be determined by the equation 


!-M 


IK.cc 

l A 


cos 0 X 
+ 


sin 0 1 

L ) 


For a different method of expressing the moment of resistance see 
Kankine’s Applied Mechanics, p. 314. 


EXAMPLES. 

1. A bar of iron 2" diamotr r in bent into the aicof u circlo 372' diameter. Find in tons 
|»er Mjuaio inch. 1st, the greatest stitss nt any point cf the transverse section ; 2nd, the 
stress on a line parallel to the neutral axis half tk\ inch fiom the centre, K being taken ~ 
20,000,000. .4 ns, Maximum strers-iVt<. Stress at from centre=2*0. 

2. Find the diameter of the smallest circle into which the bar of the last qmstion can 
be bent; the stress being limited to 4 tone per square inch. Aim. Diameter = 540 feet. 

3. Find the position of the neutral axis of a trapezoidal section : the top tide being 3', 
bottom <•", and depth 8". Also find the [ratio of maximum tensile and compressive 
stresses. A in. Neutral axis 3‘56 inches from bottom. Ratio of stresses f» to 4. 

4. A cast-iron beam is of I section with t«p flai go 3" broad and 1' thick and bottom 
flange N* broad and 2" thick ; the web ia trapezoidal in section thick at top antM* at 
bottom ; total outside depth of beam lfi". Find the position of the ueutral axis and the 
ratio of maximum tensile and conij restive stietse*. Ane. Neutral axis 4‘81 inches from 
bottom. Ratio of stresses 3 to 7. 

6. A wrought-iron beam of rectangular section is It" deep, 3* broad, and 10 feet long. 
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Find how much it will carry loaded in the centre, allowing a co efficient of It tone per 
square inch. Also deduce the load the same btam will btar wh«n art flatways. Am, 
When upright load-4'05 tons. When set flatways lead-1 'l'b ions. 

6. A piece of oak of uniform circular section is It " diameter and 12 feet long. It i» 
supported at the two ends and loaded at a point f> feet from one end. How great may 
the load be, allowing a stress of $ ton per square inch? -4ns. leoad may he ?»'7-4 tons. 

7. In Example 5 suppose half the weight of metal formed into a beam of 1 strtun. of 
the same depth, each flange being equal to the weli; what load will the beam carry ? 
Am. Load may then be 4jJ tons. 

8. Find the inomtut of resistance to bending of the section gi\en in Example 4. thn 
co-efficient for tension being 1 ton per squaie inch. Am. 1 — 71*8 inch units. Moment 
of resistance to bendings 160 4 inch-tons. 

9. Suppose the skin and plate deck of an iron vessel to have the following dimensions 
at the midship section, measured a. the middle of the thickness of the plate*. Kind the 
position of the neutral axis and moment of resistance to bending. Hivndth 4* and total 
depth 24', the bilges being quadrants of 12‘ radius Thickness of plate fc" all lound and 
co efficient of strength I tons in compression. 

Atis. Neutral axis 13" above centre of depth 

Moment of resistance to bogging-32,500 ft. tons, and to sugging 39,000. 

10. What should be the sectional ana of u J beam of wrought ir«u to carry 4 ton* 
uniformly distributed? Span 20', depth of beam 10". Coefficient for compression 
3 tons, and for tension 5 tons. Am. Area —13*7 square inches. 

11. If, in the last question, the flange is msde equal to the »< h instead of being pro- 
jjortione.l for <qual »trenglh, *how that to cam the rami' loail tin Warn mint hi about 
one quarter heavier. 

12. In Example 8 find the memento of ineitm and resistance on the supposition that 
the fianges are concentrated at the centre lines, and thus by comparison with pnvioua 
results show the amount of the error involved in the assumption -Ins. Monunt o 
inertia —861'5 inch units. Moment of resistance- 227 inch-tons. 

13. Show that the limiting spun (Art. 11) of a l.atu of unifo.m tranrvirw aictlon la 


l X. 


AV 


where .V ia the ratio of «pan to depth, ami tin real of tin notation i« tin name an on 
pages 81 anil 310. Obtain the numirieal leaull for a wrouglit iron l eant of rectangular 
bictiuu, taking from Table I., t'li. X VIII., ami supposing A — 13. 

Aim. 7.-33(i ft.; in an ordinary I section the ic.uit would be doubled. For the rase 
of large girders see Art. 192. 

14. If l be the length of an iron rod in feet, d its diameter in indue, just to cany its 
own weight when supported at the ends, show that when the stress allowed is 4 Ions pu 
square inch l = njTiAd. 

15. If J u l t Ire the moment* of inertia of two plane areas, A„ A., about their neutral 
axel which are supported parallel at distance apart- show that the monu lit of inertia 

of their sum or difference about tbeir common neutral axis is /=■•'/i£/»■+■••• a&Ai 
Ap]rly this formula to the trapezoidal section of Question 3. Am. t~W* inch units 
nearly. 

16. Find the moment of reaistance to Irending of a beam of 1 secticn, inch 6angi <on 
sisting of a pair of angle irons 3$" x \* rivetted to a web 37" thick and 16" deep between 
them. Asauming it 24 feet span, find the load it would carry in the middle, using s co 
efficient of 3 tons per square inch. -4ns. M -288 inch-tons. W=4 tons. 

17. If it be assumed that for constructive reasons the thickness of web of an I beam 
with equal flanges must be a given fraction of the depth, show that for greatest economy 
of material the sectional area of the web should be equal to the joint sectional ar*a of 


the flarger. Prove that in this ease J I=if.Sh. 
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18. In » out-iron beam of I motion of «<|ual strength for which /j=21/o; if it bo 
assumed that for constructive reasons the thickness of the web should be a given fraction 
of the depth, show that for greatest economy of material the large flange, the web, and 
the small flange should l»e in the projMirtion 25, 20, 4. Pryve also that the moment of 
resistance is given by the same formula as in QucitioO 17, supposing 2//=l//i+ !//*. 

10. A beam of rectangular section of breadth one-half the depth is bent by a couple 
the plane of which is inclined at 45* to the axes of the section. Find tho neutral axis, 
and compere the moment of resistance to bending with that about either axis. ,4tw. 
Ratio - IV2/3 and v/2/2. 

20. If a beam bo originally curved in the form of a circular arc of radius instead of 
being straight, show that tho neutral axis does not pass through the oentre of gravity of 
the section. In u rectangular section of depth h show that the deviation is, approxi¬ 
mately, 

h* 

'" 12 * 0 * 

21. In the preceding question, if H u is large show that the equations of bending are 
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Fur 187, 


163. Dejticlion due to the. Mtuimuiit lliudiiuj Muimnl. - It is not only 
necessary that a beam should be strong enough to support the load to 
which it is subjected, it is also necessary that its changes of form should 
not be too great, or in other words, that it should be sulliriently stiff, 
and tve next proceed to deter- < L • ■ 

mine under what conditions ■; 

this will be the case. / ; 

The question is simplest 
when the beam is bent into an 
arc of a circle; we have then 
j< M K , , 

'/ / 11 

Two eases may be especially 
mentioned— 

(1) Depth uniform. Wc 
then have p constant, that the 
beam is of uniform strength. 

(See Case 1 of Art. 161.) 

(•-’) Sectional area uniform. 


o 



the depth of the lteam varying as the square root ol the bending 
moment, as in case 3 of the same article. Is 1 ! I be the length of the 
beam, i the angle its two etals make with one another, then since i is 
also the angle subtended by the beam at the centre 
. I Ml 
■ ‘‘irRi 

If the beam be supported at the ends i is twice the angle which the 
ends make with the horizontal, an angle called the Slope at the ends. % 
Let AM be the beam (Fig. 127), 0 the centre of the circle into which it 
is bent KL, the diameter of the circle through K the middle point of 
c.Jt. x 
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the beam. Then KN is the deflection which is given by a known 
proposition of Euclid, 

KN. XL = AN-. 

Hence remombering that the diameter of the circle is very large* wo 
have, if i) be the deflection, 

P MP 

°~si;~*Kr 

This formula gives the deflection in any ease whero the curvature is 
uniform. 

When the transverse section is uniform the curvature varies. Unless 
the bending moment be likewise uniform, the deflection curve is not 
then a circle AKU, but for the same maximum bending moment a 
flatter curve st'hJi 1 . Thus the deflection is less than that calculated 
by the above formula, which may be described as the “ deflection due 
to the maximum moment.” The actual deflection may conveniently be 
expressed as a fraction of that due to the maximum moment. It is 
possible to construct the deflection curve graphically by observing that 
the curvature at every point is proportional to the bending moment. 
Wo have then only to strike a succession of arcs with radii inversely 
proportional to the ordinates of the curve of bending moment. It is 
however more convenient to proceed bv an analytical method.f Thu 
fraction is least when the beam is least curved, which is evidently the 
case when it is loaded in the middle, and we shall show presently that 
it is then two-thirds, while, when uniformly loaded, it is five-sixths. 

164. General Equation of Defection Cur re. —It was shown above that 


If tho bending moment vary, then we must replace l by an element of 
the length tfs and i by the corresponding element of the angle ; we shall 
then have an equation 

ili M • 
ile El' 

which by integration will furnish i. It will generally be convenient to 
reckon i from a horizontal tangent ami it then means the slope of the 
lioam at the point considered. To perform the integration it is in most 
cases necessary to suppose the slope of tho beam small, as it actually is 
in most important cases in practice, and we may then replace </.< the 

.A 

* For dearness it is made small in the figure. 

t Readers who have no knowledge of the Calculus may pass over the next four 
articles. 
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element of a fti t»y tlx, the corresponding element of a horizontal tangent 

AN (Fig. 128) taken as axis of /, a lienee 

. di M . . . 

dl - Rl approximately, 

an equation which can generally lie integrated liccause if is usually a 
function of x. 

The deviation y of any point Q of the lieani from the straight line 
AN can now he found since dyjtlx - i, from which wc further obtain the 
fundamental equation 

tPy M 

• tlx* HI' 

which applies to all eases where the bending of the beam is occasioned 
by a transverse load. We shall first give sonic elementary examples 
of the determination of the deflection and slope of a beam and then 
consider the question more generally. 


Ple. 128 . 



165. Klf'iiimhin/ Cum* "/ /A//' < f/im ttntl Sln/ix .—Case /. Suppose a 
beam supported at the ends and loaded in the middle. 

In Fig. 128 Cl> is the beam resting on su|i|iorts at C, I), and loaded 
in the middle with a weight IT. Take the centre A as origin ami the 
horizontal tangent at A as axis of x, then if / be the whole length 

ir/i , 
iPv M 2 1 2 'J 
tlx- III" TI 


' d/ ^Tl — 

is the slope of the beam at (J, no constant being required since i is zero 
when j; = 0. 

If z = //2 we get the slope at the ends of the beam 


nr- 

'' IG/vV 

Integrating a second time 

AJ ■ 

As before no constant is required because y-0 when r~0. 
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If now we put t = f/2 we get the elevation of D above All or, what is 
the same thing, the depression Ag of A below the level of the supports. 
This is called the Deflection of the beam; if we denote it by 6, 

,y(lV S - i\ l> ) Jfrp 

— = 4 wr 

a result which we may also write 


o if n •» 
s _ “ - f, 

3' HW'3 ' 


where M„ is the maximum moment and i5 0 the deflection due to it. 

('ns? II. Let the beam be supported at the ends and loaded uniformly 
with !« pounds per foot-run. It will be sufficient to give the results, 
which are obtained in precisely the same way, remembering that the 
bending moment is now hr(u- - /-) where n is the half span. We have 
. __ im 3 _ li’l - , 5 «-« 4 5 Wl ' 

> '~m~'UEr ° . 4 ' at 

The value of c may be expressed as in the previous case in terms of 
the deflection due to the maximum moment. We have f> = *. <3 0 . 


160. Emm prirjtjied in the. miihlle .—When a beam is acted on by 
several loads the deflection and slope duo to the whole is the sum of 
those duo to each load taken separately. An important example is 
Cast III. Hearn supported at the ends and propped in the middle, 
uniformly loaded. (Fig. ft!!).) 

Here the deflection of the beam is tho difference between the down¬ 
ward deflection due to the uniform load and the upward deflection due 



to the thrust Q of the prop. Hence we write down at once for the 
deflection at the centre, 

5 in* Ql* 
m’EI~isEr 

an equation which may be used to determine the load carried by the 
prop when its length is given, and conversely. 
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First supftu&e the oentrc of the beam propped at. the same level as the 
supports, then &-0, and 

• v jx £ ,r ~* ir ' 

so that the prop in this case carries live eighths of the weight of the 
beam, the supports V, D only carrying three-eighths. Kaeh supporting 
force is / being as before the whole length of the beam ; hence the 
bending moment at a point distant .r from C is given by the formula 
.1/--= y\irlx - lnv- ■■■ },»'.r( j/ - .r), 

from which it appears that the beam is bent downwards until a (aiint. 
Z is reached, such that ^ . y _ j 

Here the bending moment is zero, that is Z is a “point of contrary 
flexure” or “virtual joint.” (Coiiqiare Art. 30.) 

Beyond Z the beam is bent upwards, and at the centre A we get, by 
putting x= U, - M„ - 

The case here discussed is also that of a beam, one end ot which is 
fixed horizontally and the other supported at exactly the same level. 

Let us next impute what will be the effect of supposing the centre 
of the'beam propped somewhat out of the horizontal line through the 
supports at the ends. Let us suppose <> to be I n' 1 ' tho deflection ot 
the beam when the prop is removed, then 

i s in in (ji j 

H '381' El ’381 ' El ' 48 El' 
that is y . :Jf/'(l w ). 

a formula which gives the load on the prop. If, for example, »■=;>, 
Q-AIE, or if a = -5, Q = \U'-, thus if the centre of the beam be out 
of level, by as much as one-fifth the deflection when tho prop is wholly 
removed, the load on the prop will vary between \ll and , IV t a result 
which shows the care necessary in adjustment to obtain a definite 
result. 

167. Beams fixed at Ha 1 Kwh -<‘nv IV. Uniformly loaded beam, 
with ends fixed at a given slojie. 



In Fig. 130 AB is a uniformly loaded beam, with the ends A, It 
fixed not horizontally but for greater generality at a slope i. Here 
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the central part of the beam will be bent downwards Slid the end 
parts upwards; at Z , Z there will be virtual joints; let 0Z=r, then 
taking 0 as origin the bending moment at any point between 0 and 
Z is 

M = lw(r- - /-), 

a formula which will also hold for points beyond Z, as can be seen from 
Art. .'IK, or proved independently. We have then 

't-H _ W. 

>b. " ' El ’ 

. 1 «■()'-.(■ - J.f 3 ) 

. EF~- 

No constant is required, because i is zero at 0. Let a be the half span 
OA, or Oil, then putting we get for the slope at the ends 
. _ \ w(r-a - J« 3 ) 

El ~ ’ 

a formula from which r can lie determined if i, be given. If r = <t, we 
get the case where the ends are free; let the slo[>e then be i„, we have 

i„ = “pj as before (p. 324). 

Now, assume the actual slope to be l/« Ul of this, we get 

1 Wifi . 1 «'(/•« - i'fi) 

n ' 3A7 " " El ’ 



If the ends are fixed exactly horizontal, then 

and by substitution we find for the bending moment at the centre and 
the ends 

M« ~l v ' a ‘ J 

If the ends were free, the bending moment at the centre would have 
beon lififi, so that the beam will be strengthened in the proportion 
:i : 2. The formula obtained above, however, shows that a small error 
in adjustment of the ends will make a great difference in the results. 

It is theoretically possible so to adjust the "ends that the bending 
moments at the centre and the ends shall be equal, in which case the 
beam will Ire strongest. For this we have only to put 
^w{ifi ~r'-\ 

that is, r* « J ifi, 

whence by substitution we get 

a*4; 

that is, the ends should be fixed at one-fourth the slope which 



cii.xm.ABT. 168.] DEFLECTION OK HE A.MS. 


:W 


they havo when free, and the strength of the beam will then he 
doubled. 

By proceeding to a second integration the deflection of the beam can 
be found. In particular when the ends of the beam urc horizontal it 
can be shown that the deflection is only one fifth of it* value when the 
ends are free. On the effect of shearing see |>age ii.'ft’. 

The graphical representation of the bending moments in Cases 111.. 
IV., is easily affected, as in Fig. I if, page 77. 


168. Stiffness of a Beam.— The stiffness of a brain is measured by the 
ratio of the deflection to the span. In practice, the deflection is limited 
to 1 or i inches per H)0 feet of span when under the working load ; 
that is, the ratio in question is to , It appears from what 

has been said that if be the maximum moment the deflection is 
given by . MJ- 

" 1 w 


where k is a fraction, which in beams of uniform section, varies from 
two-thirds to unity, depending on the way in which the beam is loaded.* 
Hence the greatest moment which the beam will bear consistently with 

its being sufficiently still is 

. • 1/ " Id ' /‘ 

If we express / as usual in terms of the sectional area and depth, 


we ^et 


-i/„ 


I: I 


where s is a co-efficient depending on the material and on the admissible 
deflection which may be called the “ (.'o eflieienl of Stiffness " 

We thus obtain a value for the moment of resistance of a beam which 
depends on its stiffness, not on its strength, and if that value, be less 
than that previously obtained for strength <p. if 10,, we must evidently 
employ the new formula in calculating dimensions. On compnng the 
two, we, find that they will gye the same result if 
sfc i k kk 

kl <l I </» 

that is to say, for a certain definite ratio of depth to span, and if there 
is no other reason for fixing on this ratio, it will be best to choose the 
value thus determined. The two formula; then give the same remit. 
I* large girders a greater depth is generally desirable, then the strength 
formula must be used; while in smull beams it may often be convenient 

* When the traverse section is not uniform the co efficient * msy k. ureter 
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or necessary to have a smaller depth, arid then the stiffness formula 
must be employed. 

169. General Oraplwnl Metkwl .—The foregoirtg simple examples of 
the determination of the deflection and slope of a beam are |ierhaps 
those of most practical use, but, by the aid of graphical processes, there 
is no'difficulty in generalizing the results which are of considerable theo¬ 
retical interest. We can, however, afl'ord space only for a hasty sketch. 

The general equations given in Art. 164 show that the angle (t) 
between two tangents to the deflection curve of a beam is proportional 
to tho area of the curve of bending moments intercepted between two 
ordinates at the points considered. Starting from the lowest point of 
the deflection curve, let us now imagine a curve drawn, the ordinate of 
which represents that area reckoned from the starting point, then that 
curve will represent tho slope of the beam at every point, and may 
theroforo properly bo called tho “ Curve of Slojrc.” But referring again 
to tho general equations wo see that the ordinate of the deflection curve 
rockoncd upwards from the horizontal tangent at the lowest point, is 
connected with the slope in tho same way as the slope with the bending 
moment, and is consequently proportional to the area of the curve of 
slopo. Thus it. appears, on reference to Chapter III., that the curves 
of Deflection, Slope, and Bending Moment arc related to each other in 
tho samo way as tho curves of Bending Moment, Shearing Force, and 
Load, The five curves, in fact, form a continuous series each derived 
from the noxt succeeding by a process of graphical integration. 

We now see that any property connecting togethor tho second three 
quantities must also bo true for the first three. For example, we 
know, from the properties of tho funicular polygon, that two tangents 
in the curve of momonts intersect in a point vertically below the 
centre of gravity of tho area of the corresponding curve of loads. (See 
Arts. 31, 35.) It must therefore be true that two tangents to the 
deflection curve intersect vertically below the centre of gravity of the 
corresponding area of tho curve of moments, a useful property, which 
can be proved dircctlywithout much difficulty. 

The dufloction curve of a beam may therefore be constructed in the 
same way that tho funicular polygon is constructed in Art. 35, the 
perpendicular distance (H) of the pole from the load lino in the diagram 
of forces being made oqual to El. To do this we have oidy to divide 
the moment curve into convenient vertical strips and regard each ,as 
representing a weight. Set down these ideal Weights as a vertical line 
and choose a pole at a distance from the line equal to El, measured (on 
account of the largeness of E) on a scale less in a given ratio. Now, 
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construct th£ polygon and draw its closing line, the intercept multiplied 
by the settle ratio is the deflection of the beam. A parallel to the 
closing line in the diagram of forces gives tho slopes at tho extremities 
of the beam which correspond to the supporting forces of tho loaded 
beam in the original case. 

\\ e have hitherto supposed the beam to be of uniform stifl'ness 
throughout; if not, let the quantity El, which is now variable, be 
at some datum section. Reduce the ordinates of the curve of moments 
in the proportion E„I 0 to El, then the reduced curve is to be employed 
in the way just described for the original curve. 

170 . Emmiies of (Imjikirnl MAIttxL Theorem of Tluvr Monwnl*. ~ 
Let us now take some examples. 

Vase I. Symmetrically loaded beam, of flexibility also symmetrical 
about the centre. Let A i'll 
(Fig. 131) be tho curve of 
moments, reduced if neces¬ 
sary, AO 11 tho deflection 
curve; both curves, of course, 
will be symmetrical about 
the centre vertical, then from 
what has been said, tangents 
at ./, II to the deflection 
curve intersect the tangent at 0 in points 7' vertically below the centres 
of gravity of the two equal areas A CO, ECO. Hence if S be the arm 
of the whole curve of moments, : the horizontal distance of either point 
T from the nearer end, 

. .S’ . .S’.: 

'o 1EI’ -El 

must be the slope of the ends of the beam and its deflection. 

Case II. Beam continuous over several spans loaded in any way. 
(Fig. 132.) Let ACO', BOO be the moment curves due to the load 
on two spans AO, BO of a beatn AOB, continuous over three supports 
A, 0, B, of which the centre 0 is somewhat below the level of A, 11. 
Being continuous, there will be bending moments at A, 0, II, which 
are represented in the diagram by AE, O'L, BE. Joining EL, FI., 
the actual bending moment at each point of the beam will bo repre¬ 
sented by the intercept between the line ELF and tho curves of 
movents due to the load and corresponding supporting forces. (See 
Art. 38.) The curve AOB is the deflection curve, AT, BT are the 
tangents at A, B and TOT is the tangent at 0, intersecting AT, BT in 
the points T. 


FllftSl. 
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Now, let i, be the angle between the tangent* at 0 artd A, then, as 
before, f. 

h ~Yf 

where S is the area of a curve representing the actual bending moment 
at each point. In the present ease S is the difference of two areas, 



one the moment curve for the load, the other the trapezoid K(V for 
the moments M„ M,,. 

■ • ■> . • ■>' 

where A is the area of the moment curve A VI)' and /, is the span A O’. 
bet the horizontal distance from A of the common centre of gravity of 
the two curves be r; then, as before, t is also the horizontal distance 
of T from A and s > |t 

//.i ~ 'pi , as before. 

To find jr let be the horizontal distance of the centre of gravity of 
A t '.S' from .7, then 

. S.r - A: i M ,l,t ■ ^' A, .rj ,; 

~ A : , - \M ,,. - \M 0 AJ. 

We have thus found »/., the distance of A from the tangent through 0; 
and !/ h the corresponding distanco of />’, is written down by change of 
letters. ( 

Assuming now the depression of 0, the centre of the beam, below the 
level of the two other supports to be ii, it appears from the geometry 
of the diagram that (/j _ 6 _ + a 

W-W 

hence dividing the values of;/,, y„ by l A , l, respectively, and adding 
A + B . j*- +1.) - \M,l, - + 1)EL 
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This equati&n connects the bending moments at three jxnnls of 
support of a continuous beam, the centre support being below the 
end supports by the small (juantity 6. It can readily be extended to 
the case where the flexibility of the beam is variable by reducing the 
moment curves as previously explained, then the moments .1/, which 
are the results of the calculation, will, in the first instance, be reduced, 
and can afterwards be increased to their true values. 

The above equation is the most general form of the famous Theorem 
of Three Moments, originally discovered by Cla|ieyron, which is much 
employed in questions relating to continuous beams a somewhat 
large subject, on which vc have not spice to enter. The general 
method of Art. 109 can, however, be applied directly without using 
the Theorem of Three Moments. Further information on this point 
will be found in Mr. li. II. tirahams work on the bWirfry »/ /W- 
tiun. (Macmillan, 1091.) 


171. Elastic Enenjij of u lienl liraiii. The work done in bending a 
beam by a uniform bending moment .1/ is evidently S.l/i, where i is 
the angle which the two ends of the beam make with each other, as 
in Art. 103; hence by substitution for i we find for the elastic 
energy U, \r- 


, V 


■IE l 




and if the bending moment vary 

' I-L 




An important case 
we have 


se is when the beam is of uniform strength, then 




Ahi , , •! f„v„ 

= - constant- , . 

1 


where the suffix 0 refers to a datum section. Then 

' -‘Eijh f 

Assuming now the section ill), though varying, to remain of the 
same type / 

C -l^r 

If, therefore, we call V the volume of the beam, 

u ~ iEl„ A„ ' ‘lE A,jr ' 

With the notation of Art. 155 this gives 

i r f » V 
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For the resilience we have only to change p into *f, the proof 
strength. It thus appears that in beams of uniform strength with 
transverse sections of the same type the resilience is proportional to 
the volume, mid lees than that of a stretched or compressed bar, as 
might have been foreseen from general considerations. The ratio of 
reduction is //■: it, being 3 :1 'in rectangular sections, 4 :1 in elliptic 
sections. When the beam is not of uniform strength the ratio of 
reduction must bo greater for the same type of section. The reduc¬ 
tion is of course least in I sections of uniform strength. 

The elastic energy U is a function of great importance in the theory 
of continuous beams and other similar structures, the relative yielding 
of the several parts of the structure being always such that this func¬ 
tion is loss than it would be for any other distribution of stress and 
strain. It may also be called the Elastic Potential, and when known 
all the equations necessary to determine the distribution of stress may 
bo found by simple differentiation. (See Appendix.) 

In the case of a beam supported at the ends and loaded at a given 
point, the elastic energy may also be expressed in tho form 

u^\m, 

where IV is tho load and 3 tho deflection of the loaded point. Taking 
tho load in tho middle and substituting by tho formula on page 324, 
we find 

.. /r-V 3 _24fc7.S2 
9li AV P ' 

results which wo shall have occasion to use hereafter. 

172. CuneMinij llemrks.—' Throughout this chapter it has been 
supposed that the deHoction and slope of a beam aro exclusively due 
to the bending action of the load, and this supposition is sufficiently 
accurate when the object is solely to estimate the stiffness of a beam 
in practical onsos. The effect of the shear, which nearly always 
accompanies bending, will be briefly noticed in a later chapter (Art. 
190, Ch. XV.), and it need only hero Ire added that in some of the 
examples discussed in this chapter, where thp results depend on a 
nice adjustment of tho slopo of the ends of a beam or the level of 
the supports on which it rests, tho effect of shearing may be very 
considerable. Structures, the straining actions on which depend 
on a delicate adjustment should, like frames with redundant parts 
(Art. 26), be avoided when possible, but when employed the effect of 
shearing should be carefully examined. 
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ow» weight with a iletieetioa of 1 inch fa!** (.IVS,”' 


Compare thie result with that of Kx H,:tui, »,„l »„ tl . what formula i. to 1„. „*■.! 
when both stiffness ami streugth are required. 

2. Find the ratio of depth to B]»an in a lie&m of rectangular section loaded in the 


middle, assuming streas=8000, A’-28,000,000, deflection . 4 , w> 1 . 

1200 17. » 

3. A beam is supported at the omit and loaded at a point distant ,t, t from the .up- 
ports with a weight It'. Show that the depression of the weight Mow the (mints of 

. . ItW , 

support t». )i7(a + t) . 

4. In the last question deduce the work done in bonding the beam, and verify the 
result by direct calculation. (See Art. 20.) 

5. A dam is supjiorted by a row of uprights wbieb take the whole horizontal prcaaurc 
of the water. The uprights may be legarded aB fixed at their Who at the bottom of the 
water while their upper ends at the water level are retained in the vertical by suitable 
struts (doping at 45°, the intermediate jmrt remaining unsuppmted. Find the bending 
moment at any i>oiut of the upright, and show that the thrust on the struts ia about 
two-sevenths the horizontal pressure of the wnter, 

0. A timber balk 20 feet long of square section sup| torts Ifio square feet of u floor, 
find the dimensions that the deflection of the floor, when loaded with tiO lit*. per square 
foot, may not exceed £ inch. Atm. 12 ; /'\ 

7. A shaft carries a load equal to m time* ita weight ll) distributed uniformly, (2) con¬ 
centrated in the middle, Considering it aa a beam fixed at the ends, find the distance 
apart of liearings for a stilfness of i •**,,.In*. If / la* the diatance apart in feet, 
d diameter in incheM, then for a wrought-iron or steel shaft 


<» (2M 

8. A beam originally curved, as in Kx. 21, p. 1120, is fixed at one end and loaded in 
any way. If i l»e the change of tdu|H) at any jaiint ami X, Y the displacements jmrallel 
to axes of jr, ,v of the point consequent on any load, prove that 
di M dX . >f Y . 

K! ' it" ' '• ill '• 

Apply these formula- to find the straining actions at any |*iint of one of the rings of a 
chain of circular links. 

0. A weight IF is fixed to the centre of a vertical rotating shaft, and, by ita centri¬ 
fugal force when the abaft is slightly Unit, tends to increase its lateral deflection. Show 
that the numlter of revolutions of the shaft per minute must not approach that given by 
the equation , 

--•w& 

all dimensions being in inches. 

Note. This is the simplest case of what is known as “centrifugal whirling," a 
question considered in Art. 203 a, Ch XVI. 
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TENSION OK COMPRESSION COMPOUNDED WITH BEN DIN'D. 
('RUSHING BY BENDING. 


173. General Formula fur the Stress due to a Thrust or Full in combina¬ 
tion with a ltendiiu) Moment .•—The bill’s of a frame and the parts of 
other structures are often exposed, not only to a pull or thrust alone, 
or to a bending action alone, but to the two together; and tho total 
stress at any point of a transverse section is then the sum of that due 
to each taken separately. That is to say, if II be the thrust, reckoned 
negative if a [mil, M the bending moment, tho stress at any point 
distant;/ from tho neutral axis of the bending (see Art. 135), reckoned 
positive on the compressed side, must be given by 
II Mu II ( v .1/) 

i> -.4 + 1 i 1 V//a r 


the notation being as in tho article cited. 

This formula shows how the effect of a thrust or pull is increased 
by a bending action : it has many important applications, some of which 
we shall now briefly indicate. 


174. Strut or Tie under the. Action of a Force parallel to its .Isis in 
rases where Lateral Flexure map he neglected.—Case I. Bar under the 
action of a force in a principal plane parallel to its axis. 

Let : bo the distance from the axis, of tho lino of action of the 
force, then 


M-Il:. p 



For example, let the section be circular, then n = t V, q - 1, and we find 



from whence it appears that a deviation from the axis of ^ the diameter 
of a rod increases the effect of a thrust or pull 50 per cent. Similarly 
it can be shown that if the line of action of the force lie outside the 
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middle fourtl? of the diameter of a circular section, or the middle third 
of a rectangular section, the maximum stress will lie more than double 
the mean, and at certain points the stress will he reversed. In designing 
a structure, then, tho greatest care must he exercised that the line of 
action of a thrust or pull lies in the axis of the piece which is subjected 
to it; to effect which, the joints, through which such straining actions 
arc exerted, must he so designed that the resultant stress at. the joint is 
applied at the centre of gravity of the section of the piece. This is a 
condition which cannot always lie satisfied, and allowance in anv ease 
must be made for errors in workmanship. In practical construction it 
is the joints which require most attention, being most often the cause of 
failure. In frames which are incompletely braced the friction of pin 
joints causes the line of action of the stress to deviate from the. axis. 

The effect is increased in the case of a thrust and diminished in 
the case of a pull by the curvature of the piece, which increases or 
diminishes :. Fig. 133 shows the axis of a column, under Ktg.isa 
the action of a weight If, suspended from a short cross 
piece of length it. The column bends laterally, as shown 
in an exaggerated way in the figure. I he inclination of 
A21 to the horizontal is so small that the difference 
between tho actual and the projected length of A I! may 
be disregarded; the bending- moment at 0 is therefore 
lf(a + «'•), where o is the lateral deviation AN of the top 
of the pillar. This deviation we will in the first instance 
suppose small compared with a, and then determine the condition that 
this may actually be the case. Neglecting it, the axis of the pillar is 
bent by the uniform bending moment If a into a circular arc of radius 
U, and as in Art. 163, 

6. ‘ill 1-: 

substituting for I! its value (Art. b>5) we get 
. Ml - If "I- . 

"\-lfl -IKI' 

6 m- 

whenco wo find (J 

The condition, then, that the lateral deviation should be small is 
that If should be much less than and if this condition be 

satisfied the stress will not be much increased beyond that indicated 
by the formula given above. The very important cases in which If is 
large will be treated presently. 

In the case of a pull this restriction on the use of the formula need 
not be attended to, the deviation diminishing the stress. 
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Cam II. Uniformly loaded beam supported at the ends and subject 
to compression. 

Let the load be IV and the thrust II, then 



For example, let the section be rectangular, then q= J, n= and 
we find 



Let us further suppose the ratio of depth to span one-sixteenth, 
then 



which shows how greatly the effect of a thrust is increased by a 
moderate bending moment. 

If the deflection l>c supjiosed 1 inch in 100 feet then 11 will in con¬ 
sequence produce an additional bending action at the centro equal to 
III/ 1200, which will be equivalent to an addition to IV of 11/ 160. For 
safety II ought not to exceed ‘MV, and the stress duo to the bending 
action of the uniform load on the beam will then be increased about 25 
|>er cent. This calculation shows why it is often necessary to support a 
beam at |>omt6 not too far apart by suitable trussing even when support 
is not required to give sufficient stiffness. Theoretically a proper 
“camber” given to the beam will counteract the bending action, and, 
conversely, a small accidental deflection will increase it. 

176. llmarks on the Aiflieation of the General Formula .—Tho formula 
given in Art 17.1 is much used in questions relating to the stability 
of chimneys, piers, and other Structures in masonry and brickwork. 
The stress on horizontal sections of such structures varies uniformly 
or nearly so, and the formula then shows where the stress is greatest 
and also where it becomes zero, tension usually not being permissible. 
It must be borne in mind however that the bending is frequently 
unsymmetrical, so that the axis of the bending moment will not coincide 
with the neutral axis of the bending stress on the section (Art. 162). 
The stability of blockwork and earthwork structures is a large subject 
which will not be considered in this treatise. The use of the term 
“ neutral axis ” to denote the line of zero stress, a line which varies 
in position according to the proportion between the thrust and the 
bending, though common, is better avoided. 
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176. Slnftoitu/ Actions dun to Forces Xornml to the Section .The 
reasoning of this section shows that when a structure is acted on hy 
forces some or all of which have components normal to a given section, 
the straining actions due to the normal components "ill in general 
depend on the relative yielding of the several parts of the section 
(Art. 43). These normal components however can always be reduced 
to a single force, acting through any proposed ]s>int in the section, and 
a couple, and if the point be properly chosen according to the nature 
of the structure at the section that singlo force will lie a simple thrust 
or pull; thus in the cases we have mentioned the point is the centre of 
gravity of the section. Having done this the couple will be so much 
addition to the bending action. An important example of this is the 
ease of a vessel floating in the water in which the horizontal longi¬ 
tudinal component of the fluid pressure generally produces bending, 
the arm of the bending couple being the distance of the intersection of 
the line of action of the resultant with the section considered, from the 
neutral axis of the “equivalent girder.'' 

177. Maniiiitni Cnickiit<i hunt of n Pillar. —When the compressing 
force is sufficiently great it produces a strong tendency to bend the 
pillar even though there be no lateral force. \\ e have already seen that 
the condition that this shall not be the case is t hat II shall las small 
compared with the quantity 3 1'.l I 1 , and we now proceed to inquire the 
effect produced when II' has a larger value. All these cases come under 
the head of what is called Crushing by Bending, ami are very common 
and important in practice. 

As in the ease of the deflection of a beam the question is much more 
simple when the pillar bends into an arc of a circle, which it will do in 
various eases explained in Art. K>3. Ihe case which wo select is that 
in which the sectional area remains constant and the thickness varies. 
Such a pillar is of uniform strength when very slightly bent, and when 
more bent the weakest point is at t he base. IV hen the load is applied 
exactly at the centre the elevation of such a pillar is a semi-ellipse with 
vertex at the summit; when not exactly at the centre the ellipse is 
truncated. As in other cases of uniform strength the section is ideal, 
requiring modification at the summit when applied in practice. 

Assuming then the form of the bent pillar to be a circular arc we 
have as before 

* * ~ 2EV 

but we have now, since we cannot neglect 5, 

d/=/r(a + c). 

Y 


C.M. 
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Hence by substitution we find 

, IV (a + «)/-’ 

,1 '~ ->E1 ’ 

where / is the moment of inertia at the base, from which we find 


a 



This result shows that the pillar bends kterallv more and more as IV 
increases, anil breaks with some value of IV which wo will find presently 
by substitution in the formula of Art. 172. 

First, however, observe that if « = 0, thft is, if the line of action of 
tho load puss through the centre of the pillar at its summit, then 
3-0 unless the denominator of the fraction be also zero, that is, unless 



'Che interpretation of this is, that if IV be less than the value just 
given the pillar will not bend at all, but it disturbed laterally will 
return to the upright position when the disturbing force is removed. 
If IV have exactly that value then, when put over into any inclined 
position the pillar will remain there in a state of neutral equilibrium, 
while the smallest increase of IV above this limit will cause the pillar 
to bond over indefinitely and so break. Thus the foregoing equation 
may be regarded as giving the crushing load of the pillar under certain 
conditions to bo defined more exactly presently. 

If the form of the bent pillar lie not a circular arc but some other 
given curve, tho corresponding type of section can be found by use of 
the general oquation given on page 323. A formula of the same form 
is then obtained, but the co efficient 2 is replaced by some not very 
different number depending on the form assumed. 

In Fig. 134 let >i be the deviation from the vertical Jill of any point 
in the pillar lidJI at a distance t from the summit, then IVy is the 
bending moment M at that point, and the equation may be written 

«>=£/.' f*. 

«.K- 

The ease of most importance is that in which the curve BAH is a 
curvo of sines given by the oquation 

jr-Saiu'.' 

21 being tho height of tho pillar and 3 the deviation from the vertical at 
the centre. Differentiating, substituting and dividing by »/, 

r 3 El 
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an equation .. .lich shows that a pillar of uniform transverse section 
when bent into a curve of sines will be in equilibrium for this value of 
IK and no other; a result the interpretation of which is the same as 
in the preceding case, ffom which it onlv differs in the number •< being 
replaced by ir-/4 or 2 47. In Fig. 12+ both ends of the pillar are 
rounded so as to be free to change their direction while remaining in 
the same vertical, the whole height /, of the pillar is then 2/ and 



In Fig. 134/i the pillar is lixed in direction at both ends and eon 
sequently there are two points of contrary flexure or "virtual joints” 
Ml. The position of these joints is easily foreseen, fur tin- four pieces 
Oil, BA, AB, BC are all acted on by the same compressing force 
applied virtually in the same way and are therefore all of equal length. 
The whole height /, of the pillar must consequently now be taken as 4/ 
instead of 2/ and v- replaced by Ir-. 



In Fig. 134« we have, an intermediate case, the summit being 
rounded and the base fixed in direction. I he two ends are still 
supposed in the same vertical, so that the pillar now bends into the 
form BABC, having only one point of contrary flexure near the base 
while the upper portion BAII is in the condition of a pillar with 
rounded ends. To find the length 21 of this upper portion in terms of 
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the whole height L of the pillar, we must observe that? the point of 
contrary flexure is not in the same vertical as the ends but deviates 
from it by a small quantity which we will call //„. So that the deviation 
of any point distant r from the summit is now 

it x x 
9 = nn y i + '/o-ji’ 


a formula which applies to points below B as well as above. 

To determine the position of B we have only to observe that 
when / = /, both 1 / and dy/dx must be zero; hence differentiating and 
eliminating y„, 

it!. L, 

■21 *' 21 ’ 


tan 


a transcendental equation which when solved by trial gives 


r. 


L 

21 


4-493, 


from which wo find that the upper portion BAB of the pillar is about 
70 per cent, of the whole height and that, in the formula for IV, it- 
should be replaced by 2'047ir-’. For the purposes to which this formula 
is applied 2ir- is sufficiently accurate; Kankine employed in Gordon’s 
Formula (p. .'(4-1) a coefficient obtained bv supposing BB instead of BC 
vertical, which corresponds to the value 2\r. 

We thus obtain the three formula; known as Killer’s Formula;, 


IF 




IV - 4s--. 


FA 

L-' 


for the three cases in question with a uniform section. If the pillar 
be bent into a circle as above, then v- is to be replaced by 8. 


178. Manner in trhirh a I’illar crushes. Fur inula far Lateral Deviation. 
—The value of IV here found is the maximum load, consistent with 
stability, which a pillar, freo to dofiect laterally, can sustain under any 
circumstances; but, in order that it may actually be sustained, the pillar 
must bo perfectly straight, tho materiahmust bo perfectly homogeneous, 
and the lino of action of the load must be exactly in tho axis. These 
conditions cannot be accurately satisfied, and consequently a lateral 
deflection is produced, which increases indefinitely as the load approaches 
the theoretical maximum. This may be expressed by supposing that a 
is not zero, but some known quantity depending on the degree of 
accuracy with which the conditions are satisfied, and which may be 
called the “ effective ” deviation; since, when the pillar is straight and 
homogeneous, it will be the actual deviation of the line of action of the 
load from the axis. Let IV a be the theoretical maximum load Is 
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calculated from the preceding formal*, and IV the actual load, thei 


3*1 


fU 




n 

' /r„ -;/' 


(1>- 3.W); 


thus we see that a load of 1, a, j 1 the theoretical maximum produce* 
a lateral deflection of In, .in, increasing the deviation of the load 
from the axis of the column to tin, .in, 4u. These numhers are only 
exact when the pillar is so formed as to bend into the arc of a circle ; 
when this is not the ease they follow a more complicated law ol the 
same general character, depending on the type of pillar and the nature 
of the deviation. For our purpose the simple case is sufficient. It is 
convenient to express the load in pounds per square inch ol the area 
(A) of the pillar at its base, then we may write with the notation 
of Art. 155 w 

for the case where the pillar is rounded at both etuis, the number tr* 
being replaced by ’Jjt- or fir- in the two othor cases ol the last article. 
Similarly writing ft- IVj.l for the actual load on the pillar, we get by 
substitution 

n ---it . ^ , or a 4- o - it . 1" . 

I>„ -1! I‘» l‘ 

The deviation is accompanied by an increase in t he maximum st ress (./ > 
on the transverse section, which is given by the formula 

U, 


t 


j \ 1 + «‘/m 




from which we get, replacing II by IV and M by IV(a + i), 

a result which shows that f increases indefinitely as approaches 
so that the pillar must break before the theoretical maximum is 
reached, however small the original deviation is. The greatest value 
of / must be the clastic strength, for as soon as this is past an 
additional lateral deviation at the most compressed part will occur, 
sooner or later accompanied by rupture. 

The formula may be written in the more convenient form 

■a 


U- 

nil.'') 

\p 

A r„i 


in which it is wortn wnue uusci > — •*»-- 

for the deviation nece&sary to produce double stress when the pillar 
ia so short that no sensible augmentation of the deviation is produced 
by lateral bending. In materials like east iron which have a low 
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tenacity, very long pillars give way by tension on the*convex side: 
the formula then becomes 

(H-JD-S • 

whero f is the tensile stress at the elastic limit. The two formul® 
give the same result if 

pJ-J. 

For loads greater than this the first formula applies, and for small 
loads the second. In pillars flat, but not fixed at the ends, without 
capitals f may he zero. . 


170. A cl mil Cm shiny ]<ond, —Wo thus see that if a pillar were 
absolutely straight and homogeneous it would crush, by direot com¬ 
pression it p 0 were greater than /, and by lateral bending if p (t were 
less than /, the crushing load being the least of these two quantities ; 
but that the smallest deviation will be augmented by lateral bending, 
so that the actual crushing load will be less than the least of these 
quantities. Experience confirms this conclusion. When a long pillar 
is loaded we do not find that it remains straight till a certain definite 
load />„ iH reached, and then suddenly bends laterally. We find, on 
the contrary, that a perceptible lateral deflection is produced by a 
small load, which gradually increases as the load is increased, till 
rupture takes place, showing, as wc might anticipate, that some small 
deviation existed originally. And as that deviation evidently depends 
upon accidental circumstances it is impossible, from imperfection of 
data, to find the actual crushing load of a pillar for those proportions 
of height to thickness, for which its effect is greatly augmented by a 
small deviation. The augmentation is on tho whole greatest when 


that is, when 


L 

It" 


ItCuE 

V 7 • 


This gives, by taking the values of E and /.from Table II., Chapter 
XVIII., 

Wrought Iron, /, = 30 yfiH . /»= i»h (Circular Section). 

Mild Steel, L = 2djw*n. h - 234 „ 

Hard Steel, /, - 23 v V-n, h= ISA „ 

Cast Iron, L = 20 vVbi.4= 164 


In the case of cast iron there is a difficulty in determining the value 
of/, but if we suppose that the elasticity of tho material is not greatly 
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impaired a» half the altimate crushing load, we get the value given 
The case of timber is exceptional, and will be referred to further on. 
For pillars fixed or half-fixod at the ends the number r- is to be 
replaced by 4tr 2 or 2** as before. 

Let us assume this condition satisfied, and let us imagine the pillar 
loaded with three-fourths the theoretical maximum crushing haul, 
then by substitution we find, i/h/'mA= J. |, or since «//> = ! for a 
circular section, 

a I 

li 9 ( 5 * 


from which it will be seen how small a deviation will cause the pillar 
to crush under three-fourths the theoretical maximum load, when the 
proportion of height to thickness is that just given. With a pillar of 
double this height the magnitude of the original deviation (a), always 
supposing it small, has little intlnence, and with a pillar of one third 
this height lateral flexure has little influence, on the resistance u> 

crushing. . 

On the whole, then, it would seem that the most rational way ot 
designing pillars would be to calculate the theoretical maximum h»ad, 
and then adopt a factor of safety depending on the value, ol the devia¬ 
tion found from the above formula: it is obvious that in some cases a 
much larger deviation may be considered likely than <» others hot- 
example the probable deviation from straightness may easily be 
imagined to be proportional to the length of the pillar. 1 he Oordnn. 
Iiankine formula given in the next article may be regarded as a 
formula for the average factor of safety necessary on account of the 
exaggerated influence of errors of workmanship on the strength o 
pillars in cases where the deviation is not greatly influenced by the 
length. For the case of thin tubes see < haplcr M W 

180. to*" A considerable part of our experimental 

knowledge respecting the strength of pillar* » due to 
His results show that in cast iron pillars with flat ends, the lc g 
of which exceeds 100 diameters, the theoretical maximum, » closely 
approached while wit., shorter lengths the strength falls olf consider¬ 
ably, as might be expected. In other respects the theorct.eal laws are 
approximately fulfilled, the pnneipal difference being that columns with 
one or both ends rounded are somewhat stronger relatively to columns 
wjth flat ends than theory would ind.cate, at. effect which may tie part y 
dL to imperfect fixing of the ends. Vartous empirical formula, have 

•Phil. Tran,., 1840, Part II. An .bridging, i. given in Hodgkin.*', work on 
CAuf tron. Weale, 18IB. 
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been given to express the results of experiment on the •crushing of 
pillars. That which has been most used was originally devised by 
Navier, but is commonly known as Gordon's. It is so constructed as 
to agree in form with the theoretical formula in' the extreme cases in 
which those formula give correct results. As employed by Rankine, 
only replacing r' J , the square of the radius of gyration, by nh- in the 
flotation of this work the formula is 



which becomes, when //A is small, , 

a/, 

and when l/h is largo, 

whilo for intermediate values it gives smaller results. 

If we compare this last with Euler’s formula for a column with flat 
ends, we get 

C = lir" ^, 

and this may be called the “ theoretical ” value of the constant r, Tho 
values actually used for c are somewhat different, being deduced from 
such experiments as have been made, and the results for different forms 
of section are not always consistent. Rankine gives in his Useful Rules 
ami Tables, 


VALUE OF CONSTANTS. 

Valuo of /. Value of r. 

Wrought Iron..'16,000 36,000 

Cast Iron, . . . . . 80,000 6,400 

Dry Timber, .... 7,200 3,000 


These values refer to struts fixed at the ends and to the crushing 
load. If one end be rounded, the value of r must be divided by 2, and 
if both ends ore rounded, by 4. 

Hankine’a formula has been very extensively tested for the case of 
wrought-iron columns of large size of various transverse sections, con¬ 
structed of rivetted plates, and has been found to give good results.* 

In the case of timber Hodgkinson found, from a limited number of 
experiments on struts of oak and red pine of small dimensions,^ 
'formula which agrees with the formula for the theoretical maximum 

* Afinutei of Proctnlingi of the Jmtilution of Civil Engineers for May, 1878, 
ml liv., page 200. 
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crushing load when the value of E in that formnl, b 

of this material increases ,ts flexibility under a heavy ..^ 

The values just given'of the constants for tii„!«.,■ in Gordons formula 
appear^rather low. Recent good authorities give tout, fi, , aml 


In the case of steel the value of , may !«i expo, ted to he increased 
and the value of r diminished in the ratio of the direct resistance to 
crushing ot steel and wrought iron respectively, conclusions on the 
whole borne out by experience.* 

Calculations made by Guidon s lormula may be testis! by calculating 
the deviation a by the formula on p. HI 1 ; the magnitude of this will 
be to some extent a measure of the safety of the pro|Kise<l load. In 
all cases of struts of large size subject to a heavy load, special care 
is necessary in considering all the cimunslaiieOK if a deflection be 
occasioned by the unsupported weight of the strut itself, or if, as is 
often the case, it be constructed of rivclted plates, a large margin of 
safety is desirable. So also iu pieces forming part of a machine in 
which a bending action may be produced by inertia and friction, or 
which are subject to shocks, the simple thrust alone is often a very 
imperfect measure of the stress to which they are subject. 

Returning to the ease of a long slender column we observe that, the 
resistance to crushing depends solely on the stiffness and not on the 
strength being proportional to the nnsluius of elasticity. Hence a 
long column is stronger when made of wrought iron than when made 
of cast iron, although with short columns the reverse is true. It 
appears from Gordon s formula that for a ratio of length to diameter 
of about 26| the two materials are equally strong. In very long 
columns steel is not stronger than iron, for its nnsluius of elasticity is 
not very different; in shorter lengths, however, the greater resistance 
to direct crushing of steel gives it an advantage. 


180a. Partial Fixture of Ends .-The condition of the ends of a pillar 
has great influence on its resistance to crushing; thus by Euler’* 
formula the crushing load of a pillur fixed at the ends is four times 
that of a pillar with both ends rounded. The ends of a pillar in 
practical eases can hardly ever be regarded as either rounded or fixed 
in a mathematical sense, and the influence which different methods of 
fixijig may have is a matter of much importance. 

(1) The most effectual method of obtaining, for experimental pur- 

* A Practical Treatise on Bridtjc Chatractum, by T. C. Fimas, pays ISO. GrilBn, 
1887 . 
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poses, a pillar, tho ends of which are freely movable in direction 
while remaining exactly in the same vertical, is to make its ends 
wedge-shaped, or, still better, conical. Experiments on pillars with 
conical ends were carried out in 1887 by the late Professor Bausch- 
inger, a well-known authority on strength of materials. The test- 
pieces were of rolled iron of various sections, among which may 
be es|>ecially mentioned some pieces of I section of sectional areas 
ranging from I0J to G.'H square centimetres and of lengths from 1 to 
4 metres. Tho results show irregularities arising partly from causes 
already mentioned and probably partly from the difficulty of obtaining 
tho moments of inertia with sufficient accuracy, but on the whole show 
a crushing load of more than 85 per cent, of that given by Euler's 
formula for a pillar with rounded ends. In 18.S7-8M similar experi¬ 
ments on pillars with conical ends were made by Herr Tetmajer, the 
test-pieces being iron bars of circular soction about 8 inches diameter 
and also pieces of wood. On comparison with Euler’s formula similar 
results wore obtained. 

These experiments point to the conclusion that the deviation n in¬ 
stead of increasing slowly with the length, as it would do (Ex. 9, p. .149) 
if the Hankine formula were satisfied, increases much more rapidly, 
so that the “constant” e in that formula diminishes rapidly with tho 
length when the ends of the pillar are rounded. 

(2) At the same time Hauschingor also made experiments on pillars 
with Hat ends simply butting against the compressing pieces without 
any attachment. The lost-pieces were similar to those in the preceding 
case, but tho results of the experiments now showed a comparatively 
constant value of r instead of the rapid diminution previously found. 
In this case also, however, r is not constant, but diminishes with the 
length. 

The same diminution of the constant t. as the length increases has 
been found in many experiments on columns of larger size, as shown 
by the formula' proposed by Mr. Cooper.* 

(3) The ends of a pillar are very frequently pin-jointed, the load 

being then transmitted by tho pressure of the pin upon its circular- 
bearing surface. The crushing load now depends on the diameter of 
the pin, bocauso the total diviation cannot exceed the radius of 
the friction circle (p. 240) of the pins; as soon as this is over¬ 
passed, the pillar instantly crushes in consequence of the release of 
the ends. , 

Very instructive experiments were carried out at Watertown 
Arsenal, U.S.A., in 1883, by meanB of the well-known testing machine 
• Knyinttring (’oiutruction, bj W. H. Warren, p. 196. Longmans, 1894. 
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there stationed. The test-pieces were h'ii - nj* iron about 8 inches 
square, ot lengths ranging front 10 to ho diameters, some with pin 
ends, the diameters of the pins ranging from ; inch t<> flj inches, and 
some with flat ends! The results of these experiments, tabulated on 
page 118 of the report cited, show that pins Jj inelies diameter are 
nearly equivalent to Hat ends, hut that • ineh pins give a much 
reduced crushing load. The Kankinu formula appears to agree fairly 
well with these experiments, small pin ends being treated as rounded 
and large ones us fixed. 

(4) The facts described in this artiele show clearly the empirical 
character of the Hanking formula: the approximate truth ot which, 
under the complicated conditions in which most experiments have 
been made, being due to the elicits ol increasing initial deviation as 
the length of the column increases, being partially compensated by 
the increasing influence of the partial fixture ol the ends. How 
far the conditions of the experiment resemble the conditions ot 
practice must always lie carefully considered in each individual 
case. 


181. Collapse of Fill's. -There are other cases of crushing by bend 
ing, some of which will be considered in a later chapter: tint it will 
be convenient to mention the Fi*.ia5, . 

important practical problem - 

of the yielding of a thin tube j 

under extenuil fluid pressure. a,, • 

The strength of a tube under 
external fluid pressure is as 
different from that "t a tube 
under internal pressure as 
the strength of a bar under 
compression is different to its p 

strength under tension. '' 

A tube perfectly uniform i|. thickness made of perfectly homogeneous 

hard material, and subject to perfectly uniform normal pnissure ex¬ 
ternally would theor aically maintain its form until it yielded by the 
direct crushing of the material. Hut when the pressure exceeds a 
certain limit the tube is in a state of unstable cqu.hbr.um, and any 
deviation from perfect accuracy in the above condmons will cause 
the tube to yield by collapsing, the collapsing lie,ng accompanied by 
Sling If the tube is very long it will collapse in the manner shown 
in Fig 135, the circumference dividing itself up into tour area, two 

* Report of Test, <« J#ru*w»t M'UerM made at Ike Waterloo Ar« not. IWS. 
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of which are concave outwards and the other two convex*. A want 
of exactness in the construction will in practice generally prevent the 
collapsing from being symmetrical. Each portion of tube between 
the points A is under the action of forces applied at the ends towards 
one another, which crush it by lateral bending just as a long column 
is crushed. Just before collapsing, each segment A A (Fig. 13<i), of 
length s say, will be under the action of a thrust /’ suppose, applied 
at the ends tangentially. Equilibrium is maintained by fluid pressure 
of intensity p on the convex side. When the pressure exceeds a 
certain limit the equilibrium is unstable, some accidental circumstance 
determining the position of the point A of .contrary flexure, and the 
consequent length * of any arc. 

As shown on [>age .'102 the thrust per inch length of the tube may be 
taken as approximately proportional to pil. Thus if t = thickness of 
tube, wo may expect that the collapsing pressure would be given by a 
formula like that which expresses the crushing load of a long slender 
rod of rectangular section, namely, jnl-t'Pj!i- where k' is an elastic 
co efficient. All other things being equal, the diameter alone varying, 
tho length a of an arc A A would be proportional to the diameter of the 
tube d, and, under those circumstances, the collapsing pressure of a thin 
tube (see Appendix), would probably vary with PjiP. But the length 
of the tube, as well as the diameter, influences the value of s. In all 
practical cases, as in all those on which experiments wero made, the 
ends of tho tube are rigidly constructed, and very much support the tube 
in tho neighbourhood from collapsing; thus the proximity of the ends 
has an important effect in determining the length of the ares into 
which the circumference divides itself. If the length of the tube is 
decreased a limit will be reached below which the tube 
on collapsing divides itself up into six arcs, three concave 
and three convex, as shown in Fig. 137. Then the 
length of each arc will bear a smaller proportion to the 
diameter than in the long tube. A still shorter tube 
will, when it collapses, divide it into eight arcs, and so 
on. . Thus the length .<is in some way dependenton the length of the 
tube. The correctness of this reasoning is borne out by experiments 
made by Fairbairn and others. In Fairbairn’s experiments tho tubes 
were made of rivetted wrought-iron plates. The ends were made rigid 
by a strong stay placed within the tube, keeping the ends apart. The 
tube thus constructed was placed in a larger cylinder of wrought iron 
and external pressure was applied by forcing water in. The pressure 
being gradually increased the tube will at last suddenly collapse, making 
a noise which indicates the instant of the occurrence. The results of 
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the exper’nents showed that the collapsing pressure mav be itpproxi 
matelv expressed by the formula 

the dimensions being all in inches, the co-etlieient I:=- ‘.l,<i7:!,U(ei. This 
formula must not he used for extreme eases nor for tulros of thickness 
less than jl inch. 

Since a short tube is so much stronger than a long one. we have an 
explanation of the advantage of rivetting a T iron ring around a boiler 
furnace tube, which amounts to a virtual shortening of the length oi the 
tube. Other formula' haw been proposed, some of which represent, the 
results of experiment more closely, but the materials at present avail¬ 
able do not admit of the construction of a satisfactory loimula. Some 
further remarks on the subject will be found in the Appendix. 


KXAMl'I.US 

t Kind the thickness uf metal of » cast-irou n.lninn fixed at the end. 1 foot m"*n 

diameter, 20 feet hi»h, to esrrv too tuns. factor of aafet.v. X. .4 „a. I hlcknesa 1 • 

2. Kind the crushing load of a wrought nun filial X" diameter. 1(1 feel high, rounded 
at the ends. dw. I'rualiing load =tai,21S II... an ton. nearly. , , . , the 

a. If in la,t the fill,.,' were Of rectangular sect,,,,, of "'*» ’* 

thickness, what scolional area would he .«,«!.e.l for I ’•trcng.h. An,. ..ct.onal 

area -li d square inehea in.t.ad of 7 square mehea as Itefote , , .., 

4. Asauming the crushing re.i.tance of a,eel to helj limea that of .rough m and 
it, module, of elasticity 10 fer cent, greater, find tie ■•.«■»<* *»>".</“■' * "" 

M .. - ^ ^«»»> 

•7^;:::i\;;:^t^ig'^rr;a«ooitrm .. . .. of. 

boiler due y thick, V diamete,, and :to feet long, d.. < ollagatng fresaure 10, ll-o 
7 In Kx. 1 calculate the deviation of the line of action of the lead from the ax.s ta, 

- - - - 

■ ol i I e it fjim ii.j or of ‘J-.OWl 1 »>h. .In* I ->or ». 

square meh with » load of 11, ■ , 1V ,|„. liordon-U.ukinc formula 

9. Aaaundng the crualnug load « " J; • ,j. ,, v ,.„ b.v the 

with the theoretical valuen of the^i-ww"*. 

formula / 



CHAPTER XV. 

SHEARING AM) TORSION OK K I.AST 1C MATH RIAL. 

Suction I.— Ei.kmk.ntaky I’rincii'lks. 

^182. thstinrfiim brlmmi Tinujfutiul nml Xwmul Stress.—Eijwiliti/ of 
Tanijniliiil Stress on /'/«»« at Right An.jtes. -In the cases we have 
hitherto considered of simple tension, compression, and Lending, the 
stross on the section under consideration has Leon at all points norma 
to the section. Hut we may take our section inclined at, any angle to 
the stress, and the mutual action is then not normal to the section. 
The particles on each side of the section partly act on one another in 
, • the of section itself, and so constitute a stress analogous 

1,0 ,,a to friction, resisting the sliding of one portion 

relatively to the other. Such a stress is called 
hiHiiniliiil or sheiiriiit/ stress, being the stress called 
into action by shearing. 

i Let us return to the case of the stretched bar 

carrying a load 1' (Fig. i.'IS). On a transverse 
section of the bar only a normal st ress is produced. 
p.c°»S Now suppose we take an oblique section, whose 
ip normal makes an angle ti with the axis of the bar, 

and let, us resolvo the force /' into two com¬ 
ponents, one perpendicular and the other parallel to the section. The 
normal component P cos 0 tends to produce a direct separation at the 
section, producing a tensile stress similar in character to that on a 
transverse section, but of less intensity. 

If A ** aroa of transverse section of bar, then A sec t) = area of oblique 
section ; the intensity of the normal stress 

PcotV P ,, , p 

p " = .Tsec tf = A C0S '° " v Q03 '' 6 ’ wl,ere P “ J ■ 
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the other exponent F sin 6 produces a tangential nr shearing stress of 
intensity 

/’siuP . .. ,, 

v, = ^ p sin Wens li. 

*' A see V 1 

Similarly if the bar is subjeeteil to a compressive instead of a tensile 
load. 

Many materials which offer great resistance to direct eom|iresst.m 
yield by sliding across an obli.|ttc plane. Now is a maximum when 
0 = 45, this is therefore a|ii>rnximately the angle of se|sirntinn. 
same maximum stress, the value ot which is j> -\ wouin on anot ui 
plane sloping the other way at an angle of 15'. "c sometimes Inn 
fracture to occur across two oblique planes : sometimes across one only. 

If in /), — p sin 0 cos II we change 0 into <HI + 0. />, has the same value ; 
so that the intensity of the tangential stresses on two planes at 
right angles to one another is the same. This is true generally m all 
cases of stress, as will lie seen presently. 

183 ft, 0 /W "< ^ "l’l . . 

Strrw* /ft'sftie/im, Sirrss. In the example we have just eons, tiered we 
have both shearing and normal stress; but there are cases ... winch 
there is only a shearing stress, l.ct AM l> lB Kt K .i3'J 
(l-’jg. |:t!)) be a rectangular plate ot thickness 
I. Over the surfaces /«.' and .///suppose a 
tangential stress to he applied of intensity /<„ 

Calling If and „ the length of the sides ot the 
plate, the total amount oftl.e tangential stress 
on each side is 

I' 1 - 

To prevent the turning of the plate, suppose 
the forces F balanced by the application of an 
uniform stress over the surfaces FA and /"' 
of intensity //,. The amount of the force on each ot these sides 

Since equilibrium is produce.l', the nv.cut of the couple F must be 

equal to the moment of the couple !/. 



. //,. 


hi. 'I V 


Itf . f)y 


that is, the intensity of the stress ts the same on HA aa on Ah. 

Shearing therefore cannot exist along one plane on y. It must be 
accompanied by a shearing stress of equal intensity along a plane a 
right angles. Such a pair of stresses unaccompanied by normal 
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constitute a Simple Distorting Stress, so called because it* distorts the 
elements of the body. 

Let us how assume, for simplicity, the plate to be square (Fig. 140). 
Thu effect of the forces is to produce a change of form, which, in 
perfectly elastic bodies, is exactly pro- 
jKH'tioned to the shearing force which 
produces it. The square ABC]) becomes 
a rhombus AB'C'J), the angle of distortion 
being proportional to the stress p,. 
We may write 

■ P, = C<I>, 

where the co efficient C is a kind of 
Modulus of Elasticity, but of a different 
nature from that previously employed. 
The volume of the elastic body A is in general practically unaltered. 
Under the action of the forces it has simply undergone a change of 
form or figure, and the co efficient C which connects the change of 
form with the stress producing it, is a co efficient of elasticity of figure. 
It is sometimes called the modulus of transmit• elaslirilp, hut preferably 
the owjlirinit of ritjidU//. 

The ordinary (Young’s) modulus of elasticity E connects the stress 
and strain in a bar when it undergoes changes both of volume and 
tiguro. The coefficient of rigidity (.' for metallic bodies is generally 
less than iff, and for wrought-iron bars may be taken as 10 to 10} 
millions, or in torsion somewhat greater. 

Let us now take a section of the square plate (Fig. 140) along one 
of the diagonals and consider the forces which act on the two sides 
of the triangular upper portion. Resolve these forcos parallel and 
perpendicular to the diagonal. The components of the two J’’s along 
the diagonal balance one another, and there will be no tendency for 
this triangular portion to slide relatively to the other ; that is to say, 
there is no shearing stress on the diagonal seetion. But the other 
components, perpendicular to the diagonal, cause the upper triangular 
portion to press on the lower with a force 

J’ 






If we divide this force by the area of the diagonal section over which 
it is distributed, we obtain the intensity of this normal stress, 

On tbe diagonal section AC which we have been considering, this 
stress is compressive, but if we take the section along Bit, the other 
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diagonal, we find by the same reasoning a stress of the same magni¬ 
tude, but tensile. 

Thus it appears that a shearing stress on anv plane necessarily 
involves tensile and compressive stresses of equal in- ptir.m. 

tensity on planes at 4:V to this plane, so that a simple | j P j j j 

distorting stress, which was defined above as a [iair — 
of shearing stresses on planes at right angles, umv p - • -p 

also be defined as a pair of normal st resses of equal _ 

intensity and of opposite sign, as shown in Fig. 141 . 11 111 

Skction II. Torsion ok Sit a ns. Si-KiNiis. 

184. Torsion of a Tithe. Itomul Shifts. We now proeeed with 
various examples of this kind of stress, commencing with the case of 
torsion. Torsion was mentioned as one of the five simple straining 
actions to which the bar as a whole may be excised. It is produced 
by a pair of equal couples applied at the ends of the liar, the axis of 
the couples being the axis of the bar. 

When we consider the nature of the clastic forces called into 

* 


Kltr.142. 



action amongst the particles of the bar. Torsion reduces to a case of 
.Shearing, To understand this, we will begin with a simple case. 
Imagine a thin tube (Fig. lit') with one end fixed, and the other 
acted on by an uniform tangential stress of intensity q. Let l be the 
thickness and d the mean diameter of the tube, then 

Sectional area of tube •* irdl approximately ; 

'Total shearing force -*qirdt ; 

and since the force on each unit of area of the section acts approxi-, 
matcly at the Bamc distance from the centre of the tube, the total 
twisting moment = ipnit x bl \qrd-t. This twisting moment is 
balanced by the resistance to turning offered at the fixed end. At any 
transverse section KK of the tube there will lie produced an uniform 
stress of intensity q. 

Let us now consider a small square traced on the surface of the tube, 
with two sides on two transverse sections. If we take the square small 
enough we may treat it as a plane square. To balance the shearing 

C.M. Z 
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stress q, which acts on the tides of the square lying in the transverse 
planes, a shearing stress of equal intensity is, as explained above, called 
into action on the other two sides of the square, jn the direction of the 
length of the tube, so that, if the tube were cut by longitudinal slits, the 
powor of resistance to torsion would be as effectually destroyed as if it 
were-cut by transverse slits. But if we made spiral slits at an angle of 
45°, as shown at SS in Fig. 142; supposing the slits indefinitely fine, 
and no material removed, tho strength of the tube to resist torsion in 
the direction Bhown would not be impaired. The material of the tube 
would then be divided into spirally-bent ribands, which would be in 
tension along their length, and in compression laterally, the ribands 
being caused to press against one another. Along a second set of spirals 
such as S'S', longitudinal compression and latoral tension uxist; the 
lateral forces are indicated in both cases by arrows in the figure. 

So much for the state of stress induced in the tube by the torsion. 
Next as to the change of form which accompanies the stress. The 
squaro will be distorted into a rhombus. A straight line AD, drawn on 
the surface parallel to the axis of the tube passing through the centre 
of the square, will be twisted into a spiral AD', tho angle of the spifal 
being the angle of distortion of the square. Let 6 be that angle, then 

q = C9, where C is tho co efficient of rigidity. 

The effect of this is that, relatively to the end A, tho end D is twisted 
round through an anglo D6D' ~i suppose, called the angle of torsion. 

In circular measure i = arC ^ (r = radius of tube). A Iso arc DU ---= 10, 

6 being a small angle. Therefore i = 19/r. Since also 9-q/C, we have 
the angle of torsion »= ql/Cr, in terms of tho stress. From this we may 
express the angle of torsion in torms of the twisting momenL producing 
the torsion. 

We now pass on to tho consideration of the torsion of a solid or 
hollow cylindrical shaft. First, let us imagine the shaft to be made up 
of a number of concentric tubes exactly fitting one another, and let us 
further imagine that at the end of each tube a suitable twisting moment 
is appliod, so that each tube is twisted round through exactly the same 
angle. This effect will be produced by applying over the section at 
the end of each elementary tube a tangential stress, which is propor¬ 
tional to the radius of the tube. If we make qjr=qjr v where j, and 
refer to the outside tube, then the angle of torsion will be the same'for 
all the tubes, and they will not tend to turn relatively to one another, 
but altogether.^ We may then suppose them united together again in 
a solid mass. If the stress applied be proportional to the distance 
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from the centre, the shaft will twist just as if it were a set of tubes, 
each being subjected to the same stress and strain as if it were an 
independent tube. 

Now in the actual case of the twisting of a solid shaft, all portions 
from the outside inwards to the centre must turn through the same 
angle, and hence the shearing stress at any |toint of the section of the 
shaft must be proportional to its distance from the centre. This is 
true except very near the joint of application of the twisting moment. 
Supjtose, for example, the twisting moment is applied by means of a 
wheel keyed on the shaft, then in the immediate neighltourhood of the 
key-way, tho stress will notr be as staled, but at a short distance along 
the shaft the stress distributes itself in the manner described. This is 
another instanco of the general principle already employed in the case 
of stretching and bending. 

Tho total resistance to torsion of the solid shaft is the sum of the 
twisting moments ot all the concentric tubes into which it may be 
imagined to be divided. 1 bus 

T=- ~'2irrl<i ; in which 7 = 1 ’. Vl . 

1 1 

• T y'-’r Mr' 1 ' » . r*, 

'1 '1 

that is, the product of the sectional area of each tulic multiplied by 
the distance squared of the area from the axis of the shaft must be 
taken and summed. The result is called the Polar Moment of Inertia 
and will be denoted by /, so that 

i ’{'I. 

Tho same formula applies to hollow shafts, the summation now extend¬ 
ing from the internal radius r,, to the external radius r, and the value 
of / is then _ 

'-A 

being double the corresponding, value in the case of bending. 

8 incc i**qljCr we can eliminate 7 and thus obtain 

r-c/. J, 

a formula which gives the twisting moment in terms of the torsion per 
unit of length. 

Dropping the suffixes, taking r to be the outside radius, we ean write 
the moment of resistance to torsion of a solid shaft, 

T- \vfr\ or nWd*; 

where / is the coefficient of strength of the material to resist shearing. 
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Thus the strength under torsion is proportional to the cube of the 
diameter. The formula shows that, assuming / to be the same in each 
case, the strength of a shaft to resist a twisting moment is double its 
strength to resist a bending moment. 

Having determined the diameter of shaft required to take a given 
twisting moment we are now able to obtain a solution of the practical 
question, What diameter of shaft is required to transmit a given horse¬ 
power at a given number of revolutions per minute 1 
Let T„ — mean twisting moment transmitted in inch tons, then 
'f n x 'HwN= work transmitted per minute in inch-tons, where N= 
revolutions per minute of shaft. • 

Let H.P. denote the horse-power to be transmitted, then 

.'I.'UIOO x 12 ,, 

l,i * - VjV = ao,,, 111 ■ 

_ 5300(1 x 12 U.P. 

7(1 " 2240x 2ir N. 


Now the shaft must be strong enough to take not oidy the mean but 
the maximum twisting moment. 

We may express the maximum in terms of the mean by writing 
where K is a eo-ctticient whose value is different in different 
cases and T- maximum twisting moment, but 

i = or d m -*r 

„ 1 0 X 33000 x 1 2 A' //./’. 

**’• '** 2ir J ' X 2240 " / X * 


and <U R"2X\^j A 

The value of/ depends in some measure on the fluctuation to which 
the twisting moment is subject, but under ordinary circumstances 
should not exceed 3j tons per square inch (Art. 221) for wrought 
iron, 4 j tons for steel, and (soo Art. 229) 1 j tons for east iron. The 
value of K , tho ratio of maximum to mean twisting moment, depends 
on the circumstances discussed in Chapter X. We may assume it 
equal to 1.J when tho number of cranks is 2, allowing a small addition 
for the bending due to the weight of the shaft. On substitution wo 
obtain for wrought iron 



This formula agrees closely with the best practice in screw-propeller 
shafting. 

When the amount of bending to which the shaft is subject is con- 
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siderable, a in the case of crank shafts, the diameter determined by 
this formula is too small. It will bo seen hereafter that when all the 
forces acting on the shaft are known, a value of K can be calculated 
which gives the effect of bending. If we assume K -■ 2, the co efficient 4 
in the above formula will be replaced by 4 5, and this agrees closely 
with practice in the crank shafts of marine screw engines when made 
of iron, the number of cranks being 2. 

In the formula for the angle of torsion, 



if we replace y by its working value, for wrought iron (7200 lbs.), 
0 by 5000 tons, and i by the circular measure of 1', we find 
/ = l :!■(«/, 

showing that under the working stress the shaft twists through 1 
for each 12] diameters in its length. For many purposes this is 
much too small, and the dimensions of a shaft then depend on 
stiffness, not on strength, as in the case of beams (Art. 168). The 
greatest angle of torsion permissible depends in great measure on 
the irregularity of the resistance, and no general rule can therefore 
be laid down for it. If the angle of torsion bo given and the length, 
the diameter will depend on the fourth root of the twisting moment 
as shown by the formula already given which connects the two. In 
this, as in other cases where dimensions depend on stiffness, not on 
strength, steel has no advantage over iron, because the co efficients 
of elasticity of the two materials are the same or nearly so. 

A hollow shaft is both stronger and stiller than a solid shaft of 
the same length and weight, the central jiortiou of a solid shaft 
not being twisted sufficiently to develop its full strength. 

The distance apart of the bearings of a shaft depends on the stiff¬ 
ness necessary to resist the bending due to the weight of the shaft 
itself, and of any pulleys or wheels upon it, together with the ten¬ 
sion of belts and other similar forces. If the total load be equivalent 
to m times the weight of the*shaft itself uniformly distributed, the 
length between bearings for a wrought-iron or steel shaft d inches 
diameter will be given approximately for a stiffness of by 

Ex. 7, p. 833. 

When, :ts in screw propeller shafting, the bearings arc liable to 
get out of line, too great stiffness in a shaft will produce great 
straining actions upon it. 

186. Elliptic and other Sections.— In the cases hitherto considered the 
stress called into play at each point of the transverse section is pro- 
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portions! to the distance of the point from the centre, and its direction 
ia tangential to a circle drawn through the point, but in non-circular 
sections this is no longer the case. In particular the direction of the 
stress at points near the circumforencc is necessarily tangential to the 
contour of the section, for by the principle of Art. 183 (p. 351), in 
the absence of shearing stress on the outer surface, there can be none 
on the transverse section in a direction perpendicular to the contour. 

Commencing as before with the case of a tube the thickness (<) of 
which is small compared with the radius of curvature, but which now 
may vary according to any law; the shear (q) at any point is along the 
circumference. Taking As a small element of the circumference, t. As 
will be the area of the eloment, and qt . As will be the whole shear upon 
it, while qt will bo the shear (S) per unit of length of the circumference. 
Next take two oross sections of the tube distant Ax apart and con¬ 
sider the rectangular portion of thickness t the sides of which are As 
and Ax. Reasoning in the same way as in Art. 183 already cited, 
tho shear S on tho face Ai of the cross section is necessarily accom¬ 
panied by an equal shear (S') on the longitudinal luce Ax. Now if the 
cross sections are free from constraint caused by the neighbourhood of 
rigid ends, the state of stress of all cross sections may be taken as 
the same, and the normal stress (if any) on tho two faces forming part 
of tho two cross sections cannot be different: from which it follows 
that S' is constant, since any change in S' can only be balanced by a 
corresponding change in the normal stress on the faces at right angles 
to it. Hence S, that is qt, is also constant, and wc infer that the 
intensity of the shear at any point varies inversely as tho thickness 
of tho tube at that point. Now take a point 0 inside the tube in the 
piano of the section and join 0 to the extremities l\ P of the clement 
As at the ndddlc of the thickness, thus forming a triangle OI‘P on 
the buse As. Then if p be the perpendicular dropped from 0 on the 
tangent to tho circumference drawn through PP' 

pAs= 2 x Area OPP , 

and if A !>e the whole area of the cross section of the tube measured to 
tho middle of the thickness 

XpAs = 2 A. 

But S. ~pAs ia the moment of stress about 0 and is therefore equal to 
the twisting momont (T) on the tube, from which it follows that 

T~2SA or ? = ~-, 

a formula which, subject to the limitation stated, is true for a tube 
of any shape, the thickness of which varies continuously in any way. 
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We now suppose the internal and external peripheries to be similar 
curves with regard to the centre 0, that is, if the radius of the inner 
periphery drawn in a given direction be r that of the outer periphery is 
(l+e)r where t is oonstant, tr being the thickness measured along 
the radius vector, then 


and hence it appears that in such a tube the shear q varies inversely as 
the perpendicular dropped from 0 on the tangent. 

The greatest value of q then will be when p is least, in which case 
evidently p = r so that (= tr. Imagine now a nest of such tubes fitting 
one inside the other, it is eakily proved (sec Art. 21 Ga) that if each tube 
be twisted through the same angle the shear at corresponding points 
must be pro[>ortional to the radius, that is, qr is the same for all. 
Hence if T be now the twisting moment for all the tubes taken 
together, qfr will be constant in the equations 

T■- i'ZqAt =:'SS/qAtr , 

where r is the least radius and q the greatest shear for any tube. 
Suppose r,, A l corresponding quantities for the outermost tube, and 
write Ar for tr, then 

T = . Ar = -' hA ' f *dr. 

'I A \ >\ J'r 

Hence, by integration we obtain for a complete set of tubes 

r-h ,-V.. 


This formula determines the moment of torsion in any case in which 
the solid shaft can be regarded as split up into a number of similar 
tubes. Taking for example a circular section it will be seen that the 
formula is equivalent to that already found on page and it may be 
modified in the same way for a hollow shaft. But the point 0 must 
be taken as the centre of the circle, for otherwise the connection of the 
tubes together would alter She distribution of stress. So in any case 
the .centre of similarity 0 of the ideal tubes must be the geometrical 
centre of the section, and the section must lie supposed symmetrical 
about a centro. For elliptical sections the formula is exact, and it may 
be taken as a probable approximation whenever the curvature of the 
profile is continuous. 

, Whenever the necessary conditions for its truth are satisfied, the 
investigation shows that the stress at any point near the surface of a 
twisted shaft varies inversely as the perpendicular distance of the centre 
from the tangent* at the point, and that the strength is proportional 
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to the product of the sectional area and the least diameter. Thus 
for a givon weight of metal the circle is the strongest form, and 
for other forms the strength is diminished in proportion to the least 
diameter. If e be that diameter the moment of resistance will be 

r-\fAc. 

When the curvature of the profile of the section is not continuous 

but contains an anglo, as for example the corner of a square, the 

stress at the corner is necessarily zero, for by the principle already 

several times usod, the stress resolved perpendicular to each of the 

two edges meeting in the corner is zero. Hence the stress at various 
points along a radius within the thickness ef a tube, the mean value 
of which has already been found is not sensibly constant, but varies 
greatly. If for example a nest of rectangular tubes be considered, 
the stross at the outer corner of each tube will be zoro, while that of 
the inner corner of the next tube in contact with it will be large: tho 
state of stress in the solid shaft is therefore widely different from that 
of the tubes. Our knowledge of the distribution of stress in these 
and other cases is entirely derived from the laborious calculations of 
the late M. St. Vcnunt, an account of which is given by Professor 
Pearson in a treatise, some notice of which will bo found in the 
Appendix. It will be sufficient here to quote some of the simpler 
and nioro im|>ortant results.* 

(1) In a bar of rectangular section, area A , sides h and c, tho 
point of maximum stress is at the centre of the longer side b, and 
the moment of resistance is 

T _ f !>,:■ A\tft _ file 

• » + l't<(8 ' ' 3 + 1'8/f ~ 3 + i'8/2’ 

where ft is the ratio of the sides r/A. In a square section of side 
h this bocomes '208 fh 3 , being little more than <! per cent, greater 
than the value previously given for a circular section of tho same 
diameter. On comparison it will bo found that the strength of a 
square section is only 73*8 per cont. of that of a circular section 
of tho same area, the co-efficient being the same in the two cases. 
When ft is very small the moment of resistance is -333 fie-. The 
formula is empirical, being devised by St. Vonant to represent 
accurately in the two extremes eases just mentioned, and with fair 
approximation in intermediate cases, results of calculation from infinite 
series. When ft is not less than '3 a somewhat better approximation 
is obtained by writing 3-2+ 1*6)3 in the denominator. When ft la 
about '5 the result is the same as for a nest of tubes. 

* Hiftory of Elatticit ,v, vol. ii., Part I., pp. 19-39; alto p. 195. 
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(2) Of len importance in practice, Rut interesting from its simplicity, 
is tho formula for an elliptic section which is that already given for a 
nest of tubes. 

(3) The angle of torsion i for a bar of length i under a twisting 
moment T is given by the formula 

r _ 1 A' Ci 
4r 3 1 ' T 

where A is the area and 1 the polar moment of inertia of the section. 
For elliptic sections this formula is exact (see Art. -Ki.t), agreeing with 
that given in the preceding article when the ellipse Jimmies a circle. 
For rectangles and sectors of a circle it is shown by St. Vcnant to bo a 
tolerable approximation, and it mav be taken as such for any section, 
the contour of which does not contain re-entering angles. The divisor 
4a- 2 should, however, be replaced by a slightly different immW 
according to the type of section, the average being taken by St. Venant 
as 40. The exact value for a square section on comparison with St. 
Vcnant’s table of results appears to be 12'6(! and for rectangles 
(/3>\3) may be taken as 42. 

Since the elastic energy U is necessarily equal to 177 the foregoing 
formula gives 

,, C A 1 in- 11 r- 

' //■'•" ,/< • 

in which as before 4ir 2 should he replaced by 42 in rectangular sections. 

(4) The maximum stress y,, due to a twisting couple T, may lie found 
from the value of the moment of resistance already given in (1), (2), 
whence by substitution for T tho elastic energy, or its limiting value 
the resilience, per unit of volume may he found. 

It is, however, also important to know the stress </„ at a point 2 
situated at the middle of the shorter side of a rectangular section, 
for when the section is exposed to bending as well ns torsion the 
combined effect of the two is frequently greatest at this point. On 
examination of St. Tenant's results, given on page 39 of the work 
already cited, it is found that i/,, is never less than 74 per cent, of 
q v and that it is given with fair approximation by the formula 


In an elliptic section the point 2 is at cither extremity of the major 
axjs and the stress there is /&/,, diminishing to zero as the ratio of axes 
is reduced. This shows that the distribution of stress for small values 
of /8 is quite different from that in a rectangular section; a point 
further illustrated liy comparing the strength of the two for the same 
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area and ratio of axes; when it will be found that for small values of 
the rectangle is the stronger form. 

Further remarks on torsion will be found in the Appendix. 

186. Crank Shafts .—The twisting of a shaft is due to the action 
of transverse forces which have a moment about its axis. The common 
crank shaft is a case which may here conveniently be considered as 
an example of the way in whieh such forces strain the shaft. 

In Fig. 143 ACB is a shaft turning in bearings A and B and acted 
on by twisting moments T x , T. 2 at its ends. The sides of the crank 



are generally at right angles to the shaft, but in the figure are shown 
inclined at an angle H, a case which sometimes occurs. The crank 
pin is acted on by the thrust of a connecting rod not shown in 
the figure, which together with othor forces (if any) passing through 
the axis of the shaft and corresponding reactions of the bearings form 
a system of forces the straining actions due to which are now to be 
studied: the graphical methods explained in Part I. being employed 
as most suitable for the purpose. 

Tho first step is to resolve the forces into two sets, one set in the 
plane of the crank, the other perpendicular to that plane. The first 
set produce shearing and bending only, which actions may be repre¬ 
sented by polygons in the usual way and need not for the present 
be further considered ; the second set alone produce twisting. As 
regards the straight purt of the shaft : if S bo the force on the crank 
pin perpondicular to the piano of the crank ami a the crank-radius, 

Sa -1\ - T.j , 

then the difference of the twisting moments T v T. t is determined, 
but the actual magnitudes depend on the twisting transmitted from 
the parts of the shaft lying beyond the bearings. If one end B of the 
shaft be free the corresponding moment T t will of course be zqro. 
If the turning momout Sa supplied by the connecting rod furnish 
energy at both ends of the shaft, as is often the case, 2 1 , will be 
negative. 
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Taking e.ny point K (Fig. 143), on the crank arm at a distance « 
from the axis, let a polygon of moments be drawn, the force S for 
this purpose being taken as passing through the axis. The result 
at if is a bending moment m, the axis of which is shown in the figure 
by a dotted line perpendicular to the axis. In like manner a polygon 
of shearing force may be drawn giving the shear at K which we will 
call F. Taking a transverse section of the crank arm at K the shear 
on this section will he F while the bending moment M and the 
twisting moment T will be determined by the equations 
F: - M . sin ti+T. cos 0 
• .1/. cos 0 + T. sin 0 ~ m. 


from which we obtain th ‘ values of T and J/, namely, 

T-(T X - F:) cos 0 + m. sin 0, 

M^(F:~ J\) sin 0 + m . cos 0. 

For the crank pin wc have only to put 0 = 0, : =«, and wc find 

T --=T l - Fa, M -- m, 

and in the common case where 0 = 90 we have for any jKiirit of the 
crank arm, 

T m ■ M = F: - 7',. 

These results refer to the side next the bearing .7 ; on the other 
side T x must be changed into T r It must further ho remembered 
that they refer exclusively to the set of forces perpendicular to the 
plane of the crank; the set of forces in that plane produce a shoar 
p 1 and a moment .1/ perpendicular to those just considered, so that 
the resultant bending moment is JM- + M" 1 . 

The crank arm, however, is usually of rectangular section and the 
components .1/ must then he considered separately. 1 he method 
of compounding a twisting moment with a bending moment will be 
explained in Chapter XVII. 


187. Spiral Sprintp may he flat or conical, but the simplest and 
most important case is that in which the spring consists of a strip 
of metal, usually of rectangular or circular section, coilod into a 
cylinder of radius r, the pitch angle (0) of the spiral being uniform. 
The length of the spring (x 0 ) measured along the axis of the cylinder 
is given by the formula 

= l sin 0 , 

jyid therefore can only vary sensibly by variation of the pitch angle. 
The ends of the strip are bgnt to meet the axis and are inclined to 
each other at an angle given by the equation 
r^ = I.cos0, 
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each complete convolution of the spring increasing the angle by 2ir. 
The angle 6 will for the present be supposed small. 

Such a spring may be used in two distinct ways. 

(1) Olio end being held fast the other may be attached to a spindle 
occupying the axis of the spring, and by a couple (A/) applied to it 
the spring is turned through an angle </>-</>„. The action here is 
one of simple bending, the bending moment being M and the elastic 
energy ( U) being given by 

it i un a/ 2 ; ei,, , 

{/--= <£„) = => y ( 4 > - 0 ,,)-, 

equations which give for the angle turned thfough 


/ k iU 
+ ~+* m M 


Ml 

El' 


An example of this kind occurs in the spring of the balance of a 
chronometer. 

(2) Much more important, however, is the case so common in 
practice in which the spring is altered in length from /„ to * by 
the action of a force 1‘ applied along tho axis. Each section of the 
strip is now subject to the action of a twisting moment T=Pr, while 
the corresponding elastic energy is 

U uv- 

The value of U is found from tho formula given in Art. 185 (3), 
and the radius between x - .r„ and /' is thus determined. 

(3) The action on a spiral spring is not exactly one of pure 
bonding or pure torsion as just supposed unless the pitch angle 0 
lie exceedingly small. In tho first case the bending moment is 
M. cos 6 and there is in addition a twisting moment Af.sind; 
while in the second case the twisting moment is l‘r . cos 0 which 
is accompanied by a bending moment IV sin 6. It will be shown 
hereafter that the elastic energy due to the combination of bending 
and twisting is tho sum of tho values of U duo to each taken alone. 
The total value of U can therefore be readily obtained by sum¬ 
mation : by use of which the preceding formuhe for <£-<£„ and 
B!-3- 0 will still apply. If 6 be less than 15% however, the correc¬ 
tion is of little importance. For values of co-efficients, see Ch. XVIII. 

AVben the spiral is flat as in the main spring or balance spring of 
a watch the action is one of simple bending as in (I), and the same 
formuhe apply with slight modification. The conical springs employed 
in the butters of railway carriages and for other ( purposes act by 
torsion as in (2), but tho calculation is somewhat more complex. 
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Section III.- Shearing in Girders. Joints. 

188. Web of a Beam of I Section. —Torsion is one of the few wises 
in practice where a simple distorting stress occurs alone and not in 
combination with other kinds of stress. It generally happens that a 
normal stress is combined with it; such, for example, is the ease in the 
web of a beam of I section, to which we next proceed to direct our 
attention. Taking a transverse section, tho normal stress at a |H>int 
distant y from the neutral axis is given by the formula 
p M 

r /■ 

and is therefore the same for the same values of M and I, whethor 
tho web be thin or thick, while it will be shown presently that tho 
tangential stress is greater the thinner the web, and becomes the 
most important element when the web is thin. 

Let us suppose, for simplicity, the flanges eijual, and also that the boarn 
is supported at the ends and loaded in the centre with a weight II. 

As we have previously seen, the flanges will sustain tho greatet 



;W 


portion of the bending moment, the web carrying only a small portion 
of it l/7 th , if the area of the web equals the area of each llungo. 1'or 
simplicity, let us imagine the flanges to take the whole of the bending. 
Let K and K (Fig. 144) be two transverse sections of the beum at 
distances ,r, and , 2 from the centre, of the beam, So being the span of 
the beam the bending moment at the first section, 

M = l Win - a-,) and at the second M, ---1 W(n -x 2 ). 

Now, supiwsing the flanges to take tho whole of the bending, the stress 

// produced on the flanges is given by the formula 

,, Wln-x.) 

JIh-M. Thus at A', we have //, = . j/( * 

, rr IV(a - xj 

and at A, we have ^ . 

and similar forces on the bottom flange only reversed in direction. 
There will thus be a resultant force //, - tending to push the 
portion A, A 2 of the flange to the left, 
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H,-H 2 




This force is balanced by the resistance of the web to shearing along 
the line of junction with the flange. 

Since //, - //, is proportional to the length of K X K V the shearing 
force per unit of length of web = W/2h. If we suppose t to be the 
thickness of the web, the intensity of the shearing stress will be 

W 

Thus, considering the portion of the web between the sections K x and 
K., apart by itself, wo sec that on the upper and lower horizontal edges 
of it, where it joins the flanges, it is subject to a shearing stress of 
intensity r/, to balunce which there must act on the vertical sides 
KK a shearing stress of equal intensity. Now, the shearing force for 
the vertical sections KK is | IV. Supposing the web to be of rectangular 
section and of height li, then, assuming tho whole of the shearing force 
to bo borne by the web, the mean intensity of the shearing stress on 
the vertical sections is 11'jiht. Therefore the assumption that the 
flanges take the whole of tho bending moment is equivalent to sup¬ 
posing the web to take all the shearing. Assuming this, we see that 
the shearing stress, taken as uniformly distributed over the vertical 
section, will be accompanied by an equal shearing stress on any hori¬ 
zontal section. When considered alone, the effect of these shearing 
stresses on planes at right angles to one another is to produco tensile 
and compressivo stresses on the web in directions making an angle of 
46’ with the horizontal and vertical planes; and thus the web may 
be superseded by an indefinite number of diagonal bars inclined at an 
angle of 45", thus forming a lattice girder. 

If the web is designed so as to be strong enough only to withstand 
the shearing stress, replacing <j by / the co-efficient of strength against 
shearing /, wo find 

1 = ¥tf' 

The influence of tho normal stress due to bending will be considered 
in a subsequent chapter. Its effect is greatly to increase the strain 
on tho web (see Art - J07), which besides will in most cases exhibit 
weakness on account of the compressive stress in one of the diagonal 
directions. If the distance between the flanges is great, the web will 
be liable to yield by buckling or lateral flexure (see page 340). To 
prevent this, the web must bo stiffened by angle irons rivetted on ft. 
But the girder would then be made heavy, and it is therefore more 
economical to make large girders with openwork diagonal bracing. 

We have in this investigation supposed the beam loaded in the 
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middle, bo that the shearing force is uniform throughout the length of 
each half, and the problem was thus simplified. But the same prin¬ 
ciples apply if the load be distributed in any manner. The Bhoaring 
force will then vary from section to section along the beam. 


189. IHstriliutiim of S/imi'ini) Sires* on (lie Section of a Beam.—The 
foregoing preliminary investigation will give some idea of the effect of 
a shear on the web of a flanged beam; let us now consider the <piestion 
more generally. 

Taking a section of any type, let a line be traced cutting off from the 
whole area A any given portion. The line may be curved, but in the 
first instance assume it straight and parallel to the F1)l M6 
neutral axis SS (Kig. 145). Divide the area into 
strips of breadth h and thickness Ay, as in Art. 154, 
then the normal pressure on the portion cut oft’ is 


11 - -h. Ay. p 


M 

-I' 1 ' 



the second form being obtained by substituting for p from the bending 
moment formula and writing 

/■ = -hyAy 

for the moment of the [Kirtion cut oft’ about the neutral axis SS, a 
quantity which can be directly calculated by summation or deduced 
when the position of the centre of gravity of the portion is known. 
Assuming the transverse sections A',, K., as in the preceding article at 
a distanco x., - x v which, however, we will now suppose to bo the unity, 
let AAf be the difference of the corresponding bending moment, then 


//, - 11 ,, = AJl /. ,l . 

But referring to Art. p. 55, it will be seen that if F be tho 
shearing force A M = F(z 2 - /,), and, as before, //, - // 2 is balanced by 
a corresponding shearing stress called into play over the horizontal 
base of the prismatic jrortion intercepted between the sections. If 
then S be the total shear or* the base, 


a formula which is equally true if the base be curved, or even if tho 
portion is wholly enclosed in the solid mass of the beam. 

If the mean shearing stress FI A on the transverse section be q 0 and 
onthe base be q, the formula may be written, replacing 1 by n Ah 1 , 




where s is the periphery of the base whether straight or curved. By 
the principle of Art. 183 the shear at any point of the base is also 
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the shear on the transverse section in a direction normal to the base. 
Let us now consider various eases. 

(1) Returning to the case of the I section, let y, be the distance 
of the base of the flange (Fig. 144) from the neutral axis and y the 
ordinate of some other point in the transverse section of tho web, 
then ( = 1 and 

■ /*i»(.'/i -- 9)t- .t v “ y% 


honec by substitution y =y, +y 0 . 

a formula which gives the shear at any point of the transverse section 
distant y from tho neutral axis in terms of y, the shear immediately 
below the flange. The value of y, can be found from the formula, 
being a given (pmntity. When the web is very thin, y„ is relatively 
very small, and the shear on tho web is approximately the same at 
all [>oints; but otherwise, in addition to the shear on tho web as a 
whole, there is a local shear represented by tho ordinutes of a parabolic 
arc, the chord of which is tho depth of the wob. The extreme case is 
that of a rectangular section when <•/, 0 , h => 2i/,, n ~ then 




At the neutral axis where i/ - 0 the stress which is then a maximum 
is 11 times the mean. 

(2) Consider a tube of circular section, mean radius «, thickness of 
metal I, under tho action of a sircar F, producing on the section a 
shearing stress the mean intensity of which is 

F 

imf 

In Fig. 146 draw tho radii OF, OF' inclined at an anglo ft to tho 
vertical cutting off the are FF. Then in 
the general formula given above 





I'S 

21 a et>3 6.at.<10 = 2a'-7. sin ft, 
h-ia, 

2y„. sin ft 


Fig. 140 


s - 'it, n - 
2«7. sin ft 
«-7 

This gives the resultant shearing stress at 
any point /'.which, as explained in Art. 185, 
is necessarily in the direction of the tangeht. 
The maximum value oocurs at the neutral 
axis NN and is double thesmeau. 


(3) Taking a section of any type, consider tho portion cut off by the 
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neutral axis SS in Fig. 145, and let be the breadth of the beam 
there, then the mean shearing stress on the transverse section at, points 
lying on the neutral axis is 


? = ?o- 


'M*' 


where g is the moment of the area 8LS about the neutral axis, 
example, in a rectangular section 


For 


1 , , h 

: t> • 


i 


4’ 


and consequently ? = J</ 0 as already found. Similarly in an elliptio or 
circular section q - \q if 

This formula is commonly accepted as giving the. ratio of maximum 
to moan stress on the section ; but this statement must be understood 
with very considerable qualifications, for all that is actually determined 
is the mean stress at points along the neutral axis; the maximum is 
generally greater, and sometimes very much greater, as will l>e seen 
from our next example 

M) lake a square bar and imagine it bent and sheared by forces 
parallel to a diagonal. Through the centre 0 of the section draw two 
straight lines OX, <)M perpendicular to the sides, cutting off ono-fotirlh 
of the whole area. Then if h lie the side 
h- h 

-vv 

?**9o 


/ J = 


OX e oM = h, 


is the mean stress along ON perpendicular to OX, and along 0.\f per¬ 
pendicular to OM. If we suppose the stress at 0 equal to the mean 
in each direction it must lie the resultant of two forces at right angles, 
each equal to q and will therefore he :!>/,„ the same as when sheared by 
forces parallel to a face. By the method employed in (2) it will be 
found that the mean stress at points along the neutral axis is q„, but 
the extremities of the neutral axis being the corners of the square the 
stress there must be zero as pointed out in Art. 1 H/>, and this explains 
why a larger result it obtained by the present method, which will he 
found useful as a check in cases where the breadth of the section at the 
neutral axis is much greater than elsewhere. Since the direction of 
the stress at points lying on the edges of the square is necessarily 
along the edges, as explainer] in the article cited, there is little reason 
to suppose any considerable variation along the lines ON, OM. 

In a circular section it will be found that the two methods give 
the same result, 
an. 


2a 
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The exact distribution of the street in these cases, as in torsion, 
can only be found by considering the manner in which the section 
is warped by the action of the forces. If it be forcibly prevented 
from distortion, as in a rivet tightly fitting its hole, the shear is 
uniformly distributed, but otherwise it is not so, and in a loose 
fitting pin or a key may provisionally be taken as given by the 
methods just described. In certain cases more exact results are 
given by M. St. Venant’s calculations, which will be further noticed 
in a later chapter. 


190. Deflection due to Shearing. —A certain part of the deflection of 
I vis .147 a beam is due to the distor¬ 

tion of its central parts. Re¬ 
turning to the beam of I 
section, loaded in the middle, 
suppose the flanges hinged 
at the centres, and let vertical 
stiffening pieces AA, HI!, CC, be rigidly connected to the web, but 
hinged to the flanges, then distortion of the web takes place, as shown 
in a very exaggerates! way in the figure (Fig. 147), causing a deflection 
h of the beam such that 



S_._q W 
U ~ 1 ~ V ~ iluc' 


whero C as before is the coefficient of rigidity, and g the shearing 
stress is expressed as before. 

4 litC 2 G 

For wrought iron take q - 2,000 for the working load, and 
C-9,000,000, then 

, l 
“ 2 , 000 ’ 

which is above half the working deflection due to bonding in ordinary 
cases. ' 

This calculation, however, exaggerates the deflection due to shearing 
even in a beam of I section, for the web cannot in general be so 
thin as to give a stress of 9,000 lbs. per square inch, and the effect 
is muoh less for a uniformly distributed load. Nevertheless in beams 
of this class the deflection due to shoaring is a considerable part of 
the whole, tho more so as in rivetted girders the union of the pirts 
seldom renders them completely rigid. This is the principal reason 
why large girders show a considerably smaller ipodulus of elasticity 
whon the deflection is calculated in the usual way than solid bars. 
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In, a Sul lion of any type of area A loaded and supported in the 
manner described the mean shear on any section will evidently lie 

ir 

and the deflection duo to it 


voL 

sir 


m 

l AC' 


The corresponding deflection («/) due to bending is found by the 
formula on page 324, which, on writing as usual nAh- for /, becomes. 

in* 

''mHAh*' 

The ratio of these two is therefore 


To obtain the actual value of the. ratio of the deflection duo to 
shearing and bending, the result here found requires multiplication 
by a factor the value of which can be calculated approximately a* 
explained in Chapter XVII. This factor for a rectangular section 
is 1'2, whence taking EjG equal to 2’3 and n we find 
R 3/<* 

,1 “ I- ’ 

which agrees with Professor Pearson's estimate of the average value 
of this fraction for sections of various types. Thus if the ratio of 
depth to span be one-tenth, the correction due to shearing is 3 
per cent. 

In the case of a tube considered on page 3GS the factor is 2 and 
n=.|, giving a ratio 2i times as great: the correction when the 
depth is one-tenth the sjian being 74 per cent. 


191. Efferh of Insuffintnt Iiesistanrr to Shearing. -If tho central part 
of a beam be cut away as shown at 2 in Fig. 144, tho strength of the 
beam will lie diminished and its deflection increased. This will be true 
even if there be only a narrow* longitudinal slot at the neutral surface, 
but the weakening is greater the more material is cut away, the con- 
dition of the beam in an extreme ease liecoming that of an A’ girder 
(Art. 25) without diagonal bracing. Imperfect union of the central 
parts will have the same effect in a less degree: thus if two boams be 
laid one upon another and bolted together the strength of the com¬ 
pound beam will tie less than that of a solid beam of the same depth. 
Wooden ships not (infrequently exhibit weakness due to this cause, 
and to counteract 5 it diagonal riders of iron arc introduced to take 
part of the shearing force. 
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Theoretical considerations would lead us to conclude that in timber 
beaniB the deflection due to shearing is relatively much increased by 
the flexibility of tho transverse sections, the modulus of rigidity being 
relatively small in most kinds of wood. This conclusion, however, 
does not us yet appear to have been experimentally verified. 

The ordinary formula for resistance to bending cannot be applied in 
such cases without risk of serious error, and the same remark applies 
with still greater forco to the formula of Aft. 189, which gives the 
distribution of shearing stress which will bo determined mainly by 
the relative resistance to shearing of tho parts of the section. 


t 

192. Ecmtmy of Material in Girders.--It has been shown already in 
Art. 159 that a certain ratio of depth to span must be best as regards 
economy of material, and a calculation will now be given which will 
illustrate this ]M>irit. 

I.et us suppose that in order to give sufficient stiffness and stability 
under the action of lateral forces the mean sectional area 0 of the web 
of a flanged girder should be proportional to the shearing force on the 
section multiplied by the rth power of the depth h, and let A bo the 
area of each flange, then the total area .S' is 2.7 + V and the moment of 
resistance to bonding approximately, 

.W-/A {A.Sf - | -/A (A.s- - Jr*'}, 

where r is a co-efficient. Writing this equation 

... M . ., 

it will he soen that for a given value of M, .S' is least when 


M -■ A . ' , . /'. 8It ; C. 

f + 1 


xs 

"-2(, + [)■ 

In a girder with openwork web 8 + I), but the value of M is the 

same. 


Assume now F ~J‘. C, where /’ is the shear on the section and/' is 
a co-efficient much less than the resistance to shearing, on account of 
various additional straining actions (Art. 188) which have to be con¬ 
sidered then by substitution, 


M- 


J 


* r r Fh - 

On replacing M by /i/Y,, where I. is the span and p a co-efficient 
connecting the shear and the bend, the beat ratio (.V) of span to depth 
will be determined. If the load be uniformly distributed . 

nJ'.L 

3 f 

It is probable that in most cases r « 2 nearly, but that the value of 
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f If w>H vary according to the type of girder from 8 to 4 for n eon 
tinuoua web. For an openwork web the formula is slightly modified. 

The limiting span of a girder of uniform section is readily found, 
proceeding as in Kx. 13, page 318, to be 
, \r A 
'r+r,V 

The weight of a smaller girder of the same type is found as in Ch. IV. 

193. Joint* mid Ftirtiniinis. —Among the most important ruses of 
shearing are those which occur in joints and fastening* of all kinds. 
Such questions are generally very complex, considered tts purely 
theoretical problems, and the direct results of experience are always 
required at every stop to interpret and confirm theoretical conclusions. 

When two pieces butt against each other the pressure is transmitted 
by contact only, and fastenings are therefore required not for trans¬ 
mission of stress but merely to retain the pieces in their relative 
positions. With tension it is otherwise ; it is still necessary to have 
surfaces which press against one another, and these can only be obtained 
by the introduction of fastenings which transmit stress laterally, and 
are therefore subject to shearing and bonding. The puts of a joint 
should he so proportioned as to be of equal strength. One of the 
simplest examples is that of a pin joint connecting two bars in tension 
as in a suspension chain with bar links. Fig. I (1‘lato VIII.) shows a 
pair of bars of rectangular section connected together by links (' and J> 
united as shown by pins passing through eyes at their extremities. In 
suspension chains there are generally four or live bars placet! side by 
side, but the principle is the same in any ease. The pull on the chain 
is balanced by the resistance to shearing of the pins, which have besides 
to resist bending. la;t d be the diameter of the pins, b the breadth, 
t the thickness of one of the bars, / the thickness, b the breadth of the 
links which for equality of strength, that is to say, of sectional area, 
will Ijo connected by the equation 

'li t ---- Id. 

Let / 1)0 the co-efficient of strength for tension, then 1/ (Art. 330) will 
be the co-efficient for shearing, whence remembering that the maximum 
shearing stress exceeds the mean in the ratio 4 : 3 as shown above 

Acdbrding to this estimate the area for shearing should be five-thirds 
the area for tension, hut the true ratio is probably not so great: the 
calculation supposcsthat the sides of the pin are subject to normal stress 
alone, whereas the tangential stress due to friction must be considerable. 
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Besides the strength of iron such as is used for pins is greater than that 
of plates. As the calculation applies only to stress within the elastic 
limit, it is impossible to test it by experiment. In practice the areas 
are made nearly equal when nothing else is considered except resistance 
to shearing. When, however, such a joint is actually pulled asunder it 
frequently gives way in quite a different manner before shearing com¬ 
mences. Imagine a cylinder pressed down into a semicircular hollow 
which it very exactly tits, and let the material be elastic and soft 
compared with the cylinder, then, reasoning as in Art. 115, page 241, 
it appears that the stress between the surfaces will be given by the 
equation p^.cosd, * 

and if /' be the pressing force, l the length, 

?v W /= ^ Un¬ 
it the pin tits the eye exactly the pressure will follow this law so 
long as tho tension is small. As the tension increases, however, the 
pressure becomes more uniformly distributed over the semi-cylinder, 
because! the eye hole tends to contract laterally as tho links of a chain 
of rings would do under tension. The other extreme supposition 
would lie to suppose it uniformly distributed, then 

p,,.<// = /' or Po = J/. 

The actual pressure will be intermediate between these two values. If 
p„ he too great the metal crushes under the pressure. The theoretical 
limit to will be considered hereafter: for the present it will be 
sutlicieut to say that the experiments of Sir C. Fox * have shown that 
tho curved area should bo at least equal to the sectional area under 
tension, that is to say wo ought to have 

Iv ill '.SmP. 

To satisfy those conditions wo must have for the ordinary ease where 
the thickness of the eye is the same as that of the rest of the bar 
i/ = pi : t - p> approximately. 

Tho first of these gives the diameter of pin recommended by Sir C. Fox 
and other authorities; tho second gives tho greatest thickness of link 
for which this diameter gives sufficient resistance to shearing, but the 
thicknoss in actual examples of susjiension links is generally considerably 
less. The pin has also to resist bending, but of small amount in the 
present example, The sides and end of the eye are subject to tension, 
hut it is not uniformly distributed, the question being similar to that 
of a thick hollow cylinder under internal fluid pressure. The mode in 

* Proceedings of the Royal Society, vol. xiv., p. 139 
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which the eye crushes and then fractures transversely by tension, is 
shown in Plate VIII., and further described in Chapter XVI11. 

In rivetted joints the question is further complicated by the friction 
between the plates united by the rivets. On the subject of joints and 
fastenings the reader is referred to Prof. \Y. ('. Cnwin's Machine 
Design. 

EXAMPLES. 


1. Fintl tlu* diameter of a shaft for a twisting moment of 1,U00 inch ton* ; "tress 
allowed being 3^ tom* per square inch. Ann. Diameter - 11 34 \ 

2. From the result of the previous question deduce the diameter of a shaft to transmit 
5,000 H.P. at 70 revolutions per minute. Maximum twisting moment 5 the mean. 
Ant. 16-:<7". 

3. The angle of torsion of a ahoft is not to exceed l" for each 10 feet of length \N hat 
must ho the diameter for a t vistirg monieut of IWI inch-tons modulus of transverse 
elasticity, 10,500,000? 

Compare the result with the diameter detertnineil fiotu consideration of strength, 
taking a co-efficient of 3$ tons. .-In*. Diameter detenu hud from consult ration of sliir 
ness-0 2". Diameter from consideration of strength 5‘2" 

4. .Show that the resilience of n twisted shaft is proportional to its weight. 

f- Volume 

Ans. Kesilitnee $ /1 - ( ^ 

5. Compare the strengths of a solid wi ought-iron shaft and hollow steel shaft of the 
same external diameter assuming the internal diameter of tin 1 hollow shaft half tlu* 
external, and the co efficient for steel 1J times that for iron Ait*. 32/45 

6. The external diameter of a hollow shaft is double the internal. Compare its 
resistance to twisting with that of a solid shaft of the same weight and material. 

.In*. Strength is greater in the ratio • 1 443. 


7. A pillar, whose sectional ana is 1$ aquaie feet, is loaded with two tons. Find in 
lhs. per square inch the intensity of the tangential stress on a plane inclined at 15 to 
the axis of the pillar An* tangential stress ,VW lbs. 

8. In a single rivetted lap joint, the pitch of tlu-rivets,being three diameters or six 
times the thickness of the plates, find. 1st. the mean stress on the reduced area; 2nd. 
the shearing stress on the rivets; and. 3id, the mean diioct stress Irelwm, rivet and 
plate : the tension of the joint Is ing I tons per square inch of tin original area, and the 
friction between the two surfaces -f the plate in contact neglected 


.In*. 


Mean tension on reduced area 
Shearing stress on rivet 

4 pitch * thickness 
Mom, *lir. ct .tree. ,. u„ ckm ,„ 


8 tons. 

--- 7 0 tons. 

- 12 tons j*er aq- in. 


9 In a tom of 1 .return with tliiuit-. uul Web which may In- wondered a. recUngloe, 
the thicknes. of rich flange h one »i«th thr outai.lo depth of the tom. and the breadth 
twice the thicknc. 1 he tliirkncw of the woh i» half that of the Range. • find the latm 

of maximum to mean .hearing »tre.» on the .eclion. dm. 

10. In the Ia.t q»« »tiou find the fraction of the whole .hearing force which i. taken 
by the web. An*. 80 per cent. 

11. Find the moment of resistance and angle of torsion of an iron liar 1 inch square, 
5 feet long, awmming/- 3$, C'o:5,000 in. tone. dn». T= -677 inch tome i .T. 

12. Find a formula for the le.ilience, under tendon, per cubic inch of a har of roct- 

angular Motion. , + p 

SC* <3, ! */}}»' 
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13. Show that the weight in lbs. of a shaft to transmit a given horse power at a given 
taumber of revolutions is 

IF=21,000 . 

the valuo of X being given as in Oh. XVIII., the proper co-efficient of resistance to 
shearing being used. The rest of the notation is explained on page 356. 

The distance to which {tower can be transmitted by shafting with a given loss by 
frietion is given by Ex. 18, p. 262, when the angle of torsion is immaterial, but iu 
practice is generally limited by the necessity of having sufficient stiffness. The bond¬ 
ing and twisting of shafts is considered in C'hapfors XVIk, XVIII. 

14. If a bar of square section be sheared diagonally show that the mean shearing stress 
on the neutral surface is equal to the mean shearing stress on the section. Also find 
whero the mean shearing stress on a longitudinal section parallel to the neutral surface 
is a maximum and the ratio of maximum to mean. Ana. At a distanco from the 
neutral surface equal to one-eighth the depth. Ratio =Y 125. 

Note .-'If the shear on the transverse soction in a direction peiqamdicular to the 
neutral axis be assumed uniform at points lying on a line parallel to the neutral axis, 
the maximum shear will be 1T2W‘J, or about 1*6 times the meuu at points lying ou the 
edges of the section. 

15. A crank arm of rectangular section 6 in. x 12 in. is acted on by a twisting moment 
of 300 inch-tons, find the stress produced at (l) the middle of the long side and (2) the 
middle of the short side in tons per square inch. Ana. 7,-278 ; 7 t ~2'!25. 

16. In the last question, suppose tho section further to lie acted on by bending moments 
of 100 inch-tons in the plane of the orauk, And 150 inch-tons about the shorter axis, find 
the normal stress produced at the points mentioned. 




CHAPTER XVI. 

IMPACT AND VIHHATION 

194. Preliminary Remark*. Henna! F.ijmlum of Imparl. Hitherto 
the forces applied to the body or structure under eonsideration huvn 
been imagined to have been originally very small, and to have increased 
gradually to their actual amount. This is seldom exactly the ease in 
practice, while it frequently happens that the load is applied all at once, 
or that it has a certain velocity at the instant, it first comes in contact 
with the body. Such cases may all be included under the head of 
Impact, and will form the subject of the present chapter. 

When a body in motion comes into contact with a second body 
against which it strikes, a mutual action takes place between them 
which consists of a pair of equal and opposite forces, ono acting on the 
striking body, the motion of which it changes, the other on the body 
struck, which it in general moves against some given resistance. 
Certain changes of figure and dimensions, or, in other words, strains 
are likewise produced in both bodies, in consequence of the stress 
applied to them. 

The simplest case is where the impact is direct and the resistance to 
motion has some definite value, as, for example, where a pile is driven 
by the action of a falling weight. Here let II be the resistance which 
the pile offers to be driven, that is to say, the load which, resting 
steadily on the pile, would just cause it to commence to sink; let II' 
be the falling woiglit, h the height from which it falls, x the space 
through which the pile sinks in consequence of the blow; then the 
mutual action between the pile and the weight at the instant of impact 
consists of a pair of equal and opposite forces It. The whole height 
through which the weight falls is li + r, and the space through which 
the resistance is overcome is x ; hence, equating energy exerted and 
worfi done, we have 

W(h + r) = Rx. 

This equation shows that any resistance, however great, can be over- 
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come by any weight, however small; and also, that the force of the 
blow, as measured by the space the pile is driven, is proportional to its 
energy. We have howover assumed that the whole energy of the blow 
is employed in driving the pilo, whereas some of it will be expended in 
producing vibrations and in damaging the head of the pile and the 
bottofti of the weight. As the pile is driven deeper, the resistance to 
being driven increases, and at length becomes equal to the crushing 
stress of the matorial : the pile then sinks no farther, the whole of the 
energy of the blow being wasted in crushing. 

This last is also tho case of impact of a flying shot against a soft 
plastic substance, which exerts during deformation a definite force 
uniform or variable which brings the weight to rest in a certain 
space. Suppose F the velocity of the shot, t the space, and It the 
mean resistance which the substance offers, then the kinetic energy 
of tho shot is IFV'Rig, while the work done is lir, equating which 

Vi 

W. y -ffir. 

-ff 

Here tho whole energy of the blow is spent in producing changes 
of figure in tho body struck ; but if the striking body had been soft, 
and the body which it struck hard and immovable, the enorgy of 
the blow would have boen employed in producing change in the 
shape of the striking body. Thus we may write down as the 
general equation of impact 

Energy of blow - Work done in overcoming the resistance to 
' movement of the body struck 
+ Work done in the internal changes in the striking body 
+ Work done in internal changes in the body struck. 

Which of these three terms is the most important will depend on 
the relative magnitude of the resistance to movement, and the crushing 
stress of the materials of tho two bodies. If either body have a 
sensible motion after impact, the corresponding kinetic energy must 
be taken account of in writing down the equation, as will be seen 
farther on. 

195. Augmentation of Stress by Impact in Perfectly Elastic Material .— 
We now proceed to apply the equation to the case which most immedi¬ 
ately concerns us, namely, that of impact on perfectly elastic material, 
including in this the effect of a load which is applied all at once. 

We will suppose a structure or piece of material of any kind 
resting on immovable supports, and struck by,a body harder than 
itself, so that wo may neglect all changes produced in the striking 
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body. Generally in both bodies there will also be produced vibra¬ 
tions, of the nature of those constituting sound, which absorb a 
certain amount of energy, but this we shall neglect. The whole 
energy of the blow then is supposed expended in straining the 
structure, or piece of material, struck by the blow. 

Now the effect of impact is to produce a mutual action N, which 
represents a force applied to the structure at some definite point. In 
consequence of this the structure sutlers deformation, and the point 
of application moves through a s|iacc .r. The resistance to deforma 
tion is proportional to .r, because the limit of elasticity is not 
exceeded; it therefore commences bv being zero, and increases 
gradually till the velocity of the striking body is wholly destroyed. 
The mean value of the resistance is therefore one half its maximum 
value. During the first part of the period occupied by the impact 
the mutual action 6' is greater than the resistance, and during the 
second part less, as will be explained fully presently: but, when 
the maximum strain has been produced, the mean value during the 
whole period must be exactly equal to the mean resistance, the 
weight and the structure being at rest. The state of rest is only 
momentary, for the strained structure will immediately, in virtue of 
its elasticity, commence to return to its original form ; but for the 
moment, a strain has been produced, which is a measure of the 
effect of the blow, and which must not exceed the powers of 
endurance of the material. 

Let now It be the maximum resistance, and let the blow consist in 
the falling of a weight IF, through a height h above the point whore 
it first comes in contact with the structure; then li+x is the whole 
height fallen through, and it follows from what has been said that 
ll\h+x) 1. Hr. 

The resistance It may also be described as the “equivalent steady 
load,” being the load which, if gradually applied at the point of 
impact, would produce the same stress and strain which the struc¬ 
ture actually experiences. We most conveniently compare it with IV 
by supposing that we know the deflection o which the structure 
would experience if the striking weight W were applied as a steady 
load at the point of impact: we then have, since the limits of 
elasticity arc not exceeded, 

z It 

. f,~lT 

Substituting the value of x we got 

tP 2 R . 2* 
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Let the height h be n times the deflection 8, then solving the 
quadratic, the positive root of which alone concerns us, 

R=lf(l +v / -’« + l), 

an equation which shows how the effect of a load is multiplied by 
impact. 

198. Sudden Application of a Load. - A. particular case is when 
h = 0, then It^'UV. So that if a load If is suddenly applied to a 
perfectly elastic body, from rest, not ns a blow, it will produce a 
pressure just twice the weight. This case is so important that we 
will consider a special example in detail. • 

Let a long elastic string bo secured at ./. If a gradually increasing 
• a weight be applied the string will stretch. 

| Fig.uo and the weight descend. Lot the load 

required to produce any given extension 
be represented by the ordinates of the 
sloping line />'„A’A’, (Fig. 118). Next, 
instead of applying a gradually increasing 
load, let a weight If represented by JiJI, 
be applied all at once to the unstretched 
string. The string will of course stretch, 
and the weight descend. When it has 
reached II (Fig. 140) the tension of tbe 
c string pulling upwards, being represented by IIX, will bo less than 
If acting downwards. Moreover, in the descent LJi an amount of 
energy has been exerted by the weight represented by the area of 
the rectangle At the same time the work which has bcon 

done in stretching the string is represented by the area of the 

triangle H n XB. Tbo excess of enorgy exerted over work done has 

been employed in giving velocity to the descending weight, and is 
stored as kinetic energy in tho weight. 

On reaching H v tho tonsion of tho string is just equal to the 
weight, but the stretching does not cease here. The weight has 
now its greatest velocity, which corresponds to an amount of kinetic 
energy represented by tho triangle Although any further 

extension of the string causes the upward pull of the string to be 
greater than the weight If, yet tho weight will go on descending 
until the onergy that it has exerted is equal to the work done in 
stretching the string; then the kinetic energy wilt be exhausted and 
the weight will be brought to rest. This will occur when the area 

of the triangle equals the area of the rectangle Zi 0 ,1/ 0 AfjJ s , 

that is when 2JjAf 3 « 2jB a Af„ or 2B 0 B y 
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We thu.- see that the tension of tho strinji produced hy the 
sudden application of the load is twice that due to the same load 
steadily applied. 

The string will not remain extended so much us />’,for now 
the upward pull of the string, exceeding the weight, will cause it to 
rise. On reaching />', it will have the same velocity upwards that it 
had on first reaching /;, downwards. This will carry it to 7>'„, from 
which it will again full, and so on. Practically the internal friction 
due to imperfect elasticity, and the resistance of the air, will soon 
absorb the energy anil bring the weight to rest at H v 

197. Action of ii (lust if ll'iml mi n /■>.<.«/. Another interesting 
example of the way in which the , 
sudden application of a load aug- I 
ments its effect is furnished by the | 
case of a vessel floating upright in j >'is.t4o 

the water and acted on by a sudden l., . 

gust of wind, a question which. w„ ; —. 

though not strictly belonging to this \ 

part of the subject, involves exactly ! '/ | 

the same principle. j- i- V 

hirst, suppose no wind pressure, 
but that a gradually increasing couple is applied to heel the vessel. 

If along a horizontal line (Fig l ib) angles of heel be marked off, 
such as D.V, and for those jmints ordinates such as AT., are set up 
to represent oil some convenient scale the magnitude of the couple 
required to produce that angle of heel, a curve Ol. will be obtained, 
which we have already (p. 1 - S 11 called the curve of StntiriU Stability 
of the ship. 

Now suppose a steady wind pressure to be gradually applied. It 
will produce on the masts and sails a definite moment., on account 
of which the ship will incline to a certain angle, such that the 
ordinate of the curve of stability corresponding to that angle will 
represent the moment of the wind pressure. So long as the wind is 
constant, she will remain inclined at that angle. Next suppose the 
same wind pressure to be suddenly applied all at once, as by a gust 
to the ship Moating upright at rest. The ship will heel over, and 
until she is inclined to some extent the wind moment will be greater 
than, the righting moment, and the excess will cause the ship to 
acquire an Angular velocity. Accoidingly, when she arrives at the 
angle of heel corresponding to the moment of wind pressure on the 
stability curve, she does not come to rest, but inclines farther, until 
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the energy exerted by the wind pressure is all taken up in over¬ 
coming the righting moment through the angle of inclination. The 
work thus done is represented by the area of the curve of stability 
standing above the angle of heel reached. 

Lei <)ll / l represent the magnitude of the wind moment. The ship 
will incline until the area - area OlV x Kff v or area OW = area 
L X L„K\ that is, if the moment of wind pressure remains undimtnished 
as the ship heels, which will hardly be true in practice. Suppose the 
moment of wind pressure ()IE 0 to be such that the area OW , 0 T 0 = the 
area In this case the sudden gust of wind will carry the ship 

to such an angle ON' 0 thut she will not again return ; and the smallest 
additional pressure of wind will capsize the ship, although that samo 
wind pressure applied gradually would incline the ship to the angle 
Off,, only. 

198. Impact nl Iliijh Vflufitie*. Effect of Inertia.—He turning to the 
goneral case of impact against a perfectly elastic structure (Art. 195), 
let ns now take the other extreme ease in which the height through 
which the weight falls is great compared with the deflection (5 due to 
the same weight gradually applied ; thou, since n is great, our equation 
becomes 

which may he written in either of the forms 

V o iy _ 

~ s ■ Jll h (1); or v = (2). 

The first form shows that the stress produced by the impact is pro¬ 
portional to the square root of the energy of the blow, and the second, 
that tho deflection occasioned by the fall of a given weight is propor¬ 
tional to the square root of the fall, or, what is the same thing, to 
tho velocity of impact. These results are exact when the impact is 
horizontal, and the last has been verified by experiment. It is to he 
remembered that the limits of elasticity are supposed not to be 
exceeded ; when a rail or carriage axle is tested by a falling weight, 
as is very commonly done, the energy of the blow is generally much 
in excess, and the piece of material suffers a great permanent set, 
the resistance is then approximately constant instead of increasing 
in proportion to the deflection. The effect of the blow is then more 
nearly directed proportional to its energy. It will be seen presently 
how small a blow matter is callable of sustaining without injury to 
its elasticity. „ 

The effect of a blow, on a structure or piece of material as a whole, 
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is diminished, on account of its inertia, by an amount which is greater 
the greater the velocity of impact, but which varies according to the 
relative mass and stiffness of its parts. In the act of yielding the. part* 
of the body aro set in motion, and the force required to do this is 
frequently greater than the crushing strength of the materials, so that 
a part of the energy of the blow is spent in local damage near the 
point of impact. 

Figure 150 shows a narrow deep bar All, the 
ends of which rest in recesses in the supports, 
which prevent them from moving horizontally, but 
do not otherwise tix them. The bar carries a 
weight Q in the centre, against which a second 
weight IF moving horizontally strikes with vein 
city V. The bar being very flexible horizontally, 
the weight Q at the first instant of impact moves 
as it would do if free; that is, the two weights 
move onwards together with a common velocity r 
fixed by the consideration that the sum of the momenta of the two 
weights is the same before and after impact, so that 
IIT .= (//• + (,/)<■. 


Q © 


The energy of the two weights after impact is 





II'- V- 
IF t- 


showing that the energy of the blow bar been diminished in the pro- 
|Kirtion H':ll'+Q. The loss is duo to the expenditure of energy in 
damage to the weights. 

If now, instead of a weight Q attached to the centre ot a flexible 
bar, we suppose the bar less flexible and of weight Q , the effect, of 
the blow is diminished by the same general cause, but not to the 
same extent: the diminution may be estimated by replacing y in 
the preceding formula by kQ, where 1 is a fraction to be found 
approximately by calculation (Itx. 8, p. M'J), or determined by ex¬ 
periment. In a series of elaborate experiments made by Hodgkinson 
on bars struck horizontally by a pendulum weight, it was found 
that k was I. 

We are thus led to separate the energy of a blow into two [tarts: 

IF* V> k.fFQ V- 
A| ~ IF + kQ' 2 'j : - * IF + klj' 2 i 


The first of these strains the structure or piece of material as a whole, 
and the second does*local damage at the point of impact. Hence the 
great difference which exists between the effect of two blows of the 
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same energy, one of which is delivered at a low, and the other at a 
high velocity. At high velocities most of the energy is expended in 
local damago; at low velocities most is expended in straining the 
structure as a whole. 

If. the body which is struck he in motion, instead of resting on 
immovable supports, as in Fig. 1 HO, the energy of the blow will be 
diminished. This case has been considered in Ch. XI., p. 2"0, where 
it is shown that the energy of the collision is 

tVQ V » 

*-w+<}- V 

where V is the relative velocity of the'bodies. Of this a part — 
represented, as before, by replacing Q by l;Q —is spent in local damage 
and tlio rest in straining the structure as a whole. 

The exceptional case where, as in the collision of billiard balls, the 
limit of elasticity is not exceeded at the point of imjvact, need not be 
here considered. The energy of local damage is, then, not wholly 
dissipated in internal changes : a part is recovered (luring the restitu¬ 
tion of form which occurs in the second part of the process of impact, 
and increases the action on the structure as a whole. In ideal cases 
the whole may lie thus recovered, hut, in practice, a portion is always 
omploycil in producing local vibrations, and finally dissipated by 
internal friction. 

109. Impact when the Limit* nf Elasticity are not Ejcceeilnl. Resilience. 

The effect of impact on perfectly clastic material may also he dealt 
with .by considering the amount of energy stored up in the body in 
conseipicnee of the deformation which each of its elementary parts 
have suffered. We have already seen that when a piece of material 
is subjected to a simple uniform longitudinal stress of intensity p, 
the amount of work U done by tho stress is 

V“ . ' 

U ■ x Volume. 

2 h 

l,ot io be tho weight of a unit of volume of the material, and IF the 
woight of tho body considered, then wo may write our question 

U~ H'.H 

where II is a certain height given by 


and the whole elastic energy of the body may be measured by this 
height, which is the distance through which th) body must fall to 
do an equivalent^, amount of work. 
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* ,ffor p we write / tile elastic strength of the material, then we 
obtain what we have already called the Resilience of the body, and 
// becomes what wc may call the “height due to the resilience," 
which, for each material, has a certain definite value, given in feet 
in Table II., C b. Will., for various common materials. 

Now in cases of impact where the limit of elasticity is not exceeded, 
the whole energy of the blow is spent in straining the material or 
structure, and hence that energy must not, in any case, exceed the 
resilience. Thus, on reference to the table, it will be seen that in 
ordinary wrought iron the height is given as 2 ft, <J in., from whence 
it follows that in the most favourable case a piece of iron will not 
stand a blow of energy greater than that of its own weight falling 
through about .! feet, without being strained beyond the elastic limit. 
If the parts of the laxly are subject to torsion, about 50 [air cent, 
may be added to these numbers, but. on tiie other baud, they are 
subject to large deductions on account of the ineipiality of distribution 
ol stress within the laxly. Only a portion of the laalv is subjected 
to the maximum stress, the rest is strained to a less degree, and 
consequently has absorbed a less amount of the energy of the blow. 
Thus, for example, a beam of circular section, even though it be 
of “uniform strength (Art. 1 <> 1), lias only one fourth the resilience 
ot a stretched bar ot the same weight, because it is only the particles 
on the upper and lower surfaces which are exposed to maximum slrcRs, 
the central parts having their strength only partially developed. 

We now draw two very general and important conclusions. 

(1) When a body or structure is exposed to a blow exceeding 
that represented by its own weight falling through a very moderate 
height, a part, or the whole, is strained beyond the elastic limit. 

(2) When a body or structure is not of uniform strength through¬ 
out the excess of mutcrial is a cause of weakness. 

On reference to Table 11., ( It. XVIII., it will be seen that an 
exception occurs to the first principle in the case of the hardest 
ami strongest steel; but, as a rule, the property of ductility or 
plasticity is essential to resistance to impact. Bodies which do not 
possess it are generally brittle. In gixxl ductile iron and soft steel 
the non-elastic part of the resistance to impact will he seen here¬ 
after to be at least 1,000 times the elastic part, assuming both equally 
developed through all parts of the material. These remarks apply to 
a single blow; the effect of repetition will be considered hereafter. ■ 

As an example of tbe application of the second principle we may 
mention the bolts for armour plates invented by the late Sir W. 
Paliiser. In these bolts tbe shank is turned down to tbe diameter 
c.M. - 2 b 
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of the base of the thread so as to be of equal strength throughout. 
(See Ex. t, |). 305.) 


200. Free Vibration* nf an lilastir Strurturt .--If a structure be 
loaded within the limit of elasticity and the load be suddenly re¬ 
moved, the elastic forces being unlxdanced set the structure in motion 
and vibration ensues. The vibrations are described as “free” being 
uninfluenced by any external cause and take place in times which 
depend otdy on the inertia of the structure and the intensity of the 
elastic forces, while their extent is arbitrary being tixed by the magni¬ 
tude of the original deformation. In the absence of friction the total 
energy of the structure must remain constant, a principle expressed 
by the equation 

Kinetic Energy t- Elastic Energy = Constant. 

The effect of' friction is gradually to dissipate the energy so that 
the vibrations speedily die out unless kept up by external forces. 
This action, however, is for the present neglected. 

The simplest kind of vibration is that in which the deformation 
is of such a character that the elastic energy can lie expressed in 
terms of a single varying quantity which may be either linear as 
in the deflection of a beam (page 333), or angular as in torsion 
(page 3til). In ull such eases, as will be seen on reference to the 
pages cited, the elastic energy is r:- where r is the varying quantity 
and r a constant co efficient. Also the different, points of the structure 
have velocities which are in a fixed proportion to each other, and 
also to 'I'jiit the rate of change of the varying quantity in question. 
This rate of change may be described as the velocity of vibration 
and denoted by V. The kinetic energy will therefore lie bV' 1 where 
b is a second constant co efficient, and the equation of energy becomes 
bV 1 + rj - Constant. 

This kind of motion has already been studied in Art. 103, Chapter 
VIII., and on reference to page 204 it will be seen that the period 
of vibration (f 0 ) is given by 



a rulo which includes both the simple examples there considered 
and applies to all cases. 

Whatever kind of vibration i t dealt with the process of determining 
T„ is very similar, and the first example to lie considered is that 
of the vibration of a loaded tsar. a 

(1) In Fig. 151 a long floxible elastic bar is shown, to the middle 
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and ends of which weights are attached: the fraction 1 - fi of the 
whole weight IV being placed in the middle, and the fraction Iff 
at each end. The bar is slightly bent into an elastic curve in a 
horizontal plane and then left to itself, being supposed resting on 


t'-fi) W 



;.sw ',tw 


a smooth table or suspended by vertical strings from two points 
iVzV called “nodes" which remain at rest during the motion, lying 
as they do in a line passing through the centre of gravity of the 
weights. The weight of the, bar itself is supposed small enough 
to he neglected. 

The bar at any instant will be bent into a curve which is the 
same as the deflection curve of a beam supported at the ends ami 
loaded in the middle; hence if ; be the versed sine of that curve 

/■•i 

Elastic Energy i\ . ' (p. .t.'t'.’). 


The weights /I//', (I - are at distances (1 /i;: and /I: re¬ 

spectively from iY.Y, and their velocities are therefore (I /f)/’ and 
fiV respective!v, where VurJ.jdt is the relative velocity, lienee 

Kinetic Energy ttWO-Wi 

ii’im i inn 

The equation of energy is therefore 

■Mill 


(See also p. “70.) 


IVP(l-fi) + , .-- Constant, 

-;/ r 

whence applying the general rule given above, 
r 

"V ' 

The period is obviously unaffected by placing additional weight 
at the males for these points are at rest. Suppose then that of 
the total load IV the fraction (1 - «)//' is placed at the males and 
the remainder all’ distributed as before, we shall then have 


r _,, iw-p) inn 

‘ "V 4Hj " V El 


It is often more convenient to consider the “frequency,” that is, 
the number (\ 0 ) of vibrations per second. The vibrations considered 
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arc complete including both a forward and a backward movement; 
thus in a reciprocating piece driven by a crank the frequency is 
the number of revolutions' |ier second of the crank. On this under¬ 
standing 



where K is a numerical coefficient depending on the distribution of 
the load. The smallest value K can have is 12 -5, which occurs 
when <r=> 1, /3 = £, but if half the load be concentrated at the nodes 
the result is increased more than 40 per cent., becoming 17'7. 

If the momont of inertia I, vary with x the distance from one 
end of tho section considered, then / must be understood to refer 
to the middle section and K must be divided by a numerical factor 
X, tho square of which is given by the equation (« = Jl), 


derived from the formula for the elastic energy given on page 331, 
in terms of tho bending moment M which in this case varies as it. 
If I, increases on going from the ends to the middle, this divisor 
is greater than unity and the value of K is diminished ; if, for 
example, /, * ,rthe divisor is s f|T> or 1'21. 

in Kig. 152 tho bar is loaded at the ends and two intermediate 
points: the two halves are then bent in opposite directions and the 
liar left to itself. There are now three nodes .Y.VjV instead of two 



as in the preceding case. I ho time of vibration may be investigated 
as before, when it will be found that the same formula applies but 
with a greater value of K. Similarly there may be bending vibrations 
with four or more nodes, the vibration being quicker the greater 
the number. 

If the weight be distributed continuously instead of being concen¬ 
trated in given points, the formula for the frequency is still of the 
same form, but the calculation of K is more difficult. The case of 
a uniform bar has been thoroughly studied by writers on Acoustics, 
and in Lord Rayleigh’s Treatise on Sound full details will be found. 
With no other load than its own weight the value of K is about 
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20-2 for two nodes, instead of 177 as found above in the case of 
a concentrated load, and for a greater number of nodes i almut 
2-225 {2«-ip. 

If the transverse section of the beam be of sensible magnitude a 
correction for “rotatory insertia" is necessary since these sections 
have a motion of rotation as the beam hernia and unbonds. The 
value of K is evidently diminished by this cause and in the case 
of a vessel or other larger girder-like structure the correction would 
be considerable. 

The case of a vessel has of late attracted considerable attention 
and the value of the constant (' in the formula. 


-V = C 


T 


V ivp 

has been determined experimentally by Herr Otto Schlick* who 
gives for 

Torpedo Boat Destroyers, 157,000. 

Large Mail Steamers, 14,1,500. 

Merchant Steamers, (1- 126,000. 

These values arc for rmn/ilelr vibrations jier minute with two nodes, 
hence assuming E = 10,000 tons (see Art. 221) the corresponding values 
of K are about 26, 24, and 21 respectively. They increase with the 
fineness of lines of the vessel and. as might be expected, differ from 
the value (20-2) for a uniform rod, partly from the causes already 
(minted out, and partly from tile inlluente of the water in which the 
vessel floats which virtually increases her inertia. Some further remarks 
on these [stints will be found in the Appendix. 

(2) Let us next consider a weight IV resting on an elastic plat 
form or support of any kind, ami let <i lie the deflection which may 
be calculated by methods explained in previous chapters of this work, 
or if convenient may be found by observation. Let the weight and 
inertia of the structure itself be neglected for the present, then the 
equation of vibration will be as before 
WV' 

2.7 

Now r,z- is the olastie energy of the structure, and therefore putting 

Thus c is determined in terras of <5, and by the general rule already 
, employed (p. 366), 

. T ^' 2r ^/ 

* Transactioiu of the Institution of Naval Architects, rol xxxv., 1894. 


+ r;-Constant. 
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showing that the period is the same as that of a simple pendulum 
(p. 204) of length S reckoned in feet: a rule of very general application 
being true for example for a beam with ends either fixed or free, loaded 
with a weight placed at any point; or for a weight suspended by 
a spiral spring. The formula differs only in form from that previously. 
obtained on page 387 for the case of a loaded bar, and may be 
deduced from it by putting' a- 1 and replacing /i(l - /?) IV by H', to 
represent the case where the ends are fixed by concentrating a very 
heavy load there. 

(3) In similar structures the deflection due to a given load similarly 
placed varies inversely as the linear dimensions, and therefore the period 
of free vibration varies inversely and the frequency directly as the 
square root of the dimensions. An analogous rule applies to vessels, 
for in similar vessels A7/ IF varies as the length, and therefore HI H P 
varies inversely as the square of the length, lienee in similar vessels 
the frequency of free vibration varies inversely as the length. 

201. Honed rihralims. If a structure be subject to a load of in¬ 
variable amount the only vibrations which can occur are of the kind 
described In tho last article as “free," and the periods are perfectly 
definite. Hut if the magnitude of the load be subject to a periodic 
change tho deformations of the structure will also change, corresponding 
vibrations being set up which may bo described as “forced." The 
period of such forced vibrations is that of the load, while their extent 
depends on the relation which that period bears to the period of free 
vibration. When the varying load has acted u|miii the structure for any 
considerable time these forced vibrations alone exist and in any case 
admit of (icing separately studied. 

Fig. 163 shows a long flexible bar loosely fixed at the ends carrying 
a weight IH concentrated in the noddle The weight is vibrating 
under the action of a force which goes through a periodic change 



being always proportional to the distanco £ of the vibrating weight 
from tho central line. The maximum value of £ being supposed £,, 
and that of the force Q the actual force in 'any position will be 
Qij: v We proceed to calculate £, supposing that we know the 
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period of free vibration (7' 0 ) and the period of the varying load (7'). 
It will be seen presently that if T< T u , Q must act inwards and 
this case is indicated in the figure, whereas if it act outwards T - 7',,. 
Taking the first case 


Potential Energy 


* I P -,r 


of which the first term is the elastic energy of the bent bar and the 
second represents energy derived from the force Q. 

If now V be the velocity of the vibrating weight the equation of 
energy will be 

IVV* 1/4S/.7 Q\ , , 

+ $( p + *):-Constant. 

If (J were zero we should obtain the equation of free vibration 
from which it only differs in the co-efficient, of The general rule 
(p. 38ii) already stated therefore gives 
ISA'/ y 

7a- F + v, , , c„ 


the quantity in the right hand equation being the deflection due to 
a steady load Q. Hence the extent of the vibration is determined by 



If T -> T„ z, becomes negative, the interpretation of which is that 
Q must then be taken as acting outwards instead of inwards. It 
then operates as a resistance to vibration, anti thus by diminishing 
the intensity of the forces restoring equilibrium increases the period. 

If T-T 0 the periods are said to be “synchronous.” lhe effect 
of synchronism is that a force (J, however small, produces vibrations 
of indefinite extent: energy accumulating at each repetition of the 
force. This result is limited in practice by the effect of friction 
which absorbs the energy as fast as it is supplied. 

On reference to Art. 103 it will be seen that the value of i is 
cos 6 where 0 is the angle made with the central lino by a uni¬ 
formly rotating radius. Or iff be the time reckoned for convenience 
from the instant when 0=9(f , 

I t 

z = z,. sin ; 8= Q■ sin 2iry,, 

where S is the force needful to keep up the vibration. Tho effect 
of friction is to dyninish the extent of vibration and to cause it to 
lag behind the variation of the force. 
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The results of this article are applicable directly to any case in 
which the inertia of the structure can be regarded as concentrated 
in a point to which the varying force is applied. When the inertia 
is distributed the value of will be reduced, but the general char¬ 
acter of the results remains the same; there is always a certain critical 
speed or speeds at which by synchronism with some particular mode 
of vibration of the structure, excessive vibration is produced by a 
load which, if steady, would have no sensible effect. Any approach 
to theso speeds must of course so far as |>ossible bo avoided. 

If the load bo originally resting quietly on tho structure and then 
begin to Huctuato, tho resulting vibration .will in the first instance 
be a combination of the forced vibration of period T with a free 
vibration of period T„; which will be represented by tho equation 

•-» «,|siii 2*y - Ijl . sin 2ir~|, 

the extent of the free vibration being determined by the consideration 
that d:ldl is zoro when t is zero. When the periods are commensurable 
this represents vibrations of varying amplitude recurring in regular 
phases; but as before stated the free vibrations will generally be 
spoodily extinguished by the effect of friction. 


202. Hmm/ilna of FlurJuutiny Lands.—-I a t us now consider some 
examples. 

(1) Tho reciprocating parts of machines, especially steam engines, 
give riso to periodic forces tho magnitude of which has already been 
investigated in Art. 144, p. 2S.'l, the period being a revolution. If 
N bo the revolutions per second, it appears from the formula' there 
given that the maximum value Q of tho force arising from a recipro¬ 
cating piece of weight II’ and stroke 2n is 

H-u^ir.** AV 
« <J 

To fix our ideas imagine the engine to stand upon a horizontal 
platform, tho time of free vibration of which is T 0 corresponding to 
a frequency A’,,. Then when the engine is working the extent of 
tho vibration will be 



in which the quantity : 0 will be tho deflection produced by Q when 
resting quietly upon the platform if the weight of platform and 
engine can be regarded as concentrated below tf|C cylinder. The 
vibration becomes excessive when N approaches N„. 
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In the case of a vessel the revolutions (.V) of the engines in similar 
vessels at corresponding speeds vary inversely as the square roots of the 
lengths, while the frequency of free vibration as already (minted out 
varies inversely as the length, hence the ratio .V/ A" u varies as the 
square root of the length. In small vessels the revolutions are not 
generally sufficient to produce vibration of sensible amount, but. in 
large vessels vibration with two, three, and sometimes with four 
nodes occurs. The same is the ease in torpedo boats on account of 
their excessive speed. According to Herr Sehliek the revolutions 
must not approach the frequency of free vibration within 10 or 12 
per cent. . 

Vibration due to this cause may in great measure be avoided bv 
a proper system of balancing as has been explained in the article 
already cited. The example there considered is that of a loco¬ 
motive in which the necessity for balancing arose at a very early 
stage, and its principles, therefore, have been long understood. For 
an approximately perfect balance, as there pointed out. the alternating 
couples must be considered as well as the alternating forces. In 
vessels the extent to which vibration is due to the reciprocating 
parts of the engines has only recently been recognized, and the 
subject, of balancing has acquired great importance. 

(2) When a vessel rolls in still water her period of unresisted 
rolling (page 207) is 



where m is the metaecntrie height, and r the radius of gyration. 
Suppose now a weight Q, say of a number of men, be moved from 
the centre line to one side of a vessel at. rest.: the corres|jonding 
angle of heel (</»„) will lie given by the equation 

Q- - /#'/«. tan >/.„ //'/« </> 0 , nearly, 

where Ji is the beam and II' the displacement. I.et now the inert 
move backwards and forwards from (tort to starboard and back 
again, the period of the double movement being T. The result will 
be forced rolling of period T and extent •/., (suppose) which in the 
first instance will be accompanied by freo rolling in perils 1 'J\,. The 
free rolling, however, may be supiiosod to have lieen extinguished by 
hydraulic resistance. Assuming this, at any angle of heel •/> there 
wilt be a couple due to the men given by 

* - fPmp’ ■ <f>, nearly. 

1 
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If T>T I1 the men will always be moving outward when that side 
of the vessel is below the horizontal, and the moment due to them 
will diminish the righting couple so as to lengthen the natural 
period, if T< T„ the converse will hold. The extent of the rolling 
will be approximately ip. 391), 

'l'i 

The motion before free rolling is extinguished will be represented 
by the equation already given on the pages cited: and the effect 
of hydraulic icsistanco on the forced rplling will be aa already 
explained. 

The artificial process here described represents closely the rolling 
of a vessel in a sea way when broadside on to a series of uniform 
waves: and the same formula; apply, </>„ being now the maximum 
slope of the waves: but this subject being outside the limits of 
this treatise, the reader is referred for further information to Sir \V. 
11. White’s well-known treatise on A'< mil .hrhikriure. 

(3) As an example of a different character, take the case of the 
motion of an indicator piston under the action of the varying 
pressure of the steam and the longitudinal force of the spiral spring 
by means of which the steam pressure is indicated. If these forces 
exactly balanced each other the indication would be perfect, but in 
consequence of the inertia of the indicator piston a certain difference 
always exists. 

In this ease the indicator piston has a certain natural perioil of 
free vibration depending on the strength of the spring and the 
inertia of the piston. The eorres|K>nding frequency (A' 0 ), can be 
determined by the method already described in Art. 300, p. 389. 
The pressuro of the steam varies according to a complicated law, 
which lor the moment we may suppose replaced by a simple varia¬ 
tion of the kind already considered, the frequency being .V, the 
revolutions per 1" of the engine. 

Then if p 0 , />, bo the excess of tho actual and the indicated maxi¬ 
mum pressures of the steam above their mean values, 



Thus the error of the indication consequent on the inertia of the 
indicator piston will bo considerable unless the ratio Nj A" (l be small. 
The result here obtained requires modifications tyiticod farther on in 
consequence of the complexity of the actual law of variation of the 
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pressure of the steam, lmt the conclusion arrived at must be the 
same, and in fact experience shows that the ratio A'/A' tl should not 
exceed one-tenth: the higher the speed the stiffer the spring must 
be in order to avoid undulations in the curve traced by the pencil. 

202a. Auijmvntalum of Atrrss hi/ Fluctuation. As in the analogous 
case of impact the stress produced by a load of varying magnitude 
is much greater than if it were applied steadily. If as before Q be the 
maximum value and T the period, the equivalent steady load will be 



in eases where the inertia of the structure can be considered oh 
concentrated : Q being replaced bv I;. Q where /; is a co -efficient when 
it is distributed. 

In either case the equivalent steady load becomes indefinitely great 
when T approaches T„: a theoretical result limited in practice by 
friction as already described. The actual stress produced by a small 
vibrating load may, however, be very great. 

The formula just given determines the. stress produced alter a 
state of steady vibration has been reached ; but tho temporary aug 
mentation before the free vibrations have been extinguished may be 
much greater. The ratio cannot be precisely stated but in cases 
where the periods T„, T of free and forced vibration are commensur¬ 
able it must generally bo possible to have 

.. .... 11 + r A 

l /jl 

in the equation of combined vibration given on page 39-, thus in¬ 
creasing the equivalent steady load to 



On the other hand the effect of fluctuation is reduced by friction as 
already stated. 

203. Compound Vibrations. If a fluctuating load of given frequency 
N docs not vary according to the simple harmonic law supposed in 
preceding articles, it may always be treated as made up of a series 
of periodic forces, each of which doers follow that law, Ihe first of 
these has the frequency .V and the rest have the frequencies 2A’, 
3A r , etc., in suc<*ssion. For example, on reference to [rage 286 it 
will be seen that in addition to tho primary periodic force due to 
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the motion of a piston, which alone ie considered in Art. 202 (1), 
there is a secondary periodic force, 

»V„ = ^. cos 26 = ® • cos 4i rNt, 

■ n n 

arising from the obliquity of the connecting rod. The maximum value 
of this secondary force is Q/n and its frequency 2A”. The other terms 
of the scries are in this case very minute but they may be considerable, 
and each of the corresponding forces produces a forced vibration of its 
own which may lie augmented by synchronism with some particular 
mode of vibration of the structure on which they act. For an 
exact balance each force must bo neutralised, or the balance weight 
must follow the same law of vibration as the load. But as syn¬ 
chronism occurs at much lower speeds the secondary forces will often 
bo of little importance. 

Where the load increases suddenly to its maximum amount, as 
when steam is admitted to the cylinder of an indicator (fiage 394), 
free vibrations aro superposed on the forced vibrations and are often 
very conspicuous. 


203a. Centrifugal Whirling of Shafts .—When a shaft rotates, the 
centrifugal forces produced do not in general exactly balance one 
another ■ either because the shaft is not exactly straight or because the 
centres of gravity of the weights it carries do not precisely lie in the 
axis. The shaft therefore bends in a plane rotating along with it, and 
at certain speeds the bending may become indefinitely great, a con¬ 
dition of things known as “centrifugal whirling.” 

The simplest ease is that of a shaft rotating on bearings at its ends, 
and carrying a weight W in the middle, the centre of gravity <1 of 
which is at a distance a from the axis of rotation C. The weight 
moves in a circle round V as a centre, tho radius Cti in the first 
instance being n, but subsequently increasing at revolutions A' to 
a + z where : is the deflection CO produced by the centrifugal force 
(,) - W. . (a + :) ly. 

Tho inertia of the shaft itself being supposed small.enough to be 
neglected, the deflection : is QP/iHEl, and therefore 


ir 

9 


+ s) = 


48A7 

P 


If it were possible to have o»0 we should obtain a value of N for 
which the deflection : might be anything we please. If this be called N„, 
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formula; which determine CO the deviation of the centre of gravity 
and CO the bending of the shaft at any other speed N. 

The formula' show that, at speeds less than the critical speed A’„, : 
is a positive quantity which increases as the speed increases until 
N**N 0 when it becomes indefinitely great, however smull the original 
deviation a, so that .V„ is a speed at which centrifugal whirling occurs. 
At greater speeds finite values are again obtained for both : and « + 
blit they are both negative, i being numerically the greater. The 
interpretation of this is that the shaft is bent in the opposite direction, 
the centre of gravity 0 lying between 0 the geometrieal axis and (' 
the axis of rotation. They diminish as the speed increases so that <1 
continually approaches the axis of rotation and coincides with it when 
the speed is infinite. 

The conclusions here arrived at for the simple case where the weight 
IV is concentrated at the centre of a shaft are also true in any other 
case, with a proper value of the coefficient in the formula for .V„. If 
we have a uniform shaft not otherwise loaded, the weight being 
uniformly distributed, the centrifugal forces are of much Icsb intensity, 
and the speed of centrifugal whirling is much greater. If half the 
weight were concentrated in the middle and the, other half at the ends 
where the centrifugal force is zero, tin; coefficient would obviously be 
increased in the ratio \ - : 1 or 411 per cent. As the deflection curve 
is not the same in the two cases this is not exact: the subject was first 
investigated by Jtankinc, whose, results* show that the coefficient b -5 
in the formula should be replaced by !*, being an increase of 44 per 
cent. For a steel shaft il inches diameter, I inches long, this gives for 
revolutions per minute 

A> 4,si;o,oooJ. 

In a shaft I inch diameter 4 ft. long the speed of centrifugal whirling 
is therefore about 2100 revolutions per minute. Much greater speeds 
are by no means unusual in modern practice, and in a certain type 
of steam turbine 35,000 revolutions per minute have been reached. 
Where the speed is excessive the important principle that, above the 
critical speed, the centre of gravity of the rotating masses tends to 
Approach the axis of rotation should be borne in mind. A flexible 

• Millvork and Machinery, l>t edition, 18*9, p. 549. 
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shaft may for this rcuson be safer at certain speeds than one which in 
a state of rest is more rigid. 

As in the corresponding case of plane vibration nodes may oceur in 
a rotating shaft. Thus in the case just considered there may be a node 
in the middle of the shaft dividing it into equal parts which bend in 
op|Hisite directions: the length of the shaft is then virtually halved, 
and a second critical speed four times as groat as the first determined, 
which it is dangerous to approach. Similarly there may be three or 
more nodes and to each number corresponds a certain critical speed. 
So also for a different arrangement of bearings and for different weights 
attached the coefficient in the formula for the critical speed will bo 
changed. The question therefore is one of much complexity of detail 
in each individual case. Where the weights are distributed exact 
results can only he obtained by the solution of a differential equation : 
though approximations can generally he found as indicated above. 
The subject has recently been investigated experimentally hv Mr. 
(now l’rof.) Dnnkerly * who points out that the centrifugal righting 
couple introduced by a pulley mounted on a shaft anywhere but at the 
centre has the effect of increasing the critical speed. 

Returning to the case considered in Art. 'JOl, p. 390, of a weight 
attached to the centre of an elastic bar, and vibrating in one plane: 
the frequency of free vibration is determined by a formula identical 
with that found in the present article for the critical speed .Y„, the 
extent (:,) of the vibration being undetermined. Suppose now a 
second vibration in a plane at right angles to the first, and let the bar 
be of circular section: the frequency will ho the same as before, and 
the extent being undetermined may he taken at pleasure. If the 
two motions co exist, the result, as is well known, will he that the 
centre of the moving weight will describe an ellipse which becomes a 
circle if e, The geometrical axis of the bar lies in a plane rotating 
at revolutions A' 0 . Evidently then the centrifugal whirling of a shaft 
may he considered as a state of free vibration. 

At other speeds the centrifugal forces may bo resolved into two 
components at right angles which produce forced vibrations of frequency 
A 7 in planes at right angles, centrifugal whirling being a consequence 
of synchronism between the forced and free vibration. 

Theoretically, at any speed, free vibration, either plane or elliptic, 
with frequency JV 0 , due to some external cause, may occur in com¬ 
bination with the centifrugal vibration of frequency N which now takes 
place about a vibrating axis, but, as in previous cases, such free 
vibrations will speedily bo extinguished by the effect of friction. So 
* Phil. Tmi«., Y0l. 190, 1894. 



OH. XVI.] 


IMPACT AND VIBRATION. 


3S)f> 


also deflections due to the action of gravity or other permanent forces 
will not affect a centrifugal vibration about the displaced axis. The 
rotation of a bent shaft is not necessarily accompanied by the rotation 
along with it of its geometrical axis, as is well seen by the example of 
the flexible shafts often used on a small scale for special purposes. 

KXAMI’I.KS. 

1. A hammer weighing 2 lh*. strikes a n.xil with a velocity of 1'* feet |*er second and 
drives it .1 inch, what is the mean pressure overcome hv the nail ? An*. 073 llm. 

2. If the load on a stretched bar is suddenly reversed so as to produce compression, 
show that the stress will be trebled.* 

Energy stored in stretched l*r will on the release of the load he employed in 
compression, and in addition the load will he exerted through a distance original 
extension i compression The two together must he equal to the work done in com* 
pressing the liar. 

Note. Such sudden reversal as is here supposed rarely if ever occurs in practice in a 
stretched or compressed piece, but it may occur in a bent piece, to which the same 
principle applies. 

3. A load of 100<> lbs. falls through 1" before commencing to stretch a suspending tod 
hv which it is carried. If the sectional area of the md is 2 *q. ill., length 100”, and 
modulus of elasticity 30.000.tKHi. timl the stress produced. 

Stress--17,828 lbs. per aq. in. 

4. A load of f>000 U»a. is carried by the rod of the preceding question, and an additional 
load of 2000 lbs. is suddenly applied ; what is th«* stress produced? 

Stress - 1500 Urn. per sq. in. 

5. A lieam will carry safely 1 ton with a deflection of 1 inch ; from what height may 
a weight of 100 lbs. drop without injuring it. neglecting the etlVct of inertia? An*. 
10 2 inches. 

«. The maximum stability of a vessel is 4000 fnot«t»ti*. The curve of stability ia 
represented sufficiently approximately In a triangle, such that the angle of maximum 
stability is 1/» the angle of vanishing stability. Find the uniform moment which, applied 
suddenly to the ship upright and at rest, would just capsize her. 

4000 \ n 

An*. Capsizing moment- j ^ 

7. A crane is observed to deflect through 1 inch when a load of 1 ton is suspended from 
it. A load of 2 tons is lowered at the rate of 2 f.» and then suddenly stopp'd; in what 
ratio is the stress on the parts of the crane augmented ? An*. 87 per cent. 

8. A. vertical l»r is supported as in Fig. 14K, and struck horizontally. Assuming 
that the deflection curve of the bar is the same as if a horizontal force were steadily 
applied, compare the kinetic energy of the vibrating bar with the energy of an equal 
weight concentrated in the middle. <4ns. 

Note- —This result, obtained originally liv Homeridmin Vox. agieee well with Hodgkin 
son's Experimental result, showing that the energy of the secondary vibrations of the bar 
is relatively small. 

9. A thin flat plate is stiffened by lieams of uniform section. By an explosion a 
uniform pressure is suddenly applied over the whole surface : show that Urn resistance 
of the beams to impact is 60 per cent, greater than If the load were concentrated in the 
middle* 

# Example* 2 and 9 are due to Frof. T. A. Hearson. Some good examples on impact 
will be found in Prof. Alexander’* treatise on Applied Mechanic*, part I. 
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STRESS, STRAIN, AND ELASTICITY. 

SK.criiiN I.- Stress. 

204. Ellipse, of Strum .—Stress consists, us we have said (Art. 147), 
in a mutual action between two parts, into which we imagine a body 
divided by an ideal section. If the section be plane, and if the 
stress bo uniform, the intensity and direction of the stress at each 
point of the section arc the same at all points of a given section, 
and, for a given point, depend only on the position of the plane. In 
a Haiti the intensity is the same for all planes, and the direction is 
normal to the plane. In simple tension and compression the direc¬ 
tion of the stress is the same for all planes, but its intensity 
varies, becoming zero for planes parallel to the stress. In a simple 
distorting stress (p. :lf>2) the intensity is the same for all planes 
perpendicular to a third given plane, but the direction varies: on 
one pair of planes it is normal, on another tangential. 

We now proceed to consider stress more generally, and we shall 
Hist examine the effect of combining together a jiair of simple 
longitudinal stresses, the directions of which are at right angles and 
the intensities of which are given. Let the plane of the paper tie 
parallel to the directions of the stresses, and let us consider a piece 
of material of thickness unity. If the stress be uniform, the size and 
shape of the piece are immaterial. Lot us then imagine a rectangular 
block A BCD (Fig. lf>4) with sides perpendicular to the stresses ;i p p„. 
On the faces Ati, CD a stress, of intensity p l , anil of total ameunt 
p { . AB will act; while on BC and AD there will be a stress of 
intensity p 3 , and of total amount p,.. BC. Divide now the rectangle 
by a diagonal plane AC; there will be a stress on that plane, which 
it is our object to determine in direction and magnitude. Let 0 be 
the angle which the normal to tho plane makes iwith the direction 
of pj; by determining rightly the ratio of the sides of the rectangle 
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this angiu may be made what we please. Proceeding as in Art. 182, 
we find for the normal stress 

/•„ =p, .cos'-'d + p,. sin-W, 
and for the tangential stress 

- {]>| - «in d. cos 0. 

'Ihe resultant stress may be found in direction and magnitude by 



compounding these results, but it is belter to proceed by a graphical 
construction. On the perpendicular set off 0(,i to represent ;> v and 
llq to represent p.,-, also draw the ordinates (/.!/ parallel to //.„ and 
qP parallel to />, to meet in I'. Then 

OM ■= 0Q. cos a /i,.' J ^; 

PM Oq. sin I) )>.,. 

Whence it follows that the intensity of the stress on AC due to 
/), is represented by OM, and that due to p 2 by I'M. If then we 
join 01' we shall obtain the resultant stresB on AC in direction and 
magnitude. It is easily seen that P lies on an ellipse of which 
p v p., are the semi-axes. This clli|)sc is called the Ellipse of Stress. 

If the pair of stresses p t have opposite signs, then Oq =-p t 
must he sot off on the opposite side of <>, and OP’ the radius vector 
of the ellipse lies «n the other side of OM, but in other respects 
the construction is unaltered. When p v are equal the ellipse 
c.il. 2<: 
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becomes a circle; if they have the same sign the stress is the same 
in all directions in magnitude and direction like fluid pressure; if 
they have opposite signs, as in the chapter on Iorsion, the intensity 
is the same, hut the angle of inclination P'OQ, called the “obliquity 
of stress, is variable, being always twice (/)M. 


205. Principal Mreantn, Am of Sims .— We now propose to show 
that any stato of stress in two dimensions (Art. 20k) may always be 
reduced to a pair of simple stresses such ns we have just considered. 

For, drawing the same figure as in the last article, let ns inquire 
the effect of replacing p x , /<„ by other stresses of any magnitude 
and in any directions. Whatever they be, they evidently must have 
given tangential and normal eom|K>nents, of which, reasoning as in 
a former chapter, wo know that the tangential must be equal and ot 
opposite tendency. 

Let the equal tangential components be p, and the normal com 
ponents p H and Consider the 

equilibrium of the triangular portion 
Al!V (Fig. loft), and let us determine 
under what conditions it is possible 
that the stress on AC should be a 
normal stress only, without any tan¬ 
gential component. Resolve parallel to 
111'- then, if v be that normal stress, 


"f 




tp Flg.166 

«li.. 


% 
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£ 
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p . AC . cos U -p,. llC + p,, ,AH\ 
or /' ~ •* I 1 ’ ■ Ulrl V. 

Similarly, resolving parallel to AH, 

p -p‘„ -~p ,. cot W, 

whence, subtracting one equation from the other. 

p n - p„ p,. (cot 0 - tan 0) - ip ,. eot 2d; 


or tan 2d- ■ 

P.-P* 

This equation always givos two values of ti at right angles, showing 
that two planes at right angles can always be found on which the 
stress is wholly normal. Tho magnitude of the stress on these planes 
is found by multiplying the equations together, when we get the 
quadratic ( ;»-p„ ) (/>-/>'J“ft a , 

the roots of which, p P are the stresses required. Having deter¬ 
mined p v p v the ellipse of stress can now be 'tonstructed by the 
method of the last article. 
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Every late of stress in two dimensions (hen ean always he repjc- 
sented by an ellipse, the semi-axes ot which are called Principal 
Stresses, and their directions the Axes of Stress. 

The particular ease in which //'„ is zero is one of constant occurrence 
in piaetical applications, ii y he the shean tig stress, the conations 
may then he written 

/>„ tan (I); //(/>-/..)-'/•' (-)■ 

Of the roots of the tpiudralic the greater has the same sign as that of 

• and the other the opposite. Also, we lintl hy dividing the two 
equations for p hy one another, 

tan 

r r 

Inmi which it appears that of the two values of II furnished hy (I) 
the one less than to* must correspond to the greater value of p. 
Hence the major priuei|ial stress is of the same kind as /<„, and in 
dined to it at an angle less than •).*> . 

206. I’llr’/III'/ Strrss. tines SIr< />V/,./,ay am/ Tteisliitt/ of a 
Sliii/t .—In proving the two very important propositions just given 
we have assumed (1) that the stress was uniform, throughout, the 
region including the portion of matter we have been considering; ('Jl 
that gravity or any other force acting not on the hounding surface, 
hut on each particle of tin: interior, may he neglected. It is however 
to he observed that hy taking the portion of matter small enough, 
both these siipjiositions may he made, in general, as nearly true tut 
we please : the first, because any change of stress must lie continuous, 
and therefore becomes smaller the less the distance between the points 
we consider: the second, because any internal force is proportional 
to the volume, while any force on the boundary of ti piece of 
material is proportional to the surface of the piece. Now the, volume 
of a body varies ns the culw. and the surface as the square of its 
linear dimensions, and it follows that the internal force vanishes in 
comparison with the stress on the Imundary when the dimensions 
diminish indefinitely. Hence these propositions are still true as 
respects the state of stress at any given (mint of a bisly, even though 
the stress be variable, and notwithstanding the action of gravity. 
When, however, we consider the variation of stress from [mint to 
point, gravity must be considered. Thus, for example, jri the ease 
of a fluid the action of gravity does not prevent the pressure from 
being the same in all directions, hut it does cause the pressure to 
vary from point tq point. 

When the stress varies from point to point, both the intensity and 
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thy direction may vary; thus, for example, in a twisted shaft the 
intensity of the stress at any point varies as the distance from the 
axis, and the direction of the stress varies according to the position 
of the point, the principal stresses making an angle of 45° with the 
axis of the cylinder. The axes of stress in this case always touch 
certain lines which give, at each point they pass through, the direc¬ 
tion of the stress at that point. These lines are called Lines of 
Stress; in a simple distorting stress, or, iii other cases where the 
principal strosses are of opposite signs, one is a Line of Thrust, the 
other a Line of Tension. 

In a twisted shaft of elastic material tin; lines of stress are spirals 
traced on a cylinder passing through the point considered, the spirals 
being inclined at 45° to the axis. If the shaft he hent as well as 
twisted, the maximum normal stress at any point of the transverse 
section is given by the equation 

(Art. loo), 

where M is the bending moment and r the radius. The shearing stress 
at the external surface due to a twisting moment T is given by 

,1, (Art. ltd). 

L'ombining these two together we get, by solving the ipiadratie for the 

principal stresses, ,, , - 

* .If ±JM' + 7- 

* Iti-'’ 

which gives the principal stresses at that point of the shaft where the 
stress is greatest. The maximum stress is the same as would be given 
by a simple twisting moment cipial to M + v',l/-'+ T-. which is some¬ 
times, though improperly, called the simple equivalent twisting moment. 
The minor principal stress ought, however, also to be considered in 
calculations respecting strength, as will be seen hereafter. 

The lines of stress here arc spirals of variable pitch angle. 


207. Slmhiiiifi .li-liiniK nil Hut If’rh nj an I lii'a in .— Let us now return 
to the ease of an I beam with a thin weh, in which the web resists 
nearly the whole of the shearing force F, and the flanges nearly the 
whole of the bending moment M. The intensity of the shearing stress 
</ is approximately F 


where li is the depth and I the thickness. The intensity of the normal 
stress at a point distant // from the neutral axis is 
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The principal stresses and axes of stress are given by the equations 
Hi' - l‘J - <)• ; tan 2d ~'i 

hrom this it appears that, even when the web is very thin so that 
it carries a very small fraction of the total bending moment, it cannot 
he treated as resisting shearing alone, and if it is so treated will be 
the most severely strained part of the beam. Let ns, for example, 
suppose the flanges to be subject, to a stress of t tons per sq. inch 
at a given section, and the web to a shearing stress also of 4 tons 
per sq. inch : then at [stints in the web near the flanges, say, Ibr 
example, at a distance from the centre of three fourths the half depth 
of the beam, the normal stress will be :s tons per sip inch. Putting 
these values in the formula, we get the quadratic equation 
/'(/'-•■>) Hi: 

whence 

/' ■ n'77. or 2- 77, 

a result which shows that the web is much more severely strained 
than the flanges. The lines of stress are found from the equation 
for ti. 1 he direct effect of any load resting on the upper flange 
must be provided for se|«iratelv by vertical stiffening pieces. 

208. Hr Mark on Slnss in tlnnrnl. — We have hitherto been eon 
sidering only the stress on planes at right angles to a certain primary 
plane, to which we have supposed the stress on every plane to be 
parallel. In most practical questions relating to strength of materials 
this is sufficient, since, though stress frequently exists on the primary 
plane, it is usually normal and of relatively small intensity. Thus, 
for example, in a steam boiler there is stress on the internal and 
external surface of the boiler due to the pressure of the steam and 
the atmosphere; but it is of small amount compared to the stress on 
planes perpendicular to the surface. We therefore content ourselves 
with a statement without demonstration of corresponding propositions 
in three dimensions, 

(1) Any state of stress'at a [mint, within a solid may always lie 

reduced to three simple stresses on planes at right angles. 

(2) The resultant stress on any plane due to the action of three 

simple stresses at right angles to each other is always 
represented in direction and magnitude by the radius vector 
of an el!i[isoid. 

The first of these propositions may be regarded as the last step in 
a process of analyst, by which we reduce all external forces acting 
on a structure of any kind: firnt, into a set of forces acting on each 
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piece of the structure; and smmtl, into forces acting on each of the 
small elements of which we may imagine that piece composed; and 
Instill, into three forces at right angles acting upon the element, of 
which one in practical cases is usually small. All (juestions in 
Strength of Materials, then, ultimately resolve themselves into a 
consideration of the effects of forces so applied. 

One method of conceiving the effect of., three sueh forces is to 
imagine each separated into two parts, one of which is the same for 
all, being the mean value of the three ; while the other is compressive 
for one and tensile for the two others, or rive. versa. In isotropic 
matter (Art. 210) the first set produces change of volume only, and 
may he called the “ volume-stress,” or, as no other stress ran exist 
in fluid bodies at rest, a “ fluid ” stress. The second is a distorting 
stress, consisting of three simple distorting stresses tending to pro¬ 
duce distortion in the throe principal planes. 


KXAMI'l.Ks. 

1. A tulw, 12 indie. mean ilminctcr ami t inch thick, is acted on hy a thrust of 20 tons 
ami a twisting moment of 23 foot-ton*. Find the principal stresses ami linen of stress. 

Taking a small rectangular piece with one aide in the transverse flection, we tiiul one 
faoo acted on hy a normal stress of 10G tuna per square inch tine to the thruttt, ami a 
tangential stress of 2'fiG ton* due to the twisting. Substituting these valuta for f,„ ft, 
ami observing that the stress on the other face is wholly tangential, we find from the 
quadratic 

Major principal stress:.. 8*21 (thrust): 

Minor principal stress- 21S (tension). 

lanes of stress are spirals, the lines of tension inclined at 30.\° to the axis, and the 
lines of thrust at 33jf. 

2. A rivet is under the action of a shearing stress of 4 tons per square inch, and a 
tensile strew, due to the coiltlaction of the rivet in its hole, of 3 tons per square inch. 
Fiml the prfhcipal stresses. 

drift. Major princqial stress=5‘8 tons (tension); 

Minor principal stress-.277 tons (thrust). 

3. The thrust of a screw is 20 tons; the shaft is subject to a twisting moment of 100 
foot-toua, and, in addition, to a bending moment of 23 foot-tons, due to the weight of 
the shaft and its inertia when the vessel pitches. Find the maximum stress ami compare 
it with what it would have been if the twisting moment had acted alone. Shaft It 
Inches diameter. 

d»s. Mnjor principal strefls~21), Ratio — 1 *32; 

Minor principal stress = 1*6. 

4. A half-inch bolt, of dimensions given in Kx. 6, p. 2t*l, is screwed up to a tension of 
1 ton per square inch of the gross sectional area. Assuming a co-efficient of friction of 
'1G, find tho true maximum stress on the bolt while being screwed up, A its. Principal 
■tresaes —2 and *35 tons. 

5. It has been proposed to construct cjlindrical boilers with seams placed diagonally 
instead of longitudinally and transversely. What is tho object of this arrangement, and 
what is the theoretical gain of strength ? Ans. Increase of strength=2G^ per cent. 

G. A thick hollow oylimier is under the action of tangential stress applied uniformly 
all over ita internal surface in directions perpendicular to its axis, the cylinder being 
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prevented '-urn turning by a eimilar itrew, spplie,! »t the eitenisl mirfuc*. Find the 
l>nt.cit»l «tre»„e» and line* of etrwo. .In,. The principal etrewe,are equal and opporite. 
forming a simple distorting stress, of intensity varying inversely as the aquarc of t In- 
distance from the centre. Lines of stress eijuinngulnr spiiaU of angle IT. 

7. In Ex. #, [Age 375. »upjK>se the l-eani so loaded that the maximum stress due to 
bending is 3 tons per square inch, and the total shearing force divided by the sectional 
area of the web J tons per square inch : fiinl tin- principal stresses at points imme,list, )> 
below the flanges. .Ins. Principal stresses dj and 1 'll tons per square inch. 

X. In any atate of stress at a point in a body show that the sum of the normal streasea 
on three planes at right auglea is the same however the planes la- drawn. 


Fla Ifsti 


iSWTIIIN II.— StHAIN. 

209. Simple Luiiiiihiiliiuil Strain. Tun Strains at Uutht Angles.— 
H e now go on to consider the changes <rf form niitl size which urc 
prOflueed by the action of stress. Such changes, it hits already Imeu 
said, arc called Strains. 

In uniform strain every set of particles lying in a straight line must 
still lie in a straight line, and two lines originally parallel must still lie 
parallel. The lengths of all 
parallel lines are altered in a 
given ratio 1 + e : 1, where e 
is a (piantity, in practical eases 
very small, which measures 
the strain in the direction of 
the line considered. Two sets 
of parallel lines, however, will 
not in general remain at the 
same inclination to each other, 
nor will their length alter in 
the sameratio. Thus the sides 
of a cube remain plane, and 
opposite sides are parallel, 
but the parallclopipcd is not 
generally rectangular, and its 
sides are not equal. 

The simplest kind of sfrain is a simple longitudinal strain in which 
all lines parallel to a fixed plane in the body are unaltered in length, 
while all lines perpendicular to that plane remain so: that is to say 
a simple change of length, the breadth and thickness remaining 
unaltered. 

Fig. 156 shows an extensible band ObCl), in which OH is fixed, 
while Cl) moves to C'D', the' breadth being in the first instance un¬ 
altered, and the Uyigth altered so that 
VC’-e x .BC. 
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If any lino AEF be traced in the band parallel to BC, the points 
EF will shift to E'F' positions in the same line, such that 
EE' *r.,.AE: FF' - e,. AF. 

E'F'*4 1 +e l )EF; 

for since the strain is uniform the change of length of all parts of 
the band is the same. If, however, we draw a line QL inclined at 
an angle 0 to BC, that line will shift to (/£', a position such that 
QL has not increased in so great a ratio, and is not inclined to BC 
at the same angle as bofore. We are about to determine the actual 
change of length and angular position of QL by finding that of a 
parallel Al‘ drawn through A. It has been already remarked that 
parallel lines in uniform strain must suffer the same strain. Now 
A1‘ shifts to AF' such that 

FF'-t\. BF - e ,. AF. cos ft 

If now the angle FAF' (~i) be so small that i- may be neglected, 
compared with i, and i compared with unity, 

AX - A F : F'Z -- cos 0 ; 

and therefore 

AF' - AF -- FF'. cos 0- r, . .IF. cos 1 It. 

Thus the strain (r) in the direction of AF is 
r cos’-'tf. 

Also, it is clear that 

■ PI'' a ■ u » 

i ,,,= . sin tt = e.. sin U. cos 0. 

.11 A l 

lly these formula' the changes of length and angular positions of all lines 
in the liand are determined. 

Next draw a line AQ perpendicular and equal to AF, and let .IQ' be 
the position into which it moves in consequence of the strain ; we find, 
for r, the extension of AQ, 

■e “iq . sin 2 W ; 

while the angle QAQ' is 

i = r,. sin 0. eos 6 - i. 

Imagine now the square AQL completed ; this square, in consequence 
of the strain, will have its sides altered in length by the quantities e, /, 
i and will have sufl'ered a distortion given by 
2/ = 2r, . sin 0. cos 0. 

In this way tho effect of a simple longitudinal strain is completely 
determined, for we can calculate the changes taking place in any 
portion of the band we please. 

Next suppose the band to suffer a second simpletlongitudinal strain 
<■.. in the direction of the breadth, and observe that, since the strains 
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are very small, the effect of c,, e., taken together must lie the sum of 
those due to each taken separately ; then we find for the change of 
length and position of any line 

t--i ,. cos-'d + r„. sin'-'W; 
i - (e, - e.,)sin V . cos I), 

results which may he applied as before to show the changes of dimension 
and the distortion of a square traced anywhere in the hand. 

We have here regarded the angle i as a measure of the distortion a 
square suffers in consequence of the strain. If. however, we drop QM 
perpendicular to A I'', we have 



Now AM in the space through which the line /, (/ has shifted parallel 
to itself in consequence of the strain, and we see therefore that, tin- 
angle i also gives a measure of the magnitude of this shifting. Hv 
some writers this is called “sliding.'' It is also called “shearing 
strain.'’ 

If we compare the equations we have just obtained for strain with 
those previously obtained in Art, 1104 for stress, we lind them ident.i 
cal; and hence it appears that, so long at least as the strains are 
very small, all propositions respecting stress must also be true, inidnlis 
niuliiiiilif, with respect to strain. Thus, for example, a simple distor 
tion must be equivalent to a longitudinal extension accompanied by 
an equal longitudinal contraction ; and, ..gain, every state of strain 
can be reduced to three simple longitudinal strains at right angles to 
each other, and represented by an ellipsoid of strain. The simple 
strains arc called Principal Strains, and their directions Axes of Strain. 
Strain, like stress, generally varies from point to point of the l>ody: 
but the relations here proved still hold go.sl at each point, and we 
have Lilies of Strain just as we previously had Lines of Stress. 

Section III. --Connection jiktwkkn .Stress anh Strain. 

210 . Equations ran inrl i laj SI /r.'S and Strain in Jnafra/iic Mntli r. -So 
far we have merely been stating certain conditions which stress must 
satisfy in order that each element of a body may be in equilibrium, 
and certain other conditions which strain must satisfy if the body 
is continuous. We now connect the two by considering the way in 
which stress produces strain, which differs according to the nature 
of the material. 

We first considet* perfectly elastic material (sec Art. 147), and 
suppose that material to have the same elastic properties in all 
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directions, in which case it is said to be isotropic. Metallic bodies 
are often not isotropic, as will be seen hereafter (Ch. XVIII.). 
Suppose a rectangular bar under the action of a simple longitudinal 
stress />,, then there results (Art. 148) a longitudinal strain ^ given 

b y 

/' 1 = AV„ 

where E is the corresponding modulus of elasticity. Accompanying 
the longitudinal extension we find a contraction of breadth that is a 
lateral strain of opposite sign, of magnitude 1 /hi* 11 the longitudinal 
strain where m is a co efficient. The contraction in thickness will be 
eipial, because the material is supposed isotropic. Hence the effect of 
the simple longitudinal stress p, is to produce three simple longitudinal 
strains at right angles, 


./'i . 

E : 


t., - 


V i . 
mE ’ 


. Px 
mE' 


Next remove p,, and in its plaeo suppose a simple stress //., applied in 
tho direction of the breadth of the bar; wo have by similar reasoning 
the throe strains, 

, „ . . , -J‘i. , - _ Pi 

' mE' - A' 3 hi A" 

And similarly removing p_, and replacing it by p 3 acting in the direction 
of the thickness, 


/'a . 
mE ’ 


/'« . 
mE' 


,, J‘* 
3 A" 


These three sets of equations give the strains due to p a , each 

acting alone; and we now conclude that if all three act together we 
must necessarily have 

fir, = a,-' 2- ' 

1 J 1 III 

with two other symmetrical equations. 

Hence it appears that tho effect of three principal stresses, and 
consequently of any state of stross whatever on isotropic matter, is 
to produce a strain, the axes of which coincide with the axes of 
stross, ami in which the principal strains are connected with the 
principal stresses by the equations just written down.* 

The product Ee t is the simple tensile stress which would produce 
the strain <■,, a quantity to which special importance is attached when 
r, is the greatest of the three principal strains and in consequence 
the maximum elongation in any direction at the point considered. 


* The form in which theao equation! are given is that employed by Gnahof. For 
practical application it ie more convenient than any other. 
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Ihe value of Ae, in this case is frequently described as the “equivalent 
simple tensile stress.” 


211. hla stint if oj t orin unit Votuuu ,—-The value of the constant m 
ma > f° ,,n, l directly by experiment, though with some ditlieultv, on 
account of the smallness of the lateral contraction which it measures ; 
hut it may also he found indirectly, by connecting; it with the coefficient 
employed in a former chapter to measure the elasticity of torsion. For 
if we subtract the second ot the three equations just obtained from tint 
first, we get 


or 


e. .- t, ■ (//, 


in + 1 

in E 




711 + 1 


O. 


Now referring to Art. 204, we find 

(/', /' 2 1 sin it. cos It, 

-i - 2b, <•„) sin tl. cos H, 

where p, is the tangential stress on a pair of planes inclined at angle It 
to the axes, and 2i is the distortion of a square inclined at that angle to 
the tixes of strain. Since now the axes of strain coincide with the axes 
of stress, we must have 

t'i r ; I "< 

2 i 2(o, Cj) 2 in e 1 *’ 

an equation which, compared with Art. 1 S3, shows that the coefficient 
of rigidity C must be 


Experiment shows that in 'metallic bodies t! is generally about ? A", 
whence it follows that m lies between and 4, In the ordinary materials 
of construction the comparison cannot, however, Ik; made with exactness, 
because such bodies arc rarely exactly isotropic and homogeneous. The 
value of m for iron is supposed to be about .'ll. 

Again, if wo add together the throe fundamental equations, we find 

E («, + e, + e„) = (I - * j ( />, + p„ + p,). 

Now the volume of a cube, the side of which is unity, becomes 
when strained (1 + e,)(I + '.,)(1 +'■,), and therefore the volume strain is 
e, + f 2 + C 3 when the strains are very small. Hence, if we separate the 
stress into a fluid stress A r and a distorting stress (Art. 209), we have 

i 

N = • ... • E y Volume Strain, 

3(f«-2) 
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and the co efficient 


D- 


. E 


‘■i(m - 2) 

measures the elasticity of volume. The two constants C and D, which 
measure elasticity of distinctly different kinds, may be regarded as the 
fundamental elastic constants of an isotropic body. The ordinary 
Young's modulus E involves both kinds of elasticity. 

212. Modulus of Elustidtij under various cinmnstanres. Elasticity of 
Flerim.— When the sides of a bar arc free the ratio of the longitudinal 
stress on tho longitudinal strain is the ordinary modulus of elasticity E; 
but the equations almve given show that, when the sides of the bar are 
subject to stress, the modulus will have a different value. For example, 
let the bar bo forcibly prevented from contracting, either in breadth or 
thickness, by the application of a suitable lateral tension, then. 

r.„ e, aro both zoro, and 

AV=/b-^o,^-^A 

III - III 

whence we obtain for the magnitude of the necessary lateral stress 


/V 


1’ 


and for the corres|ionding extension of the bar 
,, ni - - in - 2 

M ■ p r 

1 in- - m 1 

Hence the modulus of elasticity is now 

in ( ill 1 ) 

(hi + \ 

This constant si is what Kankine called, tho direct elasticity of the 
substance: it is of course always greater than E. For in = 4, A = " E ■. 
for in -•* :i, A --- :j E. 

If the bar be free to contract in thickness, but not in breadth, we 
havo // 3 and e t zero, and the equations become 


AV,-;»i- 


0 = 


Pi- 


whetice we find 




AV,- 0-/’> + 

in 


uA 


so that the value of the modulus of elasticity is 


HI- - I 


E. 


In a similar way if p v p, have any given values the modulus can be 
found. 



, 0 ' 
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It will now be convenient to examiner an important point already 
referred to in the theory of simple hemline, that is to say the 
assumption (Art. 153) that the modulus of elasticity 
h was the same as in the ease of simple tension, 
notwithstanding the lateral connection of the ele¬ 
mentary bars, into which we imagined the whole 
beam split up. if these elementary bars were pre¬ 
vented from contracting freely, as they would do if 
separated from each other, the modulus could not 
be the same. In fact, however, there is nothing in 
their lateral connection which prevents them from 
doing so. Figure la" shows, on a very exaggerated 
seali, the form assumed by a transverse section 
AC Jill originally rectangular, rutting a series of 
longitudinal sections originally parallel to the plane 
of bending in the straight lines shown. Assuming 
the upper side stretched as in Fig. 1 page .'inti 
these lines ail radiate from a centre II' above the 
beam, which bends transversely, while the originally 
straight horizontal layers are cut in arcs of circle [ 
struck front the same centre. The upper side of 5 Kuf.ir >7 
the beam contracts and the lower side expands, and reasoning exactly 
in the same way as in Art. lad when we derived the formula for the 
longitudinal c urvature, we find a corresponding formula for the trans¬ 
verse curvature, 

Eh 





whence it follows immediately that 

U in It. 

In order that this transverse curvature of the originally horizontal 
layers shall not be inconsistent with the reasoning hy which the formula 
for bending is obtained, all 'that is necessary is that the deviation 
from a straight line shall be small as compared with the distance 
if thejlayer from the neutral axis. Let u be that deviation, then 
[see Art. Hid) if h be the breadth and h the depth, 

/,- U hi./, 

" ” 8 /,'' ~ Hnili *inEi/' 

Sow the stress being within the elastic limit pjR is very small, for 
:xample take the case of wrought iron, for which piE is not more 
than 14 l ,, 0 lh , and suppose m** 4, 

t b 1 H 2 
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It is obvious that a must'be always very small compared with y,. 
except very near the neutral axis, unless b be very large compared 
with A, and we conclude therefore that when a beam is bent within 
the limit of elasticity, the lateral connection of the parts cannot 
have any sensible influence on its resistance to bending, unless its 
breadth be great. 

Experience shows, howover, that a broad thin plate remains straight 
in the direction of the breadth when bent longitudinally, and cannot 
therefore be supposed free to expand or contract laterally except near 
the edges. In this case, then, there must be a normal stress (/»') 
at every point of a longitudinal section parajlel to the plane of bonding 
and this stress must be proportional to the corresponding stress (;>) 
on the transverse section being given by the equation. 



Change of breadth being thus prevented the elasticity of flexion (p. 412) 
becomes 

A" . • K, 

in - - I 

being front 7 to 12 per cent, greater than Young’s modulus. 


213. Iteimiih 'in Slinirinij uml lieiuliiiij .- When a beam is subjected 
to bonding without shoaling the only assumption made in the usual 
theory given on page .207 is that of complete freedom to expand 
and contract laterally ; but in general there is also a shear on each 
section and in consequence tangential as well as normal stress at 
each point. Hence if two plane sections be taken before the beam 
is bent, those sections not only rotate about their neutral axes as 
in Fig. 122 on the page cited, but are also distorted and the con¬ 
sequences of this distortion will now be briefly considered. 

(1) Fig. lot- shows a longitudinal section 
of a bent beam, the plane of bending being 
us before a plane of symmetry, and .YjV the 
geometrical axis as in Fig. 122. The dotted 
straight lines Kl'XK as before show the 
positions of two transverse sections when bend¬ 
ing alone exists, and simply rotate about axes 
through -Y.Y to meet in a centre of curvature 
not shown in the present figure. The full 
curves A/'iYA show the intersections of the 
longitudinal section with the actual sections 
after distortion by the action of the shearing ttress at each point. 
Let us now suppose the shearing force to be ronulmil, that is, the same 
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on all sections, as when a beam is fixed horizontally ai one end and 
loaded at the other with a given weight, then as in other analogous 
eases (pp. 299, 3(U>) we may suppose the shearing stress and eon 
sequently the. distortion the same at corres|s>uding points of the 
two sections; that is to say, the two curves will he exactly alike 
and the deviation /’;> from the straight line will he the smiio lor 
both. Hence ]i/i the actual length of a longitudinal layer of the 
beam is the same as /'/’ the length which it would have had if the 
shearing stress bad been absent. The actual form of the disturbs! 
section is very complex, no line in it remaining straight hut in 
general becoming a curve,of'double curvature; it is clear, however, 
that the same reasoning applies to every pair of corresponding point* 
and not merely to points lying in the central plane, lienee the 
changes of length of all the elementary bars into which the beam 
is analysed are the same as if there were no shearing, and reasoning 
as on page 307, we arrive at the same general equations, 

/. . 1 / i: 

n I /;’ 

for the normal stress and the curvature as in simple bending. W e 
conclude, therefore, that these equations must be true notwith¬ 
standing the distortion produced by shearing, provided only the 
shearing force be constant. 

The truth of the simple reasoning here given is borne out by a 
complete investigation of the bending and shearing of a beam which- 
like the corresponding investigation for torsion we owe to the late 
M. St. Tenant.* This investigation, based on the supposition of 
complete freedom to expand and contract laterally (sec last article), 
shows that the usual equations are exact, when, and only when, the 
shearing force is constant. 

In any ease of continuous loading the shearing form is zero at 
sections of maximum moment, and there is consequently no distortion 
there, so that at such sections the equations still apply. Where the 
load is concentrated at one or more points, there will always be 
shearing and often of great magnitude, but in these cases if not 
absolutely constant it varies slowly in consequence of a relatively 
small continuous load between the sections at which the load is 
concentrated. Hence the equations may he regarded as substantially 
exact in most practical cases where it is necessary to determine the 
resistance of a beam or gilder to bending. Some qualifications of 
this statement have already been given in preceding articles of this 
book (Art. 189), and it may be further added that when a section 

* Hiitory of fikuticity, vol. if,, Part I., p, 58. 
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of maximum moment occurs in the neighbourhood of the ends of 
tiie beam or of a concentrated load additional strength may in some 
cases be required. The local stress due to the direct action of a 
concentrated load is frequently very considerable,* though its effeet 
in weakening a solid beam is probably not in any proportion to 
its magnitude. At the ends of a beam additional strength is generally 
required for constructive reasons. 

(ti) The transverse curvature of the originally horizontal layers of a 
beam of rectangular section subject to bending and shearing has the 
effect of altering the distribution of the shearing stress, which is not 
uniform along lines parallel to the neutral axis hut is less at the centre 
than at tho outer surface. The mean along the neutral axis is U times 
the mean over the whole section, but the actual value is less than'this 
at the centre and greater at the outer surface. 

This inequality of distribution laterally is in tile first instance due 
to the elevation of the sides of the beam (Fig. lb?) above the centre 
which is caused by the transverse curvature. So long as there is no 
shearing the curvature and therefore the elevation remains the same 
for all sections, Imt when the curvature changes tho elevation also 
varies and produces a corresponding excess distortion at the sides. 
The whole action is very complex and cannot lie reduced completely 
to calculation in any simple way, hut some further remarks will he 
found in the Appendix. When the depth is not less than 21, times 
the breadth this effect may he disregarded, hut in a square section 
the difference is li per cent., and as the breadth increases becomes 
much greater.t 

In other types of section as already stated there is often a large 
discrepancy between the mean anti the true maximum, apart from 
tile effeet, of transverse curvature. Complete results have been 
obtained for a circle and some other forms. These calculations of 
St. Venanl, however, only apply to sections of a beam the outer surface 
of which is free from stress. The direct action of the pressure on 
the sides of a pin which is heing sheared most probably tends to 
equalize the shear on the section, and tho provisional method, already 
described, when properly checked, is perhaps tho best approximation 
attainable. 

214. Thick Hollow Cylinder under Internal Pressure .—The equations 
connecting stress and strain in combination with suitable equations 

* The Influence of Surface Lnarfiny on the Flexure of Ren me. By Prof. C. A. 
i'»ruH-\Vilnon. Proecetlinys of the Phytical Society of Londh H, December, 1891. 

t History of Elasticity, vol. ii.. Part I.. j>. 08. 



ch. xvii. art. 214.] STRESS, STRAIN, AND ELASTICITY. 


417 


expressing the continuity of the body and the equilibrium of each of 
ite elements are theoretically sufficient to determine ihc'distrilmtion of 
stress within an elastic body exposed to given forces, and in particular 
to determine the parts of the body exposed to the greatest stress, and 
the magnitude of such stress. The most important cases hitherto 
worked out, in addition to those considered in preceding chapters, are 
the torsion of non-circular prisms and the action of internal Huid 
pressure on thick hollow cylinders and spheres. For M. St. Tenant's 
investigations on torsion we must refer to Art. 195, ]»ige AGO, and the 
authorities thoro cited. Wo shall only consider the comparatively 
simple case of a homogeneous cylinder. 

Fig. 159a shows a longitudinal section of a hollow cylinder open at 
the ends, which are flat: the cylinder contains fluid which is acted on 
by two plungers forced in by external pressure so us to produce an 
internal fluid pressure p v Fig. 1596 shows tho same cylinder in 


Ft|.16e„ 




transverse section: imagine a cylindrical layer of thickness t, this thin 
cylinder will be acted on within and without by stress which symmetry 
shows must be normal; let these stresses be p and p' and the internal 
and external radii of the thin cylinder be r and r'. Now, if p' the 
external pressure had existed alone, a compressive stress q would have 
C.H. 21) 
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been produced on the material of the cylinder given by the equation 
(see Art. 150) 

and if tho internal pressure had existed alone, we should have had & 
tensile stress given by 

V - ¥ i 

hence when both exist together, we must have 

/>’/ - jrr = qt, 

where q is the stress on the material of the cylinder on a radial plane 
in the direction perpendicular to tho rudius reckoned positive when 
compressive. Clearly t - r - r, and therefore proceeding to the limit 
we may write tho equation 

d, 

5 ,.</"•)-/. 

which is one relation between the principal stresses />, q at any point of 
the cylinder. We now require a socond equation, to get which it is 
necessary to consider the way in which the cylinder yields under the 
application of the forces to which it is exjioscd. The simplest way to 
do this is to assume that the cylinder remains still a cylinder after the 
pressure has been applied: if so, it at once follows that points in a 
transverse section originally, remain so, or, in other words, that the 
longitudinal strain is the same at all points. It is not to be supjmsed 
that there is anything arbitrary about this assumption : no other, 
apparently, can be made if the ends of the cylinder are free, the 
pressure on the intornal surface exactly uniform, and the cylinder be 
homogeneous and free from initial strain. For when this is the case, 
there is no reason why the cylinder should bo in a different condition 
in one part of its length than in another. If the ends arc not free, or 
if the pressure is great in the centre, the middle of tho cylinder will 
bulge, but not otherwise. 

It is also clear that the total pressure on a transverse section must be 
zero because the ends are free, and hence it is natural to suppose that 
it is also zero at every point of tho transverse section, an assumption 
which we shall presently verify. For greater generality we in the first 
instance suppose it a constant quantity /<„. 

The equations connecting Btrcss and strain therefore become 
if. '/+/’«. 


m 
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‘ where r„ r,, <■„ are the compressions in the direction of the radius the 
direction perpendicular to the radius in the transverse section, and 
the direction of the length, respectively. Of these the last is constant, 
as just stated, and therefore 


/' + y - constant 2c, 

is the second equation connecting />,Substituting for y , we find 
, f '' ’ 2? i : 

* 

Multiply by r and integrate, then 


l‘- i +<•,, and consequently y -r, - *"•, 

where r., is a constant of integration. The two constants, r„ r v are now 
determined hy consideration of the given pressure within and without 
the cylinder. 

If « be the ratio of the external radius to the internal radius It, wo 
havo at the internal surface 



the negative sign in this formula indicates that the stress is tensile, as 
we might have anticipated. The formula shows that the stress decreases 

from ", + * ./>. at the internal surface to , at the external surface. 
The mean stress is obtained from the equation (Art. 150) 


%{nli - It) =.//,/.'; 

hence the maximum stress is greater than the mean in the ratio 
« ! +1 : n + 1, and it is clear that it can never be less than p v The 
minor principal sti4ss at the internal surface is />, and (omitting />„) 
the so-called simple equivalent tensile stress can be found. 
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Verification of Preceding Solution.—-The radial strain («,) and the hoop strain (e,) are 
given by the above equations in terms of the stress. Now these changes of dimension 
are not independent, but are connected by a certain geometrical relation which it is 
necessary to examine in order to see whether it is satisfied by the values we have found. 

Returning to the disgram, suppose the internal radius of the elementary ring repre¬ 
sented there to increase from r to #, and the external rodius from r' to a'; then 


2jrs=2sr> (l t f 2 ), 
2*.'=2rr'(l + fl H^), 


,de 


s' s=(/-r)(He,)4r^ r . 
or, since the thicknoss of the ring changes from t to (1 +<,)<, 


1 ~ 1 + Cj+ r 1 


-J {t 

dr' 


dr* 

dr' 


«**)• 


This relation must always hold good, in order that the rings after strain may fit one 
another, and should therefore ho satisfied by our results. On trial it will be found that 
it is satisfied, and we conolude that the solution we have obtained satisfies all the condi¬ 
tions of the problem, anil is therefore the true and only solution, subject to the conditions 
already explained. For further remarks on this question, see Appendix. 


214a. Strengthening of Cylinder In/ Rings. Effect of (/rent Pressures .— 
Tho stress within a thick hollow cylinder under internal fluid pressure 
may be equalised, and the cylinder thus strengthened by constructing 
it in rings, each shrunk on the next preceding in order of diameter. 
For a cylinder so constructed will lie in tension at the outer surface 
and compression at the inner surface before the pressure is applied, 
and therefore after tho pressure has been applied will be subjected to 
less tension at the inner and more tension at the outer surface than 
if it had boen originally free from strain. It is theoretically possiblo 
to determine tho diameters of the successive rings so that the pressure 
shall he uniform throughout. The principle is important, and fre¬ 
quently employed in the construction of heavy guns. 

Whon the limit of elasticity is overpassed the formula fails, and the 
distribution of Btross becomes different. If the pressure be imagined 
gradually to increase until the innermost layer of the cylinder begins 
to streteh beyond the limit, more of the pressure is transmitted into 
the interior of tho cylinder, so that the- stress becomes partially 
equalised. If the pressure increases still further, the tension of the 
innermost layer is little altered, and in soft materials longitudinal 
flow of the metal commences under the direct action of the fluid 
pressure. The interna) diameter of the cylinder then increases per¬ 
ceptibly and permanently. This is well known to happen in tho 
cylinders employed in the manufacture of load piping, which are 
exposed to the severe pressure necessary to produce flow in the lead. 
The cylinder is not weakened but strengthened, having adapted itself 
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to MMtain the preuure. Cast-iron hydraulic press cylinders are often 
worked at the great pressure of 3 tons per sq. inch, a fact which 
may perhaps be explained by a similar equalisation. 

216. hlattic Enerijij oj a ikitiil .—If a cube of side unity be under 
the action of normal stresses p ]} /q, p s on its faces the elastic energy 
will evidently be 

!/»,<,+ }/y s +}p/ s , 

fj, being as before the strains given by the general equations 
connecting stress and strain (p. +10). In most cases one of the stresses 
p 3 will be small enough to he neglected, then substituting for e„ r ; , 

Suppose now these principal stresses />,, p., are due to the action of 
normal stresses /<„, p,‘ on oblique planes combined with a tangential 
stress q as on pago +03, then on solving the quadratic given on the 
page cited and substituting for //,, p v 


U* 


2(« i + l) 

+ . q‘ 

m ' 


■ +/•."- 

which, using the value of C the co efficient of rigidity given on page 
+11 becomes 

fr m /V’+A “ 


•IE 


, r 

niE 2 (" 


Thus the elastic energy per unit of volume at any point of a solid 
is, as might be expected, the sum of that due to the normal stross 
and the tangential stress taken separately. This important principle 
holds good for each particle, and therefore for the whole, of a beam 
subject to bending and shearing, a shaft subject to bending and 
twisting, as well as many other cases. As an example of the use 
of the formula take the case of the deflection of a beam due to 
shearing considered in Art. 190. The beam being supposed sup¬ 
ported at the ends and loaded with a weight IV, its deflection will 
be 1U/W and the part due to shearing will therefore be 
f 0 s 

A= J cir dfr ‘ 

where dV is an element of volume. Taking for simplicity the case 
of a uniform transverse section the formula may be written 
ifAlff dA |Y dA 
TlVA V J?o ! ' A> 

where dA is an elementary portion of the transverse section, I the 
span, and q 0 the mian stress IVjA, as on page 369. The integral 
taken over the whole transverse section is a numerical factor by which 
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<5 0 must be multiplied to get the actual deflection due to shearing. 
Take for example a tube the shear at each point P of the annular 
section of which was found on page 368 (see Fig. 146). 

q = 2</„. sin 0 ; itA = ut . ilO ; A — 2ir<d ; 

fAr tfQ 

1'actor = 11 sin 2 #. , =2. 

-’r 

In this ease the determination of the factor is simple but generally 
it can only tie found approximately. In a rectangle the mean value 
of q at points distant y from the neutral axis is given in Art. 189 
(1), page 368. The effect of lateral contraction and expansion (p. 416) 
being neglected this will be the actual value of q, and proceeding as 
before the factor will be found to be I "2. This method may be 
applied without difficulty to an I section. 

In sections of other types such as the circle or ellipso, it is first 
of all necessary to suppose, as in Kx. 14, page 376, that the stress in 
a direction perpendicular to the neutral axis is uniformly distributed, 
a supposition which as pointed out on page 369 cannot lie considered 
legitimate. It is, however, one which is frequently made, and the 
consequent error is probably not in general considerable. It is further 
needful to find the horizontal component of the shearing stress. This 
can be done wDen necessary, but the calculation is not ono of much 
practical value. 


216. KiijiilUi/ of Shafts.-- In a tube under torsion wo have with the 


notation of Art. 185, p. 357, for the elastic energy per unit of length, 
remembering that qt is constant, 



q-t- tils 

36'' J / > 


and since the angle of torsion multiplied by the twisting moment on 
the tulic, that is by 2 qAt, is 2 U, 

qt.l tils qp. I tils 

2H6''J t >AC)p’ 


the right-hand equation applying to the case of similar tubes considered 
at length in the article cited ; qp being constant for the same tube. 

For different tubes of the same sot the integral will havo the same 
value, and therefore if all tubes are twisted through the same angle 
q x A ip, that is, at corresponding (mints q is proportional to the radius 
vector as already stated. Replacing as before (p. 359) qp at the outer 
surfaco by y,r, or iTiA we get a general formula for the angle of 
torsion of a nest of similar tubes 

PI tils 
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In the case of a rectangular tube the integral is easily evaluated, for 
evidently if the sides be b ami <•, 



where I is the polar moment of inertia showing that the general 
formula given on page :1G1 is upplicablo if 4ir- is replaced by the 
somewhat larger number IS. Hence, as might be expected, the tubes 
are somewhat less rigid than the solid shaft. 

hor an ellipse ol semi-axes b and r it is easily shown that 



fhfts verifying the formula. 


KXA.MIM.KS. 

1. When the sides of the Iwir lire forcibly prevented from contracting, "how that the 
necessary lateral stress is given by 

where This constant H is what Itankinc called tho "lateral" elasticity 

•of the substance. 

2. With tlic nutation of tlie'preccding question prove that 

r~ A ,l 
2 ‘ 

3. In a certain quality of steel £-30,000,000; f'-11.000,000; find the elasticity of 
volume and the values of A and H, assuming the material to be isotropic. Am. m -- 31; 
/>- 25,555,000. 

4 The cylinder of an hydraulic accumulator is 0 inches diameter. What thickness of 
metal would be required for a pressure of 700 Hm. |»er square inch, the maximum tensile 
stress being limited to 2,100 lbs. jier square inch? Also, find the tensile stress on the 
metal of the cylinder at the outer surface. Am. Thickness = 1*84"; Stress--1,000 lbs. 
per square inch. 

5. If the cylinder in the last question were of wrought iron, proof resistance to simple 
tension 21,000 lbs. per square inch, at what pressure would the limit of elasticity 1 m? 
overpassed? m=3 5. (See Art 220.) Ami. 0,400. 

6. Kind the law of variation of the stress within a thick hollow sphere under internal 
fluid pressure. By a presses* exactly like that for the case of the cylinder (|»ago 418) it 
is found that the equation of equilibrium is 

'f Ip,*}--hir. 

•ir 

The equation of continuity is the same ss that for a cylinder (Art. 214), and the equations 
connectirfg stress and strain are now • 

2'/. 
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Wo au hi bp elimination of t, 


reduction, uid integration obtain 


/'=«■ + 


Ci . 
,3 * 


[pant it. 


«= c ‘-p i 

the constants lwing found as in the cylinder. 

7. The cylinder of an hydraulic press is 8 inches internal and 16 inches external 
diameter. If the pressure be 3 tons per sq. inch, find the principal stress at the^ntemal 
ami external circumference. 


\An». At inner circumference 


Major Stress=5 (Tension). 
Minor Stress = 3 (Thrust). 


At outer 


/ Major Stress-2 (Tension). 
I Minor Stress=0. 


8. In the last question find the “equivalent simple tensile stress” (p. 411), assuming 
m^3"5. Atm. 5‘86 and 2 tons. 

9. In examples 16, 16, page 376, find the “equivalent simple tensile stress” at the 
points indicated, assuming as before m~-3*6. 



CHAPTER XVIII. 

MATERIALS STRAINED BEYOND THE ELASTIC LIMIT. 

STREWITH OF MATERIALS. 

217. Phi flic Hotlies. If the stress and strain to which a piece of 
material is exjmsod exceed certain limits its elasticity Becomes inqier- 
feet, and ultimately separation into parts takes place. We proceed to 
consider what these limits are in different materials under different 
circumstances: it is to this part of the subject alone that tho title 
“ Strength of Materials ” is, strictly speaking, appropriate. 

Reference has already been made (Art, 147) to a certain condition in 
which matter may exist, called the Plastic state, which may be regarded 
as the opposite of the Elastic state, which has been the subject of pro- 
ceding chapters. In this condition the changes of 
size of a body are very small, as before ; but if the 
stress be not the same in all directions the differ- [0O jp.^ 
ence, if sufficiently great, produces continuous 
change of shapo of almost any extent. Some 
materials are not plastic at all under any known A 
forces, but many of the most important materials 
of construction are so, more or less, under groat A, 
inequality of pressure. 

Fig. 160 shows a block of material which is 
being compressed by tho action of a load /’ applied 
perfectly uniformly over the area /IP. Let the 
intensity of the stress be //, then so long as ji is 
small the compression is small and proportional to tho stress; but when 
it reaches a certain limit the block becomes visibly shorter and thicker. 
This limit depends on the hardness of the material, and the value of p 
may be called the "co-efficient of hardness.” In an actual experiment 
the friction of the surfaces between which the block is compressed holds 
the ends together, sJ that it bulges in the middle, as in Fig. 166, p. 435, 
whicl) represents an experiment on a short cylinder of soft steel. In 
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the ideal case the cross section remains uniform, changing throughout 
inversely as the height, as expressed by the equation 
Ay-A t jq, 

whore A is the area and y the height of the block. 

In a truly plastic body p the intensity of the stress remains constant, 
and therefore the crushing load /’ varies as A, that is inversely as y. 
This is the same law as that of the compression of an elastic fluid when 
the compression curve is an hyperbola, and we therefore conclude 
[Art. 90) that the work done in crushing is 

U = I’y. log, r= pAy log,r -pV log r, 
whore r is tho ratio of compression and V the volume. Certain qualities 
of iron und soft steel will endure a compression of one-fourth or even of 
one half the original height, and amounts of energy are thus absorbed 
which are onormous compared with the resilience of the metal. To 
illustrate this, suppose that plasticity begins as soon as the limit of 
elasticity /is overpassed, then for p we must write/, and by Art. 149 
the resilience for a volume V is 

pi 

Resilience = . V. 

It i 

The ratio which the work just found bears to the resilience is therefore 

■> /.; 

Ratio- -,log,r; 

In wrought iron for a compression of one-fourth the height (r= 1-333) 
this is about 800. The actual ratio must be much greater, because, as 
wo shall soo presently, the hardness of tho material increases under 
stress. 

If lateral pressure of sufficient magnitude be applied to the sides of 
the block, the longitudinal force being removed, the effect is elongation 
instead of compression, contraction of area instead of expansion. The 
magnitude of tho luteral pressure is found by imagining a tension 
applied both longitudinally and laterally of equal intensity. Such a 
tension hits no tendency to alter the form of the block, being analogous 
to fluid pressure, lmt it reduces the lateral pressure to zero, while it 
introduces a longitudinal tension of the same amount, which has the 
same value as tho longitudinal compression of tho preceding case. We 
«eo thou that in every case a certain definite difference of pressure is 
required to produce change of shape in a plastic body, the direction of 
the change depending on the direction of the difference. The work 
done is found by the same formula as before, r meaning now the ratio 
of elongation. ' 

In the process of drawing wire the lateral pressure is 'applied by 
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'he sides of the conical hole in the draw plate, which arc lubrioated to 
1 educe friction, and the force producing elongation in the wire is the 
aura of the tensile stress applied to draw the wire through the hole and 
the compressive stress on the sides. 1 he work done is given by the 
-same formula as before, p being now the sum in ipiestion. 


218. How i>1 Solid*. -\\ hen a plustie IhkIv ehnnges its form the 
process is exactly analogous to the flow of an incompressible fluid, 
which indeed may be regarded as a particular case. In tint solid the 
distorting stress at each point at which the distortion is going on has a 
■certain definite value winch in the fluid is zero. The experimental 
prpof of this is furnished by the 
experiments of M. Tresea, of 
which Fig. lfil shows an ex¬ 
ample. Twelve circular plates 
of lead are placed one upon 
another in a cylinder, which has 
a flat bottom with a small orifice 
at its centre. The pile of plates 
being forcibly compressed, the lead issues at the orifice in a jet, and 
the originally flat plates assume the forms shown in the figure. The 
lines of separation, indicating the position of particles of the metal 
originally in a transverse section, are (piite analogous to the corre¬ 
sponding lines in the case of water issuing from a vessel through an * 
orifice in the bottom. Tresca’s ex|>orimonts were very extensive, and , 
showed that all non-rigid material flowed in the same way. Load 
approaches the truly plastic condition ; the difference of pressure 
necessary to make it flow being always about- the same. Tresea 
ascribes to it the value of 400 kilogrammes per square centimetre, 
or about 5,700 lbs. per square inch ; * but it is probably subject to 
considerable variations. 

The manufacture of lead pipes, the drawing of wire, and all the 
processes of forging, rolling, etc , by which metals are manipulated 
in the arts, are examples' of the Flow of Solids. 



219. Preliminary Remarks on Materials. Stretehing of Wrought Iran 
and Sle.el. —Materials employed in construction may roughly be divided 
into three classes. The first are capable of great changes of form 
without rupture, and, when possessing sufficient strength to resist the 

* The co efficient etRploynd hy Trent*, «ni] culled by him the "co efficient of 
fluidity,” ii half that used in the test. It ii the magnitude of the distorting stress 
neoessary to produce flow. See also note in Appendix. 
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necessary tension, may be drawn into wire. The last property is 
called ductility, and this word may be used to describe the class which 
we shall therefore call Ductile Materials. The second, being incapable 
of enduring any considerable change of this kind, may be described 
as Rigid Materials. The third are in many cases not homogeneous, 
but niay be regarded as consisting of bundles of fibres laid side by 
side; they may therefore be described as .Fibrous Materials; they 
are generally of organic origin. 

We shall commence with the consideration of ductile materials, and 
more especially of 


Wrought Ikon and Steel. 

Accurate experiments on the stretching of metal are difficult to 
mako, the extensions being very small and the force required great. 
If lovers aro used to multiply the effect of a load or to magnify the 
extensions, errors are easily introduced. If the levers are dispensed 
with, a great length of rod is necessary and a heavy load, the 
manipulation of which involves difficulties. The experiment we select 
first for description was made by Hodgkinson on a rod of wrought 
iron -517 inch diameter, 49 feot 2 inches long, loaded by weights 
placed in a scale pan* suspended from ona end. The load applied 
was increased by equal increments of 5 cwts. or 2667'f) lbs. per 
square inch of the original sectional area of the bar; each application 
of the load boing made gradually, and the whole load removed 
between each. At each application and removal the olongation was 
measured so as to test the increment of elongation, both temporary 
and permanent, occasioned by each load. If tho rod were perfectly 
elastic the temporary increments should be equal and the permanent 
elongations (usually called “ sets ”) zero. 

The annexed table shows part of the results of this experiment, the 
first column giving the load, the second the total olongation, the 
third the successive increments of the elongation, the fourth the 
total permanent set. 

On examining tho table we see that, after some slight irregularities 
at tho commencement due to the material not being perfectly homo¬ 
geneous, the increments of elongation are nearly constant till we 
reach the eighth load of 21,340 lbs. per square inch, after which the 
increments show au increase at first moderate and subsequently very 
rapid. Further, the permanent set, which at the commencement is 

•Being one of the but of ite kind of old d»te this exivriment )im often been 
quoted. For the original dewriptiou, eee the Report of the Commiuionert appointed 
to enquire into the Application of Inn to Railmp Struetum. 
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very minute and increases very slowly, at the same point shows a 
corresponding increase indicating that the observed increase is almost 
wholly due to a permanent elongation of the l«ir, the temporary 
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per square inch, but rupture did not occur till a load of ">.'1,000 lbs. 
was applied. The extension at the same time increased to nearly 
21 inches, being more than forty times its amount at the elastic 
limit. 

Wo conveniently represent the results graphically by sotting off 
the elongations as abscissa; along a base line with corresponding 
ordinates to represent the stress, thus obtaining a curve of "stress 
and strain” (Fig. 162). The curve will be seen to lie nearly straight 



up to a stress of ‘h,000 lbs. and then to bend sharply, becoming 
nearly straight in a different direction. A curve of permanent set 
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may also bo constructed which is seen to follow the same general 
law. 

Accompanying the increase of length of the bar we find a contrac¬ 
tion of area; within the elastic limit, however, this is so small as to 
escape observation. Outside the limit it be¬ 
comes visible, consisting in the first instance of 
a mere or less uniform contraction at all or 
nearly all points, followed by a much greater 
contraction at one or sometimes two points 
where there happens to be some local weak¬ 
ness.* Within the. elastic limit the density 
of the bar diminishes, but by an amount so 
small that the fact is rather known by reason¬ 
ing than determined by experiment. Outside 
the limit there is a permanent diminution 
which is perceptible, though still very small. 

Thus beyond the elastic limit the bar draws 
out, changing its form like a plastic body with¬ 
out sensible change of volume. The bar finally 
tears asunder at the most contracted section, 
as shown bv the annexed figure (Fig. 16.'!> 
representing an experiment by Mr. Kirkaldv 
on a bar of iron 1 inch diameter, in which 
the contraction of area was 61 per cent., and 
the elongation .'10 per cent., ultimate strength 
58,000 lbs. per square inch of original area, 
M6,000 lbs. per square inch of fractured area. 
The contraction of section in good iron and 
soft steel is 50 or 60 per cent. 

220. Rrmlinii ilowit I’owl. -The foregoing 
experiment may, as far ns it goes, be taken 
as a type of a multitude of such experiments 
which have been made on wrought iron and steel, which show that 
a tolerably well-defined limit exists, within which the extension is 
proportional to the pull and the sets arc very small, but beyond 
this limit the process of stretching can only be completely studied 
by aid of a machine. A full description of various types of testing 

•On thin |K»int see Preliminary Experiment* nn Steel by a Committee of Civil 
Engineer*, London, l8tW. On aoeount of the uncertainty of the amount of contraction 
at various points, the ultimate extension may sometimes boian imperfect measure of 
the ductility of the iron, even when the pieces are of the same length anil sectional 
area. 
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machines will be found in Professor Unwin's treatise on Ttsliiuj, 
from which we take such particulars as are necessary for our present 
purpose. 

Fig. 164 is a diagram showing the 
essential parts of one of these machines: 

BAK is a lever balanced on knife 
edges at A and carrying a weight IF, 
which can be moved along it by a 
screw ; E is an hydraulic cylinder, the 
plunger of which is connected with the 
lower end of the test piece, FI). The 
short end B of the lever is connected 
with the upper end of FI), and the 
weight IF is thus balanced by hydraulic 
pressure. When making the ex peri 
ment water is pumped into the cylinder 
and a gradually increasing pull is thus 
applied to the test piece. This pull is measured bv continuously 
moving the weight IF by a screw, so as to keep the lever horizontal, 
stops C being provided to prevent it from moving far in either direc¬ 
tion. The extensions arc measured with great accuracy hy a suitable 
apparatus, which not urifrei|Ucijtly automatically traces a curve of stress 
and strain. 

Fig. 165 shows roughly the form of curve obtained, tbe straight line 
A I! representing the elastic part of the process already described. After 

passing the point II the curve 
bends away from the straight line, 
F but the deviation is not large till a 
sharply defined point (I is reached 
at which the curve is nearly hori¬ 
zontal, show ing that a considerable 
stretch has occurred while the load 
— remains nearly the same. The 
Pig. 166. • suddenness of this drawing out 

which is so characteristic of wrought iron and soft steel, is not dis¬ 
tinctly perceived in the original way of making the experiment, because 
the load is not applied continuously. The point at which it occurs ia 
describe^ as the “yield-point,” or “breaking-down [joint," The term 
“limit of stability,” though in some respects preferable, is not so often 
used. When a bar is stretched in tho workshop without recourse to 
delicate measurements this [joint may often bo recognized by the 
falling-off scale and the obvious extension accompanied by lateral 
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contraction which then occurs. It marks the end of the elastic 
stage and the commencement of the plastic stago in the process of 
stretching, and in the roughest class of experiments is the apparent 
“limit of elasticity,” a term which may conveniently lie applied when 
a closer specification is not necessary 

After passing C the stress goes on continuously increasing till a second 
point E is reached, where the curve is once more horizontal, and now if 
the stretching is carried still further it is found that to prevent the 
lever from resting on the lower stop, IF must be moved gradually back 
again, showing a continuously diminishing stress till the bar tears 
asunder as already described. This part of the process for obvious 
reasons is not perceived when the experiment is made in the absence of 
a machine. The interpretation appears to be that as far as the point 
E the contraction of area is hiking place throughout the whole length 
of tho test piece, while the part EE of the curve represents the 
stretching which takes place after local contraction has begun. 

221. Hull and A/'/mmit Tensile Strength.-- The ordinates of a curve 
of stress and strain as usually plotted represent tho total pull divided 
by the original sectional area of the test piece, and the greatest 
ordinato at E gives tho ultimato strength as usually reckoned. It is 
clear that this is not the real tenacity of the material, for the soctional 
area has diminished considerably during stretching, and to meet this 
difficulty the area at fracture was formerly often employed as a divisor 
instead of the original area, the result obtained being called tho “ real 
tensile strength.” This, however, gives much too large a value, for 
the real stress must, at loast approximately, be the actual pull at any 
point divided by the actual area at that point. For this reason the 
contraction ol area is now employed by most authorities exclusively 
as a measure of the ductility of the material without reference to 
its tenacity. 

Nevertheless the actual stress on the contracted area is much greater 
than the apparent, and hence it follows that if the form of the piece be 
such as partly or wholly to prevent contraction the apparent strength 
will be increased. For oxample, if two pieces of the same bar be taken 
‘ and one turned down to a certain diameter, while in the other narrow 
grooves Are cut so as to reduce the diameter to the same amount at the 
bottom of the grooves, the strength of the grooved piece wilL be found 
to be much greater than that of the piece the diameter of which has 
beeu reduced throughout, and this can only be explained by observing 
that the length of the reduced part of the grooved bar is insufficient to 
permit contraction to any considerable extent. This is a point to be 
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noticed in considering ex[>erimental results.* The form of the specimen 
tested may have much influence. Further, since the limit of elasticity 
is the point at which flow commences, ami since the flow is due to 
difference of stress, it follows that the same causes must raise the 
limit of elasticity, and thus we are led to the conclusion that there are 
two elements constituting strength in a material, first, tenacity, and, 
secondly, rigidity. In some materials, such as these we are now 
considering, the tenacity is much greater than the rigidity, and in 
them the limit of elasticity will depend on the rigidity and will 
have different positions according to the way the stress is applied. It 
will lie much higher, and ;he apparent strength will In? much greater 
when lateral stress is applied to prevent contraction. 

222. Inerettse of Hairiness Ini Stress het/tnirl the Klnstie Limit .—In clay 
and other completely plastic bodies a certain definite difference of 
pressure is sufficient to produce flow: in iron, copper, and probably 
other metals, however, as we have just seen, this is not the case, the 
metal aciptiring increased rigidity in the fact of yielding to the pressure. 
Thus the effect of stress exceeding the elastic limit is always to raise 
the limit, whether the stress he a simple stonsile stress or whether it 
be accompanied by lateral pressure. All processes of hammering, cold 
roiling, wire drawing, and simple stretching have this effect. If a bar 
be stretched by it luad exceeding the elastic limit and then removed, 
on re application of a gradually increasing load we do not. find a 
fresh drawing out to commence at the original elastic limit, but at or 
near the load originally applied.t If the had be further increased 
drawing out recommences, lienee, whenever iron is mechanically 
“treated'' in any way which exposes it to stress beyond the elastic 
limit, contraction is prevented and the apparent strength is increased ; 
for example, iron wire is stronger than the rod from which it is drawn ; 
when an iron rod is stretched to breaking, the pieces are stronger than 
the original rod. It is not certain that the real strength of materials is 
always increased by such treatment: perhaps in some cases the con¬ 
trary, for we know that this modulus of elasticity and specific gravity 
are somewhat diminished.; On the other hand there are cases in 
which the increase of strength is greater than can he accounted for in 

•See Ex/ieriments em Wrnwjht Iron amt .Steel, by Mr. Kirkaldy, !' 74. 1st edition, 
tilasgcw, VtH. 

t Strife, On /roo and Steel . p. 6K. 

jTho r „i»ing of the limit of elasticity by mechanical treatment of various kinds has 
long been known: in thescase of simple stretching the effect appears to have been first 
noticed by Tbalon in a paper, a translation of which will be found in the l‘hiloMe>phiml 
Mat/mine fat September, 1SS5. 

O.M. * 
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this way. On annealing the iron it is found to have resumed its 
original properties, a circumstance which indicates that the increased 
rigidity is due to a condition of constraint which is removed by heating 
the metal till it has assumed a completely plastic condition. This 
process of hardening and annealing may be repeated a number of times 
without altering the yield-point, and it has recently been suggested that 
hardening by application of stress is analogous to the hardening of 
stool by heating and sudden cooling, and may be due to a similar 
change of molecular arrangement.* 

In considering the effect of impact, the diminution of ductility 
occasioned by the application of stress beyond the elastic limit is a 
most im|K>rtnnt fact to be taken into account (see Art. 232). Working 
iron or steel hot has generally the effect of increasing lmth its strength 
and its ductility. 

223. Compression of Ihirlih' Mulerial. In a perfectly elastic material 
compression is simply the reverse of tension, the same changes of 
dimension being produced by the same stress, but in the reverse 
direction. Also in a plastic body a given difference of stress produces 
How, whether tho stress be tensile or compressive; lienee in ductile 
metals we should expect to find the modulus of elasticity and the limit 
of elasticity nearly the same in compression as in tension. These con¬ 
clusions are borne out by experiment. In the case of wrought iron and 
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* Effect of Ro|»eated Straining and Heating. W. C. Unwin, Protrediwi * of the Howl 
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steel, experiments on the direct compression of a bar are more difficult, 
to carry out than experiments in tension, the bars are necessarily of 

muted length, and must lie enclosed in a trough to prevent lateral 
bending; minute accuracy is therefore hardly attainable. A consider 
able number have, however, been made, from which it appears that the 
modulus of elasticity and the limit of elasticity are nearly the same in 
the two eases.* 

I lie metal yields beyond the limit by a process of (low of the same 
character as in tension, but expanding laterally instead of contracting. 
I Ins is especially seen in experiments made by the late Sir \\ . Kai, bairn 

1S,i7 > a,,d ' s,lm cwliat. earlier by Mr. Berkeley, on the compression of 
"1"'^ ''locks of steel. In both, the blocks Were pieces of round bars, of 
height somewhat greater than the diameter, and the results were very 
similar. 

The annexed table gives the results of one of Sir \V. Kairluirn's 
experiments. < olumn I gives the actual load laid on ; column l! the 
corresponding height of the block, both given directly by the experi¬ 
ments ; column is calculated by dividing the product of load and 
height by the original sectional area and height, and represents the 

crushing stress per square inch of the mean sec- 

, ,, , , , , , Fta. 108 . 

tional area. II the block did not bulge in the 

centre (Fig. Ititi) this would the actual 
crushing stress, which, however, must in fact lie 
less. 1 he table shows that after a compression 
of about one-third, the crushing stress remains 
nearly constant at about oil tons per sipiare inch. 

The experiment terminated at a compression of 
one-half. This kind of steel then is perfectly elastic up to 22 tons per 
sipiare inch, is partially plastic between 2'J and SO, and behaves as a 
plastic laxly under a difference of stress of SO tons per square inch. 
The point at which the material becomes perfectly plastic may be 
described as the ‘‘limit of plasticity," it probably corresponds to the 
point where the load is a maximum and local contraction logins 
(p. in a stretched bar. 

The compression of iron blocks Inis been less thoroughly studied 
than that of steel, but it is known that the results are similar although 
the strength and the ultimate ratio of compression are much less. Set 
becomes* sensible at about 10 tons per sipiare inch, and the ultimate 
strength is from 40,000 to 50,000 lbs. per square inch if lateral flexure 
be prevented. t 

•Perhajw the beat set of ex|ierirnent» are tlione made by the “(.‘omrnittco of (?ivil 
Engineer*.” .See their Preliminary Retort already cited, pp. 7-lit. 





436 


STIFFNESS AND STRENGTH. 


[FART IV. 


The bulging which occurs when a short block of ductile material is 
compressed is due to the instability of a cylindrical flow of the metal, 
and would probably occur even if there were no friction between the 
block and the compressing surfaces. Fracture occurs by lateral tearing 
asunder along longitudinal cracks when the height is small. When 
of greater height the block crashes by lateral bending. In wrought 
iron the ratio of length to diameter at which lateral bending commences 
is about and the corresponding crashing stress is 36,000 lbs. per 
sq. inch, remaining independent of the length until the ratio reaches 
about, one-third of the values given on page 342, after which the 
length begins to influence the crushing load,os described in the chapter 
cited. In tubular struts this limit is about IS. 

224. Ikndinij within mid hei/ond the Kinetic Limit.— Since wrought 
iron and steel are nearly perfectly elastic when the stress applied is 
not too great, it follows that the formula* already obtained for the 
moment of resistance to bending and deflection of a bar must, be true 
for these materials so long as the stress does not exceed the elastic 
limit determined by tension experiments of the kind just described. 

(I) Very careful experiments were made by M. Ktyfl'e* on the 
deflection of liars of small size, 4 feet long, which fully confirm this 
conclusion : the value of the modulus of elasticity deduced from the 
observed deflection by the formula given on page 324 of this work 
closely agreeing with the value found by stretching the same bar. 

When smaller values are obtained bv experiments on bending it is 

now recognized that this is due to the effect of shearing discussed on 
page 370, which, when neglected, may reduce the apparent value of 
the modulus by 20 per cent, or more. Some recent experiments by 
Messrs. Head and Stanlmry, described in a paper which will be further 
referred to presently, give a modulus (apparent ) of about 1 0,000 tons 

for beams of channel and £ section. In the case of a broad thin 

plate the modulus in bending should bo greater than that in tension 
or compression (p. 414), but this theoretical conclusion appears as yet 
not to have been verified. 

In built-up beams the modulus, as might be expected, is still further 
reduced : thus Kunkine iu his Civil Knijineennij states that the value for 
large girders is on the average 17,500,000 lbs. or about 8000 tons. In 
the paper just referred to the authors make a very interesting com¬ 
parison between the observed deflection of a vessel and the result of 
a careful determination by graphical integration of the differential 
equation of the deflection curve. Two different Vessels tested in this 

• See Strife, On Iran 'met Steel, already cited. 
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way gave nearly the same value for the modulus which was found to 
be about 10,000 tons.* 

(2) Again, it has been repeatedly explained in the earlier part of 
this book that the lateral connection of the several layers into which 
we imagine a beam divided has no influence on the stress produced by 
bending so long as the limit of elasticity is not exceeded. Hut when 
the limit is passed, the connection between those layers which are most, 
stretched and compressed with those layers which have not yet lost 
their elasticity prevents their contraction and expansion, and so raises 
the limit of elasticity in accordance with the general principle explained 
in Art. 221. Thus, the limit of elasticity lies higher, and the apparent 
elastic strength is greater in bending than in tension. In Kairbairn's 
experiment, quoted above the same steel was tested in tension, com 
pression, and bending. The elastic limit in bending was ,'ln tons, hi 
tension 22 tons. The magnitude of the difference will depend on the 
form of transverse section, and on the ductility of the material. Ac¬ 
cording (to Mr. Harlow it may reach fill per cent, in a rectangular 
section.? The case of cast iron will be referred to further on. 

(.1) As soon as the elastic limit is passed, the stress, at points near 
the surface, no longer varies as the distance from the neutral axis. 
It does not increase so fast because the extension or compression is 
not accompanied by a proportionate increase of stress. Hence a 
partial equalization of stress is produced, and the maximum stress for 
a given moment of resistance is reduced lo illustrate this it may 
be interesting to make a calculation of the effect ol equalization by 
supposing, that under a bending moment very slowly and steadily 
applied bevond the elastic limit, the metal behaves like a truly plastic 
material throughout the transverse section, so that the stress is uniform, 
deferring to the formula on jugc 30!!. wo have 

'/«//</ M, 

in which we must now, instead ot assuming that p varies as //, suppose 
p a constant. Then 

M~--1p.An 

where .1 is the area of the part of the section which lies on either side 
of the neutral axis and y the distance of its centre of gravity from that 
axis. For the same value of the modulus this gives a moment of re¬ 
sistance in a rectangular section SO per cent, greater than if the 
material had been elastic. How far any apparent increase of strength 
due to equalization or lateral connection may bo regarded in practice is 

* On the Relation hctueel Street and Strain in Vrmle, bv T. < Hew! find ( • BUnburjr. 
Tmnmetimu "J the lu dilute oj Ratal ArrhitreU (or lstlt, Vat usv , 1> 87?. 

t Phil. Trane , 1855-57. 
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uncertain. A failure of elasticity must have taken place at certain points 
in order that there may he any increase at all, and in cases where the 
load is frequently reversed the bar must be weakened. (See Art. 230.) 

Cast Ikon and otiikk Htum Matricials. 

225. Slrrlihimj of Vast Iron. —The phenomena attending rupture by 
tension of east iron are essentially different from those described above 
for the ease of ductile metals. This will 
be sullioiently shown by an experiment, 
also made by llodgkinson, on a bar of 
this material 50 feet long, I'159 inch 
diameter. The experiment was made in 
the same way as that already described 
on the wrought-iron real,* and the results 
are shown in the annexed tabic. The 
first four loads were applied as before, 
by increments of 5 rwt., here equivalent 
to 531 lbs. per square inch; the whole 
load, after measurement of the elongiu 
266 tion, being completely removed, and the 

permanent set measured. After the fourth load the increment was 
10 cwt., and this was carried on till the bar broke at a stress of 
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16,000 lbs. per square inch. The thin! column as Wore shows the 
increments of elongation, which, after a stress of .\:KI8 llw. per 
square me , 01 , the breaking load, has been reached, show a gradual 
increase till actual rupture occurs. The results of the experiments 
arc graphically exhibited in the annexed diagram (Fig. 167) of stress, 
strain, and permanent set. The form of the curve is dill'ercnt from 
that ol wrought iron, showing no |K>int of maximum curvature, 
because in this material the bar does not draw out. 

Hodgkinson experimented on a large variety of different, kinds of 
iron, and expressed his results by a formula, which may be written 


!' AV< 1 hr), 

wlp't'c, as before (Art,. 14N), jt is the stress, c the extension per ttnit 
of length, K the ordinary modulus of elasticity, and /,• a constant. 
The term he here expresses the defect .if elasticity of the bar. From 
the results.of his experiments we find the average values 


E M.iifio,nun : /,- ... gnu. 


t'ast iron, however, is a material of variable quality, and the value 
of these constants may have a considerable range, lip to one third 
the breaking load it may lie regarded as approximately perfectly 
elastic, but the limit is by some, authorities placed much higher. 


226. Cntsliiiuj of HiijiiI Materials,- In the ductile metals the effects 
of compression are nearly the reverse of those of extension, as Inis been 
sufficiently shown in previous articles, but in cast iron this is by no.‘ 
means the case. Hodgkinson experimented in this question with great 
care and accuracy, testing pieces of iron id' exactly the same quality 
under compression and tension to enable a comparison to be made. 
The bats were enclosed in a frame and tested by direct compression. 
Hodgkinson expressed his results by a formula, which may bo written 
/» - Er( 1 - hr). 

the symbols having the same meanings as before, and the values may 
be taken as 

13,0110,001); it — 40. 

The smaller value of h. indicates that the elasticity under compression 
is much less imperfect under the same stress. Short cylinders of the 
metal were also crushed, and the crushing load found to lie five' times 
the tertsilc strength or more. > 

It thus appears that in compression cast iron is six times stronger 
than in tension, and this is true not merely of the ultimate resistance 
but in great measure also of the elastic resistance, for the elasticity of 
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the metal is not sensibly impaired until one third the crushing load 

The manner in which crashing occurs is shown, 
in the accompanying figure; instead of bulging 
out like a ductile metal, oblique fracture takes 
place on a plane inclined at 45* or rather less to 
the axis, being (approximately) the plane on which 
the shearing stress is a maximum (Fig. 168). 

Great resistance to compression, as compared 
with tension, and sudden fracture by shearing 
obliquely or by splitting longitudinally are char¬ 
acteristics of all non-ductile materials, of which 
cast iron tnay be taken as a type. They arc,‘in 
fact, materials the tenacity of which is much less 
than tho rigidity. 

In rigid materials crushing takes place not otdy by oblique shearing 
but also by longitudinal cracks. Unwin (Testiny of Material*, p. 41!)) 
finds that the mode of crushing and tho resistance to crushing are much 
influenced by the material on which the specimen rests. When bedded 
on a soft material, the lateral flow of this material supplies by friction 
a transverse force on the base of the specimen, in consequence of 
which it crushes by longitudinal cracks at a smaller load than if the 
bod were hard, in which case oblique shearing occurs. This is a highly 
interesting observation, but it would he premature to say that all cases 
»of crushing by longitudinal cracks can bo explained in this way. 

227. llmikiny of CaM-Iruii Ream*. -When a cast-iron bar is bent till 
the tensile stress at the stretched surface exceeds one-third the tensile 
strength of the material, the defective elasticity of the metal causes a 
partial equalization of stress on the transverse section as in tho case of 
wrought iron. Besides this, the elasticity being much more perfect 
under compression than under tension, the equalization is greater on the 
stretched side than on tho compressed side, and tho neutral axis moves 
towards the compressed side of tho beam. For both those reasons the 
moment of resistance to bending is greater for a given maximum tensile 
stress than it would be if the material were perfectly elastic. Thus it 
follows that if the co-efficient in the ordinary formula for bonding lie 
assumed equal to the tensile strength of the material, the calculated 
moment of resistance will be less than the actual moment of rupture of 
the beam by an amount which is greater for a rectangular section than 
for an I seotion. The value of the co-effieient in she formula which 
corresponds to the aetual breaking weight is known as the “ modulus 


is reached. 

Pig. 108 . 
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of rupture ’’ or the " bending strength ” of the material, a <|uautity 
greater than the simple tensile strength in a ratio which varies accord¬ 
ing to the type of section. A very complete set of ex|>criments on 
the breaking of cast-iron bars was made in ISFS-'.i by Professor Bach, 
who shows that the ratio ranges from 1 l. r > in an 1 section and 17ft in 
a rectangular section with side vertical to ’.'1 in a circular or II 
section, and 2'3f> in a square section with diagonal vertical: these 
numbers naturally being slightly dilferent. in dill'crent qualities of iron. 
The experimental result is always greater the more material is coueeti 
trated in the neighbourhood of the neutral axis, attd this eireumstaneo 
renders it almost certain that the increased apparent strength of east 
iron in bonding is simply due to the causes altovo mentioned and 
not,"as has often been supposed, to any inlhieiirc of curvature on the 
strength of the metal. Two examples (10, II, |uige 4(>-) which are 
given at the end of this chapter will serve to show how great an 
effect is produced bv equalization combined wilb a moderate shift, 
of the neutral axis. 

Shkakino ami Torsion, ('omi’iii nii Nthknotii. 

228. Slmmwj uni/ 7wrsir»a.~Wc now pass on to eases where the 
ultimate particles of the material are subject not to a simple longi¬ 
tudinal stress. Imt, to stress of a more complex character. The simplest 
ease is that of a simple distorting stress where the stress consists of a 
pair of shearing stresses (Fig. 140) on planes at. right angles, or what is 
the same thing (Art. lM) of a pair of equal and op|K,site longitudinal 
stresses (Fig. 141) on planes at right angles. Examples of this kind 
of stress occur in shearing, punching, and twisting. Experiments on 
shearing are subject to many dilliculties and are often not conducted 
in such a wav as to satisfy the conditions necessary for uniformity of 
distribution of stress on the section. Moreover they necessarily give 
the ultimate resistance only without reference to the limit ot elasticity. 
The whole process of shearing and punching is very complex, being 
at the commencement of the operation usually accompanied by a How 
of the metal similar to that already referred to. Thus, when a hole 
is punched in a thick plate the punch sinks deep into the plate before 
the actual punching takes place, the metal being displaced by lateral 
flow, and the piece ultimately punched out being of less height than 

the thickjicss of the plate.* , 

Separation takes place in the first instance by the formation of tine 
cracks inclined at l,V to the plane of shearing. In soft materials the 
• On this subject «« m’-IW. p»|*r cltc4 .!»».■, »"•' article, iu the Journ.I 
of the Franklin hmtitnte. 
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surfaces slide past each other and separate, but in harder materials 
there is a stroll)' tendency to the formation of an oblique fracture. 
In wrought iron and steel the ultimate resistance to shearing, though 
varying considerably, may be taken as about three-fourths the ulti¬ 
mate resistance to tension of the samo material. The question of a 
theoretical connection between the elastic strengths in the two cases 
is considered further on. 

Experiments on torsion are not numerous, and many of those which 
exist are not experiments on simple twisting, but on a combination of 
bending and twisting. Such experiments would bo of groat value if 
accompanied by corresponding experiments on simple twisting and 
bending made on similar pieces of material. It is known, however, 
that in the ductile metals the elastic resistance to torsion is less than 
the resistance to tension. A series of experiments on torsion made by 
I’rof. Thurston give some interesting results.* Curves arc drawn, the 
abscissa! of which represent angles and the ordinates twisting moments, 
and the form of these curves shows that in some cases defective homo¬ 
geneity causes a great deficiency in the elasticity at small angles of 
torsion. In general, however, the curves closely resemble the ordinary 
curve of stress and strain, already given for a stretched bar, being 
nearly straight up to a certain point and then curving towards the axis. 

The formula for the angle of torsion of shafts given on pago Ifiil has 
been tested by lianscliingor, in the case of square and circular sections 
by comparison with experiments made by him in 1.378 on 13 pair of 
test pieces of iron and steel of various degrees of hardness, the mean 
result of the whole agreeing well with the formula. Some pieces of 
cast iron of rectangular and elliptic section showed, as might be 
expected, a less perfect agreement. 

In twisting, as in bending, after passing the clastic limit, the stress 
at each point, of the section, instead of varying as the distance from 
the centre, as it must do in perfectly elastic material, varies much 
more slowly so as to become partially equalized. Hence the twisting 
moment corresponding to a given maximum stress is greater than it 
would bo if tho elasticity were perfect, In the case where the 
equalization is perfect it is eusy to show that the twisting moment 
is increased in the proportion 4:3, a result first given in 1843 by 
Prof. J. Thomson. The curves given by Thurston show that in many 
cases an approximately constant twisting moment was reached indi¬ 
cating that nearly complete equalization must have existed. 

# See Paper on Material* of Machine (1on*t ruction, read Ix^fore the American .Society 
of Civil Engineor*. l#74. No diameters are given, except for the woods, ho that the 
stress corresponding to the limit of elasticity cannot be fouud. 
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Similar conclusions may be drawn from experiments made by Mr. 
Appleby ami by Messrs. Hayward and Plait.t The resistance to 
torston was found to be greater than the resistance to a simple shear 
just as in the corresponding ease of bending and tension ; and it mav 
be added that in hollow shafts the difference has been shown to l« less 

than in solid shafts, a ease which ronosp.Is to that of an I section 

in bending. The remarks already made on bending apply here also, 
and the ease of east iron will be further considered presently. 

I he modulus of elasticity of torsion is connected with Young's 
modulus by the equation (p. Ill) 


/' * j . r. 

. -’»'+! -'(1 +'/') 
when the material is isotropic, m being a number, the reciprocal /, of 
which is commonly known as Poisson's Patio. The value of ,, can 
evidently 4ie determined by this equation when the moduli (' and E 
have been found by torsion and tension experiments. Hut, it is 
also possible to determine /t by observing directly the lateral con¬ 
traction of a stretched piece or the expansion of a compressed pie.ee 
and comparing it with the extension or contraction of length. A 
long series of experiments of this kind were made by Hauschinger 
in and their results show that by either method nearly the 

same value of /, is obtained for wrought iron and steel, the average 
being about ‘3. Cast iron is more variable and in some qualities /, 
is less than '2 for small stresses, but increasing with the stress, a m 
phenomenon still more apparent in sandstone. 

Similar experiments on a great variety of metals and alloys hate 
recently been carried out bv Mr. K, StromeyerJ 


229. Coiiiurliim Wttron of Slniuilh. —A simple distorting 

stress is included in the more general case of three simple longitudinal 
stresses of any magnitudes acting on planes at right angles. To this, 
indeed, all cases of stress can lie reduced, and if we knew the (lowers 
of resistance of a material to three such stresses simultaneously, all 
questions relating to strength of materials could (at least theoretically) 
at once be answered. Unfortunately, experiments fitted to decide the 
question have not hitherto been made, and in consequence hypotheses 
have explicitly or implicitly been resorted to. 

Firs*, it is often tacitly supposed .that the powers of resistance of a 

* Providing* of thr. hutitulioo of Pint Enghwrrt. Vol. 74, p. 25H, 
t Hid. Vok 90, [,. 382. 

7 Civil Tngenitur tor 1879, |i. St. 

§ Proceeding* of the Royal Society tor April, 1891. 
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material to a simple longitudinal stress are unaffected by the existence- 
of a lateral stress. For example, if a material bears 10 tons per square 
inch under a simple stretching force, it is qssumed that when formed 
into a cylindrical boiler shell ami exposed to internal fluid pressure it 
would also hear 10 tons on the square inch if the shell were homo¬ 
geneous and free from joints, notwithstanding the fact that the 
material is exposed to stress (Art. 150) tending to tear it transversely 
as well as longitudinally. It is, however, certain that this cannot be 
the ease, at any rate as regards the clastic strength. In ductile 
materials, the limit of elasticity of which depends to so great an 
extent on rigidity, any lateral force must raise or lower the elastic 
limit according as it acts in the same direction as the longitudinal 
stress or in the opposite direction. 

Secondly, it may he supposed that the maximum elongation or 
contraction of a material in a given direction must he a certain definite 
quantity, irrespective of any elongation or contraction in any other 
direction. This hypothesis leads to results which in many cases are 
much more probable than the preceding, and is in common use by 
Continental writers; we shall therefore give some examples. 

Lot us take a piece of wrought iron and imagine that when exposed 
to a simple stretching force its limit of elasticity corresponds to a stress 
of 10 tons per square inch, accompanied by an elongation of , d f , „th of 
its length. The second theory asserts that the maximum admissible 
elongation is still , ; '„„th, even though the sides of the bar he acted 
on by any force, the effect of which will be that quite a different 
longitudinal stress will be required to produce that elongation. 

The relations between stress and strain are expressed by the equa¬ 
tions (Art. 211), of which one is 
AV |=/ , 

1,1 in 

The first theory supposes thatyi, can never exceed 10 tons, and the 
second that r, can never exceed t sooth (or Ac, 10 tons), whatever 
p t Pa m ' e - I" the case of a thin pipo with closed ends under internal 
fluid pressure p 3 - 0 (nearly), = (Art. ISO); thus assuming »« = 4 
we have on the second or elongation thoory 

or . />, = 11-43, 

so that the material will bear under theso circumstances a stress of 

* 

11 43 tons per square inch as safely as it bears 10 tons under simple 
* tension,*and this value, therefore, may be assumed for the co-efficient in 
the formula which gives the corresponding internal pressure. In like 
manner in the case of a thin sphere the material will bear a stress 
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of 13J tons per square inch, being an increase of 30 per cent. If, on tho 
'Other hand, we imagine the lateral stress compressive, then the maxi¬ 
mum stress is reduced to s-gy tons in the first case and K in the second. 

On either theory tho resistance to a simple distorting stress may be 
found in terms of tho resistance to simple tension, for such a stress 
consists (p. 349) of a pair of eijual and op|x>site simple stresses of equal 
intensity. In the first case the resistances to tension and shearing 
ought to he equal, in the second, since, writing />.. we find 

, /'• ,, 

+ " r ' /’■ 

it follows that the resistance to shearing is m (//< + l) or about four- 
fifths the resistance to tension, a result on the whole borne out by 
experience. It should be remarked that the theory only professes 
to give a connection between the elastic resistances in the two eases, 
the equations only holding good for perfectly clastic material, which, 
moreover, must be supposed isotropic. Tim ultimate* resistance to 
torsion of a cast-iron shaft of square section is 10 per cent, greater than 
its resistance to tension, which is im doubt due to the same causes 
as in the case of bending, since in a hollow shaft of circular section 
it is only «S() per cent, of the tensile strength, and in a solid round shaft 
about the same. 

Again, rigid materials on this theory are imagined to give way to 
longitudinal compression, when the lateral expansion produced by the 
compression is the same as would be produced by a simple tensile stress ; 
from which it appears that tin* elastic resistance t<> compression should 
be from three to four times the elastic resistance to tension, as may 
easily be supposed to be the case. 

Next suppose the three principal stresses to be equal and tensile, 
forming a tensile volume stress I’ U io (.'licet ill which in to |iroiillri' 

an increase of volume. Kvidenllv »t have 


or if hi t 4, )!■ - lEi’. If this stress lie increased till rupture occurs, the 
limiting value of p i- the real tenacity of the material, and, according to 
the hypothesis we are considering, .should lie a definite multiple of 
(say double; the simple tensile stress. No experiments on stress of this 
kind appear as yet to have hern made on solids. 

The ijjongatioti theory is employed by some writers of great authority 
on the subject of elasticity as confidently as if it were a statement of 
observed facts, and has been greatly developed in connection with tho 
elastic properties of matter which is not isotropic. An addition to the 
■tmnrMii of a material, consequent on the application of a lateral tension, 
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can, however, hardly be considered as intrinsically probable, and such 
direct experimental evidence as exists is against the supposition.* 

A third theory, more easily conceivable n priori, is to suppose that 
each material is capable of enduring, without injury to its elasticity, a 
certain definite change of volume and a certain definite change of shape. 
We thus have two co-efficients of elastic strength analogous to the two 
fundamental constants which express the other elastic properties of 
isotropic matter. On this hypothesis, however, if the resistance to a 
simple distorting stress in any plane be independent of the existence 
of any other kind of stress whether fluid or otherwise, as in fact is the 
case before the limit is reached, it wmdd follow that this resistance 
must he one-half the resistance to a longitudinal stress. 

Until a complete experimental investigation has been made no method 
can be completely satisfactory; but, in the absence of the necessary 
experimental data, the elongation theory may be provisionally assumed, 
at least in eases where it leads to a smaller result than the supposition 
of a given limiting stress. It is applied by first finding the principal 
stresses as in Ch. XV11., and then deducing the principal strains as just 
now explained. The greatest of these strains multiplied by E may be 
described as the “equivalent simple tensile stress,” and should not 
exceed the limit prescribed by the strength of the material. 

Rei’kiition and Impact. 

230. tt'Mer* Exjirninrnh tut Ftuchmtiinj NY/vss. In bodies which 
satisfy the definition of perfect elasticity a load within the elastic 
limit produces no permanents change, unless perhaps some thermo¬ 
dynamic effect, and it follows from this that after removal the body is 
completely uninjured, so that the haul may be repeated indefinitely. 
Experience confirms this conclusion. The balance spring of a watch 
trends and unbends more than a million times a week for years together, 
and the parts of a machine if originally sufficiently strong, remain so to all 
appearance for an indefinite time, lint, if the load be beyond the clastic 
limit, permanent changes are produced, and there is every reason to 
believe that a slow deterioration of strength is ultimately destructive. 
The most definite information on this point is furnished by the 
experiments of M. Wohlert published in INTO. Bars were loaded in 
various ways and the load wholly or partially removed ; the process- 
was repeated till the bar broke: the number of repetitions necessary 

* See a jmper In* M. Wehage, an alwt ract of which is given in the Proanliiu/s of the 
Just Hut ion of Oiril E 11 (/inter*, vol. UT», p. 410. Some experiments by Bach bearing on 
the question will be referred to in the Appendix. 

tDiY Ecstkiofit* Verturhe. Berlin, 1870. 
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for this purpose being counted was found to depend, first, on the 
maximum stress, and secondly on the fluctuation of stress. 

hirst suppose the stress alternately tensile and compressive of etjuul 
intensity. Wohler tried this both in bending and twisting. Fig. lfiU 
represents a round bar l)h, with one end enlarged ami fitted into a 
socket in a revolving shaft S. At 

the free cud A a load I 1 was applied, ^ ^ t 

which produced at ]), the point L ' } 

of maximum bending, a stress I 

of intensity found by the usual * 

formula, lhe shaft being*set in motion the pieee of material was bent* 
alternately backwards and fnrwatds onre in each revolution. A 
number of exactly similar pieces being tried successively with gradually 
diminishing loads, the revolutions ueeessarv to produce fracture were 
found to increase as shown hv the annexed table for the ease of wrought 
iron, which gives the revolutions necessary for fracture at a given stress. 


Al.TKHN.NTK 1*KM»IN<; OK V It.* It OK A\I.K I HON Kt'HM*IIKI • HN 
TIIK I’HilMX CoMI XNN IN |ST»7. 


IN I .is-. 
IN« ||. 




33.300 


31. Jim 

‘.♦'.I.IMfll 

•_>;», 10o 

liSiur. 

27.000 

470.-t!*) 

2*i,00U 

00s. son 

23,1100 

3.032.‘*ss 

20, SOI) 

•4,‘Ms.oOO 

1M. 700 

Hi, 000 

10,ls7.<«Hl 


TIm* last of tlow |iii*r<“« 
»«< uiihiokfii after iimo* 
tiiJiti 132 million ifvolu 
lioiia. 

Tin- illlimnle tcnnili' 
'•noiiutli "f tliit. hon wx* 
IT.ned His. |ict Mjiuiri' im li 
amt tli«* (Imitation iilmut 
I'll |MT Cl’llt. 


It is already very largo at |s.7mi Mis. per sipiaro iiiili, iiimI at ttiyitMt- 
the piece cannot he broken at all. We may therefore place the resist¬ 
ance to alternate bending of this kind of iron at about. 17,Oof) lbs. per 
square inch, while for cast steel of various qualities it was found to 
range from 25,000 to 30,000, and for copper 10, ( 00 . 

Similar experiments were made bv Wohler with a different apparatus 
on alternate twisting. They were less extensive, Imt led to the import¬ 
ant conclusion that the strength of the qualities of steel for which they 
were tried was four-fifths that of the ye me steel under alternate bending. 
From this it is inferred that the proof resistance to shearing is four- 
fifths the proof resistance to tension, as required by a theory of strength 
already referral to. (See Art. 22ft.) 

Next, suppose the stress to fluctuate within given limits. It had 
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already been shown by Prof. J. Thomson, in a paper published in 1848,* 
that twisting or bending a bar beyond its elastic limit in one direction 
must increase its (lowers of resistance to a second strain in the samo 
direction, and diminish it to a strain in thfe opposite direction. Accord¬ 
ingly, we find that when a bar is strained in one direction only its 
powers of resistance to unlimited repetition are greatly increased. 
Wohler made very extensive experiments, on stretching, bending, and 
twisting of pieces of iron and steel to a given maximum stress, the 
load being wholly or partially removed at each repetition. The num¬ 
ber of repetitions necessary for fracture was found to vary, not only 
according to the magnitude of the maximum stress, but also according 
to the fluctuation. It was greater when the load was only partly 
removed than when it was wholly removed. Some results are given in 
the annexed table, which shows the limits between which the stress 
varied when fracture was just not produced by unlimited repetition. 

I(KSI»TANCB to rsUSIITBh UUPBTITION OK IlKMMXIl. 

Km'<'t«'atu»n of ,Stress. 

Iron. Sifki,. 

i 17,000 : - 17,000 t *251,000; 20,000 

Hl,o00; 0 ">0,000: o ; 

15,000; 25,000 8:1,000; 30,300 

Kkmakk. The ultimate tensile strength of the iron was 47,000, tuul | 
j of the steel, 100,(HR). 

Any greater fluctuations with the given maximum stress, or any 
greater maximum stress with the given fluctuation, produced fracture. 
Experiments on stretching i\nd twisting led to similar results, and it 
should bo especially noticed that in eases of unlimited repetition tho 
resistance to stretching is the same us the resistance to bending, but the 
resistance to twisting less. In the ease of cast iron the resistance to 
stretching with complete removal of load was found to be 10,400, but 
no experiments on bending or twisting were made. 

Thus it appears that the ultimate strength of a material is very 
different according to the fluctuation in the load to which it is exposed; 
the same iron which will boar only 17,000 lbs. per square inch when 
bent alternately backwards and tbrwards, will bear 31,000 when bent 
yn one direction only, and 45,000 when the stress varies between 
25,000 and 45,000. Several formula) have been llevised to represent 

* (\l/nbrul{/e and Dublin Mathematical Journal. 


N.4TURK i*F Kl.lVlTVTIoN. 


Alti'rnutim', 

■ IiojvI wholly removed, 

I l.ouil pnetiully removed, 
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the results of the experiments, of which one will now Ite given.* 
Let p 0 be the ultimate tensile strength of a material and A the 
fluctuation, then the actual ultimate strength under unlimited repe 
tition will ho 

D + \ ><,(/'„ i)±). 

A\ hen A =2 p wo get the case of alternative stvess with which we 
commenced, where p = *and when S- /> wo have the ea«e of rejamted 
stress in one direction with complete removal at each repetition. The 
formula gives nearly the same results as the experiments in the 
extreme eases, and may he exacted to la* approximately correct in 
intermediate cases. * 

• 

• 231. Ittjhtenn’ of liijhitiinu un the Khtstie Limit The remarkable 
results obtained by \\ older, as described in the last article, have since 
been verified by further researches, amongst which may be es|K>cially 
mentioned those made by M. liuuschiugcr and Sir li. Ilaker.f In all 
such experiments we find the same regular increase in the number of 
repetitions necessary to produce fracture with a given maximum stress 
and a given fluctuation, and the limiting values below which a piece of 
given material docs not break, however many the repetitions are, is 
much the same. The trite interpretation of the experimental results is 
still uncertain. The gradual deterioration of strength which takes 
place is so far as is known confined to the section where fracture occurs 
even in stretching where all sections are exposed to the same stress. 
The character of the fracture indicates that minute cracks are produced 
which gradually become large flaws as the repetition continues. These 
facts show that it is not absolutely neecssary to suppose an actual 
diminution of strength of the material itself, such us is commonly 
described by the term fatigue." The crack may conceivably bo 
initially produced by vibrations in the elastic solid of the nature of 
those producing sound, for such vibrations, though representing a small 
amount of energy, are capable of considerably augmenting the stress 
due to an external load. . 

Another exemplification of Thomson's principle (p. 448) is furnished 
by the not less important conclusion arrived at by M. liauschinger 
that stress in one direction beyond the elastic limit lowers the elastic 
limit for stress in the opposite direction. Thus if a liar of wrought 
iron be dlretchcd beyond its natural clastic limit of 10 tons per square 

• Elements oj Machine Detain, 1*>' l’rof. W. C. Unwin, )>. 26. A modified form of 
this equation, replacing tCe coefficient f by a quantity it slightly different in different 
materials, is given by the same writer in bis work on Testimj, !' .Till, 
f Report of the British Ass'teiation for 18R7. 

C.M. 2 F 
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inch, the elastic limit in compression becomes less than its original 
value of 10 tons, ami by alternating tension and compression it is 
possible thus to lower the limit in both directions, and when thus 
lowered by continued alternate stress the limit is found to agree with 
the value obtained by Wohler for the resistance to alternate stress. 
Evidently the two results must be closely connected, though the 
nature of the connection is as yet obscure, and difficult to conceive if 
we reject entirely the idea of “ fatigue.” 

Whatever the true explanation, the resistance to alternate tension 
and compression is of great importance as fixing for a given material 
a minimum value of its elastic strength.* If we attempt to define 
the elastic limit of a material merely with reference to the degree in 
which the material possesses the properties of an ideal elastic solid, 
we find that it may change to any extent by repetition. This applies 
not only to the “breaking-down point” (p. -(.'ll), which does not 
always exist even in ductile materials, but also to the lower limit 
where stress is more or less approximately proportional to strain. It 
would seem that the natural condition of matter is one of imperfect 
elasticity, though under small loads the deviations may be very 
minute, and that a nearly perfectly elastic state under considerable 
loads is generally a constrained condition, due to the mode in which 
the material has been treated during manufacture or otherwise. 

The resistance to unlimited repetition of alternate tension and com¬ 
pression, either direct or in bending, of various materials is given in 
the annexed table. 


I 

i 


UKSISTANCK TO Al.TKKN.VfK Stanss. 


M 


ATKIU.W.. 


Limit Htuksh. 
Tonm pkh Sq. Ini ii. 


• Limit Stress. | 
Tush tkh 8y. Inch, i 


j Plate Iron 7 

j Par Iron 8 


Soft Ste«I 

Cant Steel 1 m 

(.'upper 4? 


So far as the term “ elastic strength ” is admissible at all this might 
bo described as the real clastic strength of the material. (Sec page 4fi7.) 


232 . Impact .—In Wohler’s experiments the load was applied with¬ 
out shock. In cases of impact also there is reason to behove that 
within tho limit of elasticity a material will bear unlimited repetition. 
Thus in Hodgkinson’s experiments on beams struck by a pendulum 
weight, it was found that if the blow produced less than one-third the 
ultimate deflection, the beam would sustain more than 4,000 blows 
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without apparent injury, a plate of lead being introduced to prevent 
local damage. 

In most cases of inqiact, however, the elastic limit is cxceisled, 
and the destructive effect of rejietition is then much greater than when 
the load is gradually applied. 

In the ductile metals the resist¬ 
ance to impact is at first very 
great, as has already been sufli 
ciently explained; hut every 
time the limit of elasticity i.- 
overpassed the hardness of the 
metal is increased, so as to make 
it less able to resist the second 
blow. This may lie illustrated 
by a diagram in which Otjtf is a curve of stress and strain, (J the 
original elastic-limit, t/.V the stress produced bv the first blow, so 
that the area represents the energy of that blow. The effect of 

the blow is to raise the limit from the stress (/.)/ to the. stress IJ'X 
nearly. Hence the curve of stress and strain now becomes ftIV, where 
V is the new limit, and the material will only bear a blow the energy 
of which is the triangle OF A', without the original stress (J'X being 
exceeded. Thus by constant repetition of blows, w hich originally only 

produced a stress not much ext.ding the elastic limit, a much great,or 

stress may he produced. It is believed that this is in the main the 
explanation of the destructive effect of repeated blows anti continuous 
severe vibration : pieces of material exposed to which are found to have 
a short life. As already remarked, however, vibrations representing a 
small amount of energy may considerably augment tin: maximum 
stress on a piece of material. 


Co-m trlKNTN UK S'l lIKVrl It AMI F.UToltS of SAKKTV. 

233. Factors of StiJft// ainl O ij/irient.< of JFiirUm/ Strength, —lieforo ive 
can apply theoretical formula- to the determination of the dimensions of 
actual structures and machines, it is necessary to know the value of the 
co-eflicients of strength to he used, and this is always a matter which 
requires great care and attention to the circumstances under which 
certain dimensions are found to he sufficient by long practical 
experience In the first instance it depends on the ultimate strength 
of the material, and may be expressed by dividing that quantity by a 
Factor of Safety. Bpt the ultimate strength varies as we have seen, 
and the word “factor of safety” is used with various meanings. 

The primary meaning of the expression is the divisor necessary to 
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provide a margin of strength for unknown contingencies such as the 
following: 

(1) The ultimate strength of a piece of material is uncertain, for two 
pieces of material of the same description and manufacture are not 
always equally strong. Tho liability to variation is much greater in 
some materials than others, for example, in cast iron than in wrought 
iron. The strength of stone varies so much that, in carrying out any 
important work, experiments arc frequently made on the stone to be 
employed in it. 

(2) The piece of material may be subject to corrosion or other 
inHuenee, which in course of time diminishes its strength. 

(.'!) Errors of workmanship are unavoidable, and in some instances 
may greatly increase the stress to which the material is exposed. This, 
for examplo, is the case in pillars, tho factor of safety for which must 
always be greater than for other parts of a structure. 

(4) The magnitude of the load and its mode of application is 
geuorully more or less uncertain. This, however, may be provided for 
by assuming a maximum load. 

The factor required to-provide for contingencies such as these may 
be called the “roal” factor of safety, but by an addition to its value it 
may bo made to provide against contingencies which can if necessary be 
exactly foresoen and calculated. Assuming all the forces acting on a 
structure to be known it is possible to find the stress on each part of it, 
but the calculation may be too complex to be often used, or its result 
may be known approximately under similar circumstances. Hence it 
often happens that the dimensions of a piece are determined by a 
formula involving only part of the straining forces which act on it, and 
the rest are provided for by an increased factor of safety. Thus the 
roal stress on tho metal of a screw bolt, when the effect of screwing up 
is taken into account, may be double the total tension per square inch 
of the gross sectional area. If that bolt be used for a cylinder cover 
exposed to steam pressure the total tension will be much greater than 
that due to the pressure of the steam. These two circumstances taken 
together may be taken into account by the use of a factor of safety 
three or four times greater than the real one. Such cases are common 
in practice, but the factor to be used must then be determined by 
comparisons with good examples under similar circumstances. 

Again, it is necessary that a piece should be stiff enough ( as well as 
strong enough, and when formula) for strength are used in such cases 
it is often necessary to employ very large and very arbitrary factors of 
safety. Here, however, the difficulty arises from an erroneous method 
of calculation. 
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234. Values of Co-ejfidenk. -In parts of machines subject to niter 
nating straining actions we know by Wohler's experiments that the 
ultimate strength is somewhat less than the elastic strength under 
simple tension, being for wrought iron and soft steel about one third the 
ultimate tensile strength. The load on such parts will rarely In 1 applied 
without shock, the effect of which cannot precisely he determined. In 
ordinary cases it will be sufficient, to treat this rase as if the load were 
suddenly applied by using a further divisor of " We thus obtain the 
working strength by using a total factor of safety of ti. For wrought 
iron this gives a co-efficient of 4 tons, ur ffiOOO lbs. per square inch, 
which is known by experience to give sufficient strength where all the 
straining actions are taken into account. For timber the usual factor is 
10. He co efficient for shearing and torsion is to he taken provisionally 
as four-fifths that for tension and bending, that is for wrought iron 
.')] tons |K>r square inch : but from the incompleteness of experimental 
data it is not certain that this value is not too large. 

In structures the fluctuation of the straining actions is in general 
much less, and the ultimate strength by Wohlers experiments is much 
greater. Vet the working strength employed is not very different. In 
the first, place it is rarely permissible to approach the elastic limit 
from the danger of a permanent deformation. In the second place, the 
whole of the straining actions on each piece of the structure, especially 
the effect of imperfect joints, are rarely included in calculations. For 
example, the friction of pin joints may. under unfavourable circuit! 
stances, add <>0 per cent, to the maximum stress on the links of a 
suspension chain (Kx. 4, p. 40J). Hence the working strength for 
wrought iron rarely exceeds f.i or ■> Ions per sipiare inch. In reckon¬ 
ing the load Kuiikine recommended that the "dead " load should la) 
divided bv 2 and added to the "live” load in order to obtain the 
effective live load. More recently the importance of Wohler’s experi¬ 
ments has been recognized, and it has been proposed to find the 
ultimate strength of each piece under the maximum stress and 
fluctuation of stress to which it is subject, and divided by a constant, 
factor of safety. Some rule based on this principle is now very 
generally adopted. 

In the case of marine boilers another important step has been taken 
by the employment of a fixed uurrqin of safety instead of a factor. 
Thus, instead of taking the working,pressure as (say) one fifth the 
bursting pressure, whether that pressure he low or high, it is taken as 
(say) 200 lbs. less, giving a much smaller factor at high pressure than 
low. It is on this principle that the eo efficient in the usual formula 
given in Ch. XII. (p. 302) is taken so large, even reaching 20,000 lbs. 
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per square inch. In designing cylindrical boilers for the navy a 
margin of 90 lbs. below proof appears to be allowed. This gives a 
co efficient of 12,500 lbs. per square inch for the working pressure 
of 150 lbs., the proof strength of steel being taken as 12 tons and 
the efficiency of the joints '75. 

235. Fibrous Materials. Jto/us .—Fibrous materials are those which 
may bo regarded as made up of fibres, usually of organic origin, more 
or less closely united by cohesion or interlacing. The relative 
movements of the fibres are hindered by forces of the nature of friction, 
which are much less than the molecular forces to which the tenacity of 
a homogeneous solid body is due. Henco the strength and stillness 
of a piece of material are much less than those of the fibres of which 
it is made up. 

In most kinds of woods the fibres are arranged longitudinally, and 
the material is therefore especially characterized by its low resistance 
to divisions into parts longitudinally. Thus the resistance to longi¬ 
tudinal shearing of fir timber is only (iUO lbs. per square inch, whereas 
its tenacity, is about 20 times this amount, approaching that of east 
iron. So, again, crushing takes place by longitudinal splitting under a 
stress little more than half the tenacity. Further, the condition of 
the material greatly influences the lateral cohesion of the fibres and 
thus affects its strength and elasticity. In timber which has been 
artificially dried the elasticity is nearly )ierf'eet up to the breaking 
point, whereas in the green state the elasticity is imperfect and the 
strength greatly reduced. Hence the importance of seasoning timber 
so as to be moderately dry. 

The ordinary formula 1 , however, will apply in all cases where the 
stress is a simple longitudinal stress, the direction of which is that of 
the fibres; that is to say, in tension, compression, and ordinary cases 
of bending. They will only fail when the bending is accompanied by 
crushing and shearing of considerable intensity, as when short pieces 
are acted on by transverse forces. (See Appendix.) 

In cloth and similar materials two sets of fibres at right angles are 
united by interlacing. Resistance to tension is thus obtained with 
almost complete flexibility. 

In ropes of all kinds the fibres arc ranged in spiral curves in the 
process of manufacture, and their tension then produces latera) pressure, 
the friction arising from which is sufficient for union. The strength of 
a rope, though very great compared with its weight, is only one-third 
that of the yarn of which it is spun, and on a similar principle the 
strength of large cables is less than that of the smaller ropes called 
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“ hawsers ” of which they are made up. The strength of a rope is 
usually expressed by the formula 



where is the girth of the rope in inches. 7’the tension in tons, and 
k a constant. The old rule in the navy was to take k - 5 to obtain the 
breaking weight of a rope, but the table now employed gives /, - H’.t, 
that is, a strength 50 per cent, greater. In small ropes /,• may be even 
less. The safe working load is not more than one sixth the breaking 
load. In iron wire ropes /. 1, or for ropes above (i inches girth 
somewhat more. The strength of wire ropes is more than doubled by 
the employment of steel. The safe working load may be taken as 
oncdifth their breaking load. 


236. Tnlilns iif Strmiilh. For a detailed account, of the properties ot 
the materials of construction the reader is referred to I’rolessor l 1 nwin s 
excellent treatise* A convenient summary of the older experimental 
results is given in Kankine's I srlul iiii'l hihUs. It will be here 
.suHicicnt. to give a few examples. 

Table 1. gives the weight ami working strength ol various materials. 
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In estimating the working strength it is supposed that the load is 
always in one direction, and allowance is made for a moderate fluctua¬ 
tion. A larger value may sometimes be usqd when the load is perfectly 
steady and gradually applied, while for an alternating load it would 
be too large for safety. The first two columns give the safe load per 
sq. inch in tension or compression, and the second two the equivalent 
length in feet of a bar or column of the material. It is on this last 
quantity which is denoted by A in Arts. 4’0, 41, p. 81, and elsewhere, 
that the limiting dimensions of a structure depend. It will be observed 
that weight for weight timber is stronger than wrought iron, but on 
the other hand the joints of the timber structure arc, with certain 
exceptions, much weaker than in the case of iron, so that the com¬ 
parison is not actually so favourable. For springs, see next page. 

Table II. gives a few examples of the elastic properties of materials 
used in construction. 


Tam.k II. KLAsTirrrr. 



Ei.asih Sthkn'otii. 

Hi. ant 

t'lTY. 

KKSII.IK.NI K I'NOKIt j 
Tension. j 

Ma'IKRI.Mm 

(Twin per gipmri 

lueli.) 

(Twin and Indies.) 

Foot- 

Pounds 

K< iuivnlt.ui 
Height, i 


T. ('. 

s. 

E. 

('. 

pel' 

Ullhle 

Fool. 

(Feet j 
and I 
Indies.) 

Oast Iron, 

:i a ; 


HSOO 

3400 

17! 


Wrought Iron, 

10 10 

8 

12500 

4000 

1290 

s” 

Mild Steel, 

m ir. i 

12 

13000 

5200 

2800 

f>' 10" 

Hurd Steel, • 

2 r» 2r» 

20 

14000 

5200 

7200 

15' 

(’upper (l(olled), 

r»- 4 ft-4 ; 

4 3 

'TOO 

2800 

1120 

r ir 

Fir,* 

1-5 


700 


518 

14' S' 

Oak, 

2 


700 


920 

19' 2" : 


Very various estimates may be made of the clastic strength of a 
material according to the'delicacy of the methods of measurement 
adopted, and the treatment to which the material has been subjected. 
Cast iron is an oxnmple of a material which can hardly be said to have 
an elastic limit, and at the limit given of 8 tons per sq. inch the elonga¬ 
tion in many eases may be as much as 10 per cent, greater than if it 
were perfectly elastic. Materials which possess a yield-point are far 
more nearly perfectly elastic up to a limit in its immediate neighbour¬ 
hood. In ordinary testing therefore the yield-point itself, or some 
point not far below it, determined from a diagram or by some conven¬ 
tional rule, is adopted as the limit. Thus 85 per cent, of the stress at 
the yield-point or otherwise 45 per cent, of the ultimate strength are 
limits within which the failure of elasticity is very small, especially 
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a limit of 13 or .fj" would * ivo in ,,ar ir "» 

when accurate measurements , ' i ‘ ,’ e 110 dtml,t t,mt 

stretched before, there is a peroeutible f “ ““ Wh,ch lms lw, ‘" 

* In >eng rod of wrought iron, J'jp *!'" ,U, ‘ h “ mllpr S,,CT8 - 
were sixtv tin>»c . ■ • the exteii»ioiiM 

^ ,ls ^ reat “ s 111 “o ordinary test-piece and the limit 

obtained was about it, tons, as already described. Wiih . .uffiniX 

tluT T7 T" Sa "‘ e r, ‘ SUl ' l,as "»<*«! with a 

thus Tr 0 01 "T'- V ' lc " g ' 11 - ll “' binds of steel the limit 

thus defined httle In,her, in plates lower, and in the softer metals 

generally appears to be about m per cent, of the ultimate, strength. In 
he hardest and strongest kinds of steel the material is elastic nearly up 
t t0 IBC ° f l ru P» u ~ Th« irsilienee* under simple tension or LI 
pression of steel springs when reckoned in feet of material is probably 
nearly 400, which, as previously explained, is reduced in bending to one 
third, or in torsion to about two thirds of this amount. This cor¬ 
responds to an elastic strength in tension of 135 tons per so inch 
Ihe working strength of steel springs bent in one direction only may 
be taken as 50,000 to ii0,00o lbs. per inch, values which m, 
sometimes greatly exceeded, t In torsion t he eo-eflirient to Is. employed 
is smaller as already explained, probably about. 10,000. The strongest 
steel pianoforte wire has a strength of 150 tons per s«,. inch and a 
resilience of 570 feet. The specimen of copper chosen is taken from u 
diagram given by Professor I’mvin as a normal example of rolled 
copper: the limit is diminished one half by annealing, a circumstance ' 
which shows the artificial character of the elastic state in the ductile 
metals. It would seem that such metals in their natural condition are 
always slightly plastic. 

Co-efficients of elasticity are difficult to estimate with exactness, 
though the difficulties are not so great as in the case of the limit of 
elasticity. The values given in the table are only common examples 
ill round numbers. From these the resilience is calculated as already 
fully explained. 

The greatest stress which a material will bear without damaging it 
in any way is commonly described as the proof stress. Itankine defined 
it as the stress which might be applied twice or more times without 
producing an in.reust,l permanent set, A natural extension of this 
definition is furnished by the resistance to alternate stress given in the 
table on page 44t*. 


# Ste a l>ai*r by Mr. J-*wis, Van Aotlrand* Magazine, May, J886 
t Ta$cktnhuck vum HiUte, 1892; Abtheilung I., pp. ;i09, 372. 
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Table III. gives examples of the ultimate strength and ductility of 

materials. . 

By the ultimate strength is understood the maximum load divided by 
the original sectional area of the test-piece. As previously explained, 
in the stretching of a ductile metal to fracture the actual breaking load 
is a smaller quantity, and the differences sometimes considerable: it 
is however seldom given in tallies of strength. The table gives in the 
first throe columns the ultimate resistance to stretching (7'), compression 
( 0), and shearing (.V). 


Tabi.k HI. Ul.TIMATB STllKNUTH aso Dcctiutv. 






'Work done in Stretching 1 





Elonga¬ 

tion 

per 

Inch-Tons iwr Cubic 
Inch. 

Matichiai , 

Ultimate 

Strength. 

Yield- 

Point. 


T. 



Cent. 

To Yield- To 

Point. Fracture. 

Iron Barn, - 

25 ' 22 

p.t 

15 

20 

8(15 x 10“ :1 4 33 

Iron Plates, 

22 ! Ill 

17 

14 

10 

7*5*1 „ 1*8 

Soft Steel ( 15 to *3 per cent. \ 
of Carbon), - ) 

Medium Steel (3 to ‘ft per | 

:to 

35 ; 

23 

18 

25 

12*5 „ 0*5 

22 

1.8(1 ,, 4(1 

cent, of (’arbon), - 1 





Hard Steel (‘5 to *75 pei \ 

45 


30 

8 

3411 „ 3 2 

cent, of Carbon), - ) 

* l 



Cant Iron, - 

7 J . 45 




(i‘7 >' 10 3 

Load, - 
Sheet C ’opper, 

ii 

m 1 





Cast Copper, 

Fir, • 

Hi 

r.i . 

'27 




Oak, - 

! 1 

1 





The yield-point in the ductile metals is given in the next column; it 
is from •3 to '7 of the ultimate strength, being generally about 6. 
Ductility is commonly measured by the total elongation up to fracture 
reckoned as a percentage of the original length of the test-piece. To 
render the measure definite, the length of the test piece shall be some 
given multiple of the diametor, generally 8 or 10. The ultimate 
strength and ductility of steel vary according to the amount of carbon 
it contains in such a way that the sum of the two remains nearly 
constant, being about 53 in the example given in the table. In steel 
compressed in a fluid state by the Whitworth process the constant sum 
would be about one-third greater. 

Tho total amount of work done in stretching till fracture occurs may 
be separated into two parts, one before and the other beyond the yield- 
point. The first is calculated approximately by supposing the elasticity 
perfect up to the yield-point, and furnishes a rough maximum estimate 
of the resilience. The second may bo obtained graphically from 
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Ke ,l - S ' ° r Cal, ’ UlaUMl '*>• • *«™h given by 
bola. ‘ If ^ h e r ;, r e | 0 ", , ! ,,> l’ osition the cm is a , m 
strength, " al flon » ,t,on ’ '' fh " >*'«> — ,/,ho «lti!„ate 

Work done =--,r. 

The last two columns erf the table "iv.'ii... .. , 

SllS'^2," s Th!! !f: Zv7l™ ™ 

auce to .. f ■ " ni -' a s,,,al1 l«" t of the total resist 

ante to tmpaet of a cub.,, tneli of the material, because only a part „f 

ick ' the ^ T, V St ' eU ''"" 1 "" - of » small 

block, the result ,s many tones greater : in the example given m the ial,| 0 
ou tage 4.14, the total work done is about :t-J inch-ions per eubie inch. 

1 he value given tor east iron is obtained by integration from 
llodgkitison's eeptation of the curve of stress ami strain. In many 
kinds of east iron the work clone in fracture would be or 3 time’s 
greater, but in any case is a small fraction. 


ApllliMl.t. 

237. I'niirijilr ,</ Siiiiilihn!,', -\\ hen geometrically similar test-pieces 
of similar mateiial arc* stretched till fracture’ es-eurs, the percentage of 
elongation is the same, the pull is proportieinal to the sectional area arid 
the work done to the volume of the piece This hew, which has been 
proved by the experiments of M. Ilarba. is merely a particular case’ of a 
general principle which applies to all similar and similarly loaded pieces,* 
whether or not the limit of elastic ity has been over-passed. To produce' . 
■similar deformations, whether in stretching, bending, crushing, or in 
any other way, the load must be propoiiiomd to the- sec tional area and 
the work done to the volume of the pieces. It lias been verified by 
experiments on tlie crushing of stone by M. liansehinger, and a number 
of other examples will lie found in a small treatise by Professor Kick.* 
Any deviations from this law should Is- due to differences of material 
and mode of manufacture between small pieces and large ones. In 
framing semi-empirical formula- for cases in winch exact formula’ are 
unattainable this iaiv should be; borne in mind. Thus in l he ease of 
pillars the formula; proposed by llodgkinson do not satisfy the law, and 
should be rejected ill favour of some formula, such as Gordon's, which 
docs satisfy it. 

• 

238. Expulsion ami Cimtmrlum.— We conclude this division of our 
work by giving sopie explanation of the effect of changes of tempera¬ 
ture, a subject too important to pass by unnoticed. 

• Dat tJcxft: dcr Pm/iortiunaUn WidtrtUuuh , Ix-ipr.ig, 188f». 
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When a homogeneous body, free from initial strain, is uniformly 
heated throughout its whole mass, it undergoes a change of linear dimen¬ 
sions which is the same in every direction, being given by the equation 

t 


where l is the rise of temperature and K a quantity which in a given 
material is roughly approximately constant for a moderate rise of 
temperature, being for degrees Fahrenheit given by the annexed tahle. 


I.ixkak Expansion ok Metach. 




k A 

i 

100 K 

M KT.il.. 

K 

H 


<r/i 

Wrought Iron, 

147,300 

ir-3 

j 

7 

rai 

Cant Iron, • 

162,000 

20“ 

0-5 

ft 

Copper, - 

104,500 

10 

i 35 

‘IS 

IIlHHH, - 

05,400 

2;>' 


i 


If the change of dimension is forcibly resisted the stress produced is 
the same as, reversed, would be required to produce that change in the 
absence of a change of temperature. Thus if a heated bar be prevented 
from contracting as it cools through f, the tensile stress 



.will be produced. The change of temperature corresponding to 1 ton 
, per sq. inch is here KjE, a quantity given in degrees Fahrenheit in the 
third column of the table. 

If the body be unequally heated internal stress will generally be 
produced, even if there be no external resistance to deformation. In 
exceptional cases, however, there may be no internal stress, and of these 
one of the most simple will now be considered. 

Let us suppose that heat is flowing steadily through a flat plate of 
thickness y inches in consequence of a difference of temperature f of its 
faces. The quantity of heat which flows per sq. ft. per minute is 

F=< r. f , 

y 

where a is a co-cfficiont of conductivity given in the fourth column of 
the table. The outer surface of the plate being hotter than the inner 
expands more, and if there be no .external resistance, the plate bends 
without internal stress into a spherical form. If 11 be the radius, 
reasoning as in Art. 163, p. 307, , 

Curvature = !, = *=>/!- = 

H y Ky irK 
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Henco the stress produced if cun-ature be forcibly prevenunl is for a 
f vc" floW Proportional to K.toK, a ,,uamity whirl,, multiplied by UK), 
is gncn in the last column of the table. 

In designing a structure or machine the possible effects of expansion 
or contraction by changes of temperature have always to be carefully 
considered. 


The importance of the stress produced by unequal heating of boiler 
plates was pointed out by Mr. Yarrow in a paper read before the Insti 
tution of Naval Architects in 


• KXAMI’LKS 

’• Sll " w tllat tl "' 'oo.tuhiH of rupture ip. ill i of I, male,ml i. IS time, the load which 
will break a lair of tin- material I inch »puirv and 1 foot h.n K ; the l.u heiiig «u|.|a,rted 
at the ends iui> 1 the load applied at the centre. 

A ,,,,lco,l >'- « f«d less wid foul feet hrwl. in Mippmtcl hv a pullof out.iron I,cam. 
fixed in the wall at one end. 'I lie Until. me of rectHitioilar aeelion, C incite* liioad, and 
de|ith near the wall 4 indie. What load per Mjuarr fool will tl„. UUuiy l m i, the 
atre.a on the iron heins limited to I ton per .ipiare inch? AI.o. how .honlil the depth 
vary fer uniform (tn-ngth iihins the Irugtli of the hearn? 

All*. Equating the sreate.t Iwudiiis nn.nient to the niacin,mu momenl nf renintaime to 
holding we find the loud which the l.ileoio will near ^ 

41 ■*» lis*. (ter Htpiarr foot. 

As to the depth of tin* beam : for uniform strength » must be constant from which we 

linil that the depth at unv point of the beam must he promotional to the dixtanoc from 
the outer end of the beam ; mo that the lower aide of the beam idioiild U* a (doping phuie. 

3. A paddle shaft is worked hv a pair of engine* with cranks at right angle* Huppo*- 
ing the steam pressure constant, and the resistance of each wheel i><|ual and uniform, and * 
obliquity of connecting-rod neglected : coiufwre the coefficients of strength to In* used in 
calculating the diameter of the (Middle ami intermediate shaft*. 

An*. The uniform mouicut of resistance of the ((addle wheel 4, the mean turning 
moment of the two engine*. The twisting moment of the. (Middle shaft, when either 
crank is on the dead centre, —$ maximum twilling moment of one engine. At the name 
instant this in the Maine twisting moment on the intermediate abaft. When tho other 
crank is on the dead centre the twisting moment on intermediate shaft is the Maine 
in magnitude, but reversed in direction, and when the two crank* make angle* of ■I5 4 ' 
with the dead centre* the twisting of the paddle shaft & the maximum combiner! 
twiating^momeut of the two engine*, that is v 2 H»ncs its amount when either crank in 
on the dead centre; but the twist is in the same direction alwaya. Therefore on the 
paddle shafts the m tress alternates between s and iyj'1, and on the intermediate abaft 
between x and -x. » 


Transact ion* of the Institution oj AVW Architects, 18441. 
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Hence applying the formula 
we itave fur jiaddle abaft, 

p -- *414*; p - 1*414*; • ■ p - 21)2 p ; 

substituting, wo obtain 

V r '^o- 

For intermediate shaft, p-2x; pt\ }> 2p ; and p-^p». 

If tin* stress on the paddle shaft alternatoH to zero, by the wheels rolling out of the 
water, or by the stopping of the engine, then p 0/>o. 

4. A suspension chain ia conatrueted with bar links united by pin joints; the diameter 
of the i*n* ia two-thirds the breadth of the link (p. .374). If the bridge vibrate show that 
the maximum stress on the links may lie increased by deviation (p. 240) due to friction of 
pins in tho ratio 1 1 2/: 1, whore /is the co efficient of friction. 

ft. Find the work done in crushing the block of steel, particulars of which are given 
in the table on page 434. An*. 31*7 inch tons per cubic inch. 

6. If similar armour plates with similur backing are struck by similar shot with a 
given velocity, show that, for the same penetration the diameter of the shot must be 
proportional to the thickness of the armour plate. 

7. If the breaking load of a beam 4 inches deep, 2 inches broad, and 3 feet span, he 
1 ton : find the breaking load of a beam 1) inches deep, 4A inches btoad, 11 fe» t 3 inches 
H|Nin. 

8. Find the weight of steel springs necessary to provide one-quarter of a horse |>ower 
for one hour, assuming that the springs operate by Itending, ami allowing for safety a 
margin of 2ft per cent, of the total resilience. (See page 4ft". ) .4ms. 2] tons. 

1). Heat is tlowiug through a circular plate of wrought iron of an inch thick at the 
rate of a 100 thermal units |>er sq. foot per minute. The plate when cold is Hat; find the 
amount of bulging, assuming the curvature to be unresisted. 

,v» 10. In n cast-iron beam of rectangular section, the “bending strength"• with side 

vertical is found to be 1 : / times the simple tensile strength (p. 441). Assuming that the 
stress is completely equalized on each side of the neutral axis: find the shift of the 
neutral axis. Am. Shift-A depth. 

11. In the last question, suppose the diagonal vertical instead of the side and the 
bending strength 2'3ft times the simple tensile strength : find the shift of the neutral 
axis. a4h*. Shifts 044 * depth. 




PLATE VIII. 
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DESCKIPTION OK I’l.ATK VIM. 

To illustrate various ipnstious considered in Chapter* XII. and XV,. Plate VIII. has 
been drawn. 9 

Fi^s. 1, 2 represent the pin joint connecting two bais in tension, discussed in Ait. MW, 
p. 374. Figs. 3, 4, 5 hIiow flu- way in which (lie joint yields when tin- puis me too small. 
In Fig. 4 the original dimensions of tin* eve and eyehole are shown by dotted lines, while 
the full lines show what they heeotne after yielding. Fig. it gives tiansver-e seelions 
of the eye la-fcte and after failure, showing the thinning out due to lateral e.ontraetion 
during stretehing la-yond the elastie limit. Aftei this emit met ion has reached a certain 
limit the tnctul tears asumh r. as shown in Fig. I. Tin' longitudinal section (Hg. h) 
shows the corresponding spreading out at the top of the hole duo to compression bevoud 
the clastic limit. This lateral expansion is partially pi even ted in riveted joints, and 
(p. 432) this may he the reason why direct sties- in them is of less im|s»rtancc. The 
failure of pin joints in this way furnishes u good example of tin- “How of soli*Is. 

The remaining figures of this plate ate intended to give some idea of the uiannet in 
which iron girders ate constructed. Figs. t’>. 7. •**. It are transverse sections of “ II iron. 

“channel iron," "tee iron," and “angle imn"; these are rolled m one piece, and. in 
combination with plates form the materials fioin which large girdds are built up. hot 
small beams such n.- Moor joists II iioti or tec in»n of the icijuisitc depth and sectional 
area nmv la* used. Figs. 10, 12 are sections of two of the commonest forms of built up 
girders. In the tiist the weh is a -ingle plate to which angle irons are tiveted, to form 
the Hangca, further strength being obtained by an additional covering plate. The second 
is similar, hut the weh consists of a pair of plates, a form known as a M la.x lienm." 
Fig. 11 is commonly used in shipbuilding as a deck beam or otherwise: a “bulb iron" 
here forms the weh and lower flange, while the upper flange i- formed by a |wir of angle 
irons as before. Figs. 13, 14 give examples of girders of more complex construction 
emplovcd where greater strength i- mce**nry : one flange only is shown in section in 
each case. 
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FART V.-TJ{ANSM!SSrON AND 
CONVERSION OF KXKIMJY BY FLUIDS 


239, /nlrnlnrturii HeiMtirh.—We nmv return to the subject of 
Machines, with the object of studying those machines in which fluids 
are employed as links in a kinematic chain for the pui'pise of trans¬ 
mitting energy, or as a means by which energy is supplied, stored, or 
convert e<i. 

A fluid is a body in which change of form is produced by the action 
of any distorting stress, however small, if sufficient time ih allowed. 

In a perfect Huid a sensible change would lie produced by a stress of 
sensible magnitude in an indefinitely short time, but in all actual fluids 
a time is repaired which is inversely as the stress- that is, the stress is 
proportional to the rate of change. This property of fluids is called 
Viscosity,-and is measured by a coetliclcnt, as will be seen hereafter. • 
The viscosity of a fluid varies greatly in different fluids, ami, in the 
same fluid, is dependent on the teinjatmture. At high temperatures 
it is much less than at low temperatures. The viscosity of water is 
exceedingly small. 

Fluids arc either liquid or gaseous, in liquids the changes of 
volume are in general small, and no diminution of pressure on the 
bounding surface will cause their volume to increase beyond a certain 
limit, Oases, on the other hand, expand indefinitely as the external 
pressure diminishes. , 

Liquids are employed in machines cither as a simple link in a 
kinematic chain transmitting energy from some source independent of 
the liquid, or as a medium by means of which the force of gravity 
exerts energy. Such machines aro called Hydraulic Machines, the 
fluid employed being in most cases water. On the other hand, gases 
in general serve as the means by which that form of energy which we 
call Heat is converted into mechanical energy, capable of being utilized 
for any required purpose. They may, however, also be employed for 
the storage and transmission of energy’. 
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The motions of fluids may be studied in two different ways. In the 
first the Principles of Work and Momentum are applied to the whole 
mass of fluid under consideration, or to portions which, though small, 
are yet of visible magnitude; but no attempt is marie to conceive, much 
less to determine, the movements of the smallest particles of which the 
fluid may be imagined to be made up. This method may be described 
as the experimental theory, and, as applied to water, forms that part of 
the subject which is called “Hydraulics.' 1 ' It is based directly on ex¬ 
periment, and requires continual recourse to experiment, just os is the 
case in questions relating to the friction of solids. Nevertheless, being 
continually verified by the large-scale experiments of the hydraulic 
engineer, its results, as far as they go, are as certain as those of any 
purely experimental subject. On the other hand, an analytical theory 
has been constructed by means of which the motions of fluids are 
determined directly from the laws of motion, without reference to 
experience. 1 his theory is usually called Hydrodynamics in treatisos 
on mechanics. In the cases in which it is applicable it completely 
determines the motion of all particles of the fluid, and not merely that 
of the fluid as a whole. 

1 ho first two chapters of this division of our work will be devoted to 
Hydraulics and Hydraulic Machinos, and the third to a brief discussion 
of the various applications of Elastic Fluids. The transmission and 
storage of mechanical energy by elastic fluids is often considered as part 
of hydraulics, because the method of treatment is in many respocts 
similar. In this treatise it will be called “ Pneumatics.” The relations 
between heat anil mechanical energy form a distinct science called 
“ Thermodynamics,” the principles of which will only be referred to 
when absolutely necessary. 
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Ski thin I.— IntUiiIUOTiiKV. 

240. fehrilii ilur In H llimi Haul. -Whim the level of the surface of 
the water in a reservoir is above sumnmdini' objects, a Hk.ui of water 
is said to exist, the magnitude of which is measured, relatively to any 
point, bv the depth (/i) of the point below the surface. If the water 
extend to this jmirit a pressure is produced there which, so long as the 
water is at rest, is given iu lbs. per sip ft. by the formula 
ji - -- r/i, 

where ir is the weight of a cubic loot of water, that is to say, about 
6‘J1 lbs. for fresh water, or 64 lbs. for salt. A ton of water occupies 
.'ifi cubic feet when fresh and .'to when salt. These values are of course 
only convenient round numbers; the exact value of v. for pure water 
at til) If is tilt' 1 2>, while at I tin* F, it. is only 62. At teui|Kiraturea 
above 7b 02 is more accurate than 62A ; but, on the other hand, water 
is seldom entirely free from solid matter, which increases its density. 

Since the alsive formula may be written 



it appears that a pressure may lie measured in terms of the head which 
would produce it. The fluid is usually water, for which h is reckoned 
in feet.: and I lh. per sip inch is eipiivalent to 23 feet of fresh, or 2-25 
feet of salt water. For some pur|sises, however, mercury is employed, 
in which case the unit it! generally I inch. One inch of mercury is 
equivalent to about 19 lb, per sq. inch, that is, to u head of I I feet of 
sea water, or MX") of fresh water. If the surface of the water lie 
exposed to the atmosphere, tho pressure p will tie in excess of the 
atmospheric pressure, which must be added to obtain the absolute 
pressure. The mean value of the* atmospheric pressure is 14 7 lbs. 
per 8q. inch, whieh^corrcsponds to a head of about 33 feet for salt, or 
34 feet for fresh water. 

When metric measures are employed, the unit of velocity is generally 
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1 metre per second (page 92), heads are reckoned in metres and pres¬ 
sures in kilogrammes per square metre. The valuo of w is then 1000, 
and that of ij 9 81. The atmosphere was originally 76 centimetres 
of mercury, or 1 0333 kilogrammes per sq. centimetre, a value closely 
agreeing with that just given; but of late the “ new atmosphere ” of 1 
kilogramme per sq. centimetre, or 14-233 lbs. por sq. inch, has been 
frequently used. 

A head of water is a sourco of energy which may be employed in 
doing work of various kinds, or in simply transferring the water from 
one place to another. Let us take the second case, and imagine that, 
by means of a pipo, channel, or passage of any description, the water is 
delivered at B (Fig. 171), while at the same time, by a stream or other¬ 
wise, the surface of the water in the reservoir is kept constantly at! the 


Fig. 171. 



same lovel A A, so that the head h remains unchanged. The motion is 
then described as Steady, and consists simply in the transfer in each 
second of a certain weight of water from the stream to the reservoir, 
while an equal weight traverses the passage, find is delivered at B, the 
whole mass of water between A A and B remaining constantly in the 
samo condition. The delivery at B may be supposed found by actual 
measurement; it is usually estimated in gallons per minute or cubic 
feet per second, as to which it need only be remarked that the gallon 
weighs 10 lbs., so that a cubic foot per second is about 375 gallons per 
minute. For large quantities, however, the cubic metro, which woighs 
about 1 ton, is also employed. 

On dolivery the water is moving with a certain velocity, but the 
definition and measurement of this quantity is not so simple. We 
must now suppose that tho centre of gravity of the water delivered in 
some given time is observed and its velocity noted. This velocity will 
be the same whatever the time be, and will be a measure of the velocity 
of the mass of wator considered as a whole. In some cases all particles 
of the water may be moving with this velocity, but in general this is 
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uot tho ease: it is then the mean velocity, ami mav he descrilted n* 
the •• \ elocity of Delivery.” If the water he discharged by a channel 
which, near the exit, is of uniform transverse section a moan 
velocity may also he define*! by the initiation 

r-« 

A 1C A 

"hete Q is the discharge in cubic feet per second, and If the weight 
of this quantity, lhr velocity lints defined is not iilentieal with the 
velocity of the centre of gravity, a point considered further on (Art. 'J-fti). 

The energy of motion of the water may now he separated into two 
parts, one external and the other internal (Art. I.'t.'i, page -JtiM), of 
which the first is 

Energy of Translation . 1 , 

-y 

while the second is due to the motions of the particles of water amongst 
themselves, and will he further considered us we proceed. 

1 he whole energy of motion has been generated hy the exertion of 
an amount of energy IHi due t<* the descent of the water from the 
level A A to the level I >; and in cases where the internal energy may 
he neglected, we have, neglecting also friction, 

£-*■ 

where h the head is measured to the centre of gravity of the issuing 
water (|Kjge 1S1). 

It has been here supposed that the surface of the water in the rescr * 
voir, and after delivery at //, is excised to the atmosphere, hut this is 
not always the ease. Suppose in the figure the reservoir tilled to the 
level VO only, hut that the pressure on the surface has any value p 
instead of being simply that of the atmosphere. This pressure p may 
he produced hy filling up the reset voir to the level A A where 

li -- ; 


and as the reservoir is supposed large, so that the water is sensibly 
at rest, except verv near the exit, this can produce no change in the 
motion, which as before is given hy 

r- '.’(//( - '■!</(: + ^)- 

In othej words, in addition to the actual head z, we have a tirtml head 
p,w, due to the difference of pressure //, thus giving a total head h. 

The jet of water J|as been supjwsed to issue into the atmosphere, but 
the nature of the medium into which the discharge takes place has 
little influence, provided its pressure he duly taken into account, . It 
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has been proved by experiment that if the pressure of the atmosphere 
be artificially increased or diminished, the velocity is given by the 
same formula, modified as explained in the next article. This is also 
true if the efflux take place into a vessel of water. 

241. Hydraulic Resistances in General. —The actual velocity v' with 
which the water is delivered is less than the value v just found, because 
a certain part of the available energy is aljvays employed in overcoming 
certain resistances of the nature of friction, the origin of which we shall 
see gradually as we proceed. They are measured in two ways: (1) by 
comparing the actual velocity of delivery with that due to the head; 
(2) by considering how much energy is employed in overcoming them. 
In the first method we have only to introduce a co-efficient c given.by 
v' = a>, 

which is callod tho Co-efficient of Velocity. It is of course always less 
than unity, and its value is found by experiment in each (special case. 

In tho second we write h - 

-.7 

where h' is the “ loss of head ” due to the resistance. The value of h' 
is most conveniently expressed by connecting it with the actual velocity 
v, with which the water issues. For this purpose we replace k by 
iFj'lg and r by i i/r, and thus obtain 



• whore F is a new co efficient culled the Co-efficient of Resistance 
connected with the previous one by the equation 



It is found by experience that the values of these co-efficients depend 
mainly on the form and nature of the bounding surfaces within which 
the water moves, and, subject to proper limitations, not on the pressure 
or velocity of tho water—a fact which may be expressed by tho 
following luw of hydraulic resistance: the energy lost by resistances is 
a fixed multiple of the energy of motion of the water. This multiple is the 
co-efficient F which is sometimes fractional, but is often very large, as 
we shall see further on. The physical meaning of this law will bo seen 
hereafter, and the apparent deviations from it which frequently occur 
will be accounted for. 

. • 

242. Discharge from Small Orifices. —Fig. 172 shows a vessel of 
water discharging through a circular hole in thp bottom which is 
flat. The whole is small, and its circumference is chamfered below 
to a sharp edge at the upper surfaco. 
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cvHndriS W 8 J>t ° f " a ' er Whi< h « - that it is nearly 
cylindrical but nt diameter less than the diameter of the hole The 

contraction is complete, so far as can 1« judged by the eye, nt n dis 



tance of (Z/j from the vessel; and by measmvmeiU is found to be in 
the ratio I : ft. that is, the sectional area of the jet is to the sectional 
area of the hole in the ratio Hi: i’5. 

If the hole be made in the vertical side of the vessel a contracted 
jet issues in the same way, but under the anion of gravity it forms 
a curve which is very approximately puabolir in form, each particle 
moving nearly in the same way as a projectile in raise. This enables 
ns to find the velocity ot the elllnx (r ) by observing a |s)int through 
which the jet passes, and we thus obtain experimentally tlie value of 
the co-cfheient ' whieh appears to be about ip , I he discharge is now 
given by the formula 

<> 

where A { „ A are the contracted and actual areas of the orifice, and 
k is their ratio, which is a fraction called the Co ellicient of Contraction • 
the discharge therefore depends on the product of the two co-elliciont* 
c and k whieh may be replaced by 

'<tm 

a quantity called the Co efficient of Discharge. 

The value of C can also be determined by direct measurement of 
the discharge, an observation which can he made with much greater 
accuracy than those of contraction and velocity on which it depends. 
In the present case it is usually about -<12, agreeing well with the 
produce'97 x 64 of the values given almvc. 

Some careful experiments have been made by Mr. Mair, from whieh 
it appears that very slight variations in sharpness of the edges of an 
orifice will produce a considerable effect on the co-efficient of discharge, 
the sharper the edge the lower the co-effieient, and a co efficient as low 




? 
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as ’605 was thus obtained.* This is probably due to variations in the 
co efficient of contraction. Until recently the only ease in which a 
co-efficient of contraction had been found theoretically was that of 
a long narrow slit, for which Lord Rayleigh obtained the value of '61J; 
but i/i I8P2 M. Jfoussinesq showed that the true value for a circular 
orifice was very approximately 'G. With orifices several inches 
diameter this is the actual value found by experiment: the larger 
values obtained with small orifices befhg probably due to friction 
against the Hat side of the vessel before the orifice is reached. 

With two forms of orifice the same co-cfficients are used, but their 
numerical values are quite different. In the figure two cases are 
represented: on the right side of the vessel the water issues through a 
short pipe the entrance to which from the vessel is square-edged'; on 
the left a similar pipe is employed, but it projects inwards instead of 
outwards. When the pipe projects outwurds the water is found to 
issue in a jet the full diameter of the pipe, that is, k is unity; while, 
on the other hand, the velocity is much diminished, the value of c 
lieing ordy '815. When it projects inwards the jet contracts greatly, 
the value of k being - f> while the velocity is about the same as in a 
simple orifice. Thus C instead of being '62 is '815 and '5 in the two 
cases, The causes of these remarkable differences will be seen here¬ 
after, the results are only given here to illustrate the meaning of the 
co efficients under consideration. 

The contraction of the issuing jet depends on the average angle at 
which tho moving particles converge towards the orifice before reaching 
it, and this is the reason why it is so great in the case of a short pipe 
Fig, i 73 , projecting inwards. If the cir- 

-a eumstances be such that the 

*■; ----- j ' • >Y 

1/y: convergence is small tho con- 

traction diminishes. Rig. 173 
shows a pipe of some size 
through an orifice in the Hat 
end J IS of which water is being forced, issuing into the atmosphere. 
The co-officient k is found to depend on the proportion which the area 
of the original orifice A boars to that of the pipe S, because the smaller 
8 is, the less is the angle of convergence. This hits been expressed by 
an empirical formula due to Rankine which may be written 


i-V* 


610 - 1 - 618 ^, 


whieh will be found to give k=- 618 when .V is infinite, as is nearly the 
easo for a simple orifice as explained above, while for smaller values k 

<■ 'Proceedings of the Institution of Ciidl Engineer*^ vol. lxxxiv. 
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increases, becoming unity as it should when v - , l« , , ' 

rhe passages through which the water is n.oving tnav he attache,I to 
.ishtp locomotive, or other moving structure, in which case the velocity 
must he reckoned relatively to the structure, and the heigh, due to the 
velocity must be reckoned as pan of the head. If, for example, in the 
bow ot a vessel moving through the water with velocity /'an orifice 
be opened at the surface level, the water will enter through it, and if 
unacted on will move v itl.it. the vessel with velocity f and will possess 
relatively to the vessel the energy /" ‘2; per unit of weight. If it he 
acted on during entrance by the head due to any diH'crence of level or 
pressure, so that its velocity is changed from r to r, the corresponding 
change of energy will measure the work which is done, and therefore 
the e,|nation i a ■■ V-2gh applies as before. The strueture is here 
supposed to be moving uniformly in a straight line. A routing casing 
»'ill lie considered in a later chapter. 


243. ,S 'Imilfi Flair thrnmili l'i/us, Oaia'iniliiiii uf A'nm/,/. - Pig, 1*4 
represents a vessel of water discharging through a large pipe, the 
section of which varies according to any law. If the pipe “runs full," 
that is, if it lie always completely tilled with water, the discharge is 
(J A,A.,, 

where w, are the velocities through two sections the areas of 



which are A.,. t Hence the velocity is always inversely as the 

sectional area, and in an ordinary pipe, in which the section is uniform 


’ PM. Tram., 1S91. 
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must be the same throughout. Let the pressures be p v p v and the 
actual head, that is to say, the depths belotv the water surface CC y 
h v A,, then it appears from Art. 237 that 


'‘-.A i+ &2£ 

■hj 1 w 




= 1*2 + 


I'rt'ft 


-9 


where />„ is the pressure on the surface CC, 

Tako now sonic convenient lino 1)1) at a depth Z below the water 
surface CC\ and be the elevation of the section above this 

datum level so that 

“i + l'i =Z= + h 2 , 
then the aliovo equations may be written • 


*C + H +il „ Z+ H„f + * + if 

hj w w 2tj w 


This result shows that if /», ~ ho the velocity, pressure, and 
elevation for any section of the pipe, • 


+ /( + :-Constant. 

21/ w 

Each of the terms of this equation represents a particular kind of 
energy: the first is energy of motion, the third energy of position, 
the second is energy due to pressure, the origin of which will be 
further explained in the next chapter. The equation therefore shows 
that the total energy of the water remains constant as it traverses 
the pipo, and is accordingly the algebraical expression of the Principle 
of the Conservation of Energy. It supposes that no energy is lost 
by frictional resistances, and that any change in the internal motions 
of the particles amongst themselves may be disregarded. The word 
“head," the origin of which wo have already seen, is frequently 
employed for the energy per unit of weight. (See Appendix.) 

An important consequence of this principle is that where the 
soctional area of tho pipe is least, and consequently the velocity 
greatest, thore tho pressure is least. Hence it follows that the velocity 
Cannot exceed a certain limiting value w, found by putting p- 0. 
At an elevation : above datum level 


At a greater velocity a negative pressure would be required to pre¬ 
serve the continuity of the fluid mass, and under these circumstances 
the water breaks up with consequences to be hereafter considered. 

It further appears that water can flow through a closed passage 
against a difference of pressure, provided the area of the passage 
vary so as to permit a corresponding reduction of velocity. An 
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contracts to 00, and then expands t<> K >; where 
the jet enters the atmosphere. The pressure at 
bh is that of the atmosphere, and therefore at if 
Jill is less that! that of the atmosphere, (fiat 
is, less than it would he if the t mi input were cut .... ....« 

Hence the discharge is increased by the addition of the expanded 
portion, if the water issued into a varmint the jet would not rx|mnd 
to HU the wide mouth of jlie trumpet, which would not in that ease 
havc^any inHuence on the discharge The increased discharge and 
partial vacuum at DO have been verified by experiment.* 



Swtrios II. Motion ok an li ni> isTi’itm-:i> Stukam. 

244 . Hi >/rihiilinn at kntiiiil ill mi 1 inhshiiliitl Sinnut. 1 <nhr 
Motion .—If the reservoir in the last article be imagined to supply a 
stream running in a channel of any size either closed or open, that 
stream, if undisturbed by any of the causes mentioned hereafter, 
may be supposed made up of an indefinite number of elementary 
streams, each of which moves as it would do in a closed pipe, as just 
described, without in any way intermingling with the rest. The 
forms of these ideal pipes depend solely on the form of the channel 
in which the stream is confined. The e juation 

f+ / '+: / + 

1 It/ ir ii‘ 

applies to the motion in every pipe, and from it we may draw two 
important conclusions. In the first place, it may be written in the 
form /' ■, . "". 

v: ‘ ' -0 ’ 

and therefore the pressure at ami point is less than ij the water weir til 
ml In/ the heii/ht due to the rehritn at that point. Again, the equation 
interpreted as in the last,article shows that the energy of all [tarts 
of the fluid is the same, or, as we may otherwise express it, the ineii/i/ 
of the fluid is niiifni mli/ distnlml"/. 

From either way of stating the result it ap|tear« that the pressure is 
greatest where the velocity is least, ami conversely. Now, if the water 
move i* curved lines in a horizontal plane, each [tarticle of water is 
at the instant moving in a circle, and to balance its centrifugal force 
(Art. 131) the pressure on it* outer surface must be greater than 

•Readers to whom the subject is new ere recommended to pass on at onoe to 
Art. 248, p. 483. 
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that on its inner. It follows therefore that, if a channel is carved 
so as to alter the direction of the stream, the pressure increases as 
we go from the inner side of the channel to the outer; while, on 
the other hand, the velocity is greatest at the inner side and least 
at the miter. The change is the greater tho sharper the bend, for 
the centrifugal force is greater. In open channels the change at the 
surface where the pressure is constant is in elevation instead of in 
pressure. 

The magnitude of the change can be calculated in certain cases 
(see Appendix), of which we can only here consider one which is of 
special importance. If the particles of water describe circles about 
a common vertical axis, the elemontary streams will form uniform 
rings, the centrifugal force of which can be calculated as in Art. 1 to, 
page -88. The resultant force on the half ring is—employing the 
notation of the article cited—given by 

I' - w . 2 A . — . 

;/ 

This is balanced by an excess pressure on the outer surface of the half 
ring, and if that excess be Ap the. corresponding resultant force ia 
A p. 2r, as shown on page 30:1. Equating this to V 


A,,. w .d.V!. 

9 t 

Tho ring is supposed of breadth unity, and for A we may .write the 
‘thickness of the ring, which may be called Ar. Dividing by this, 
and proceeding to the limit 

</p_«’ 
dr (j r ’ 

an equation from which the pressure can bo found if the law of 
velocity bo given. If the fluid rotated about tho axis like a solid 
mass, V would vary as r ; but the case now to be examined is that 
in which V varies inversely us r, as expressed by the equation 
Vr = Constant = k. 

Substitute and integrate, then replacing k by Vr, it will be found that 


w 2 ij m 



where the suffix refers to a given point where the pressure is p„. 
and the velocity C 0 . This result shows that the energy is uniformly 
distributed, and wo infer that if the direction o£ a moving current 
is changed so that the particles of water describe concentric circles, 
the velocity varies inversely as the distance from the centre. 
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I lt 'oilrx, ami in tbe rasa just 

as Mira, hresose the motion is 

'I 1 ' Art. :.'7.'t. p. n.'f 1). A lice\orte\ 
natar together a negative pressure 
. rotation, l>nt tin* hollow may lie 

nllftd up by water moving according tu a different law. 

245. Fisivsili/. \\ hen the motion nf a mass nf water is free from 
sudden changes of direetion, loss of energy fakes plaae only through 
the direct action of viscosity, a property of fluids which it will now 
be necessary briefly to eotisider. In Fig. Hit), page pjo, a block of 
plastjp material is represented, and it was explained that to produce 
• change of form a certain difference of pressure was necessary, depend 
ing on the hardness of the material. In a fluid a similar difference 
of pressure is necessary to produce a change of form at a l <o a ode, 
and the magnitude of the difference is proportionate to the rate. 
It 11 bo the rate at which the height of the block is diminishing 
and the breadth increasing, each reckoned per unit of' dimension, 
the thickness remaining constant, 

/' 

where e is a coefficient. called the “en efficient of viscosity." Or to 
express the same tiling differently, if ■» be the <■«/, at which a small 
rectangular portion of the fluid is distorting, as in Fig, 1 In, p. .'(.'>2, 
q tile corFesponding distorting stress. 

T ' 

Hence, when a fluid moves, any change of form requites an amount 
of work to he done which is proportionate to the speed at which the 
change takes place. In a free vortex the rate of distortion is twice 
the angular velocity of the particles round the axis, and varies inversely 
as the sipiare of the distance; the changes of shape are therefore 
very rapid near the centre, and energy is consequently dissipated 
much more rapidly than in the stream from which the vortex is 
produced. 

In the case of water the viscosity is so small that such changes of 
form as occur in an undisturbed stream are not rapid enough to absorb 
any large amount of energy. For example, in the discharge from 
orifices in a thin plate the loss of head is only 5 or (1 per cent. It is 
otdy when the water is disturbed I’y the neighbourhoml of a rough 
surface over which jt moves or in other ways descrilied further on, 
thut large quantities of energy arc dissipated and frictional resistances 
of great magnitude produced. 


A mass of rotating fluid is called 
considered the vortex is describe,I 
that which is naturally produced (eon 
is necessarily hollow, for to hold the 
would he required near the axis of 
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' 248 . Discharge from Large Orifices in a Vertical Plane .—When the 
orifices through which water is being discharged from a reservoir are 
not small compared with the head and the dimensions of the reservoir, 
the question becomes more complicated. 

If the plane of the orifice be vertical the velocities of the several 
parts of the stream are not the same as in the case, so far as can be 
judged by the eye, when the orifice is small. On the contrary the 
velocity of that part of the stream which issues from the lower part 
of the orifice is visibly greater than that proceeding from the upper 
part. Hence it follows that the centre of gravity of the fluid issuing 
in a given time, to which the head is measured, is not on tho same 
level us the centre of the contracted section, but lies below it. The 
corresponding point on the section may be described as the Centre 
of Energy. Also tho velocity of the centre of gravity of the fluid is • 
not the same as the velocity of mean flow QjA, and the internal 
motions of the stream, even when undisturbed, are of sensible mag¬ 
nitude and cannot he neglected. To find the discharge therefore we 
must consider separately each of the elementary streams of which 
the whole stream may he imagined to be made up, and obtain the 
result by integration. 

To illustrate these points let us consider the comparatively simple 
case of a rectangular orifice A BUD (Fig. 17fi) from which water is being 
discharged from a reservoir, the level from 
which the head is measured being The 
stream contracts on efflux, ami the contracted 
section may he supposed rectangular. Tho 
position and dimensions of this section it will 
bo necessary to suppose known by experiment; 
let its breadth be b, and let its upper and lower 
sides be at depths F,, Y : below LL. Divide 
tho area into horizontal strips, and consider any one at depth y, then 
the velocity will be given by the formula 
v- = 2 gy. 

The quantity discharged per second will be given by 



which by integration gives 

This determines the discharge, which is the same as with the mean 
velocity of flow, r/ 0 2 Y,} - Yf 1 

l ° = : 


FIs. 170. 
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The height due to this velocity is 

*•“#*( r.-r, )• 

which corresponds to a point called by Kaukine the Centre of Flow, 
which lies somewhat above the centre of the section. When the head 
is measured to this point the discharge in the absence of hydraulic 
resistances is determined as if the orifice were small. 

Again, the kinetic energy of the water discharged ]ier second will be 


U 


' " j" hr. '«•. h v-pj" ’I ''111, 


which by integration gives 

r, 3 ). 


By dividing U by ir(J we get the depth of the centre of gravity of the 
fluid discharged per second below /,/„ that is to sav, the true head li is 
;t ]■ 5 )• i 
It . . 1 - 

” n 3 i? 

The velocity of the centre of gnu ity which is the true velocity of 
delivery is 

.['•'/'/ »v yf 

and the energy of translation on delivery is 

u„ u,jr \ 

• PJ 


a quantity less than the whole energy u(,lli by the energy due to 
internal motions. 

In attempting to estimate the effect of the internal motions due to 
hydraulic resistance this method of analysis appears the most exact 
in principle. Practically, however, it is always necessary to obtain 
the discharge as above in terms of the dimensions of the orifice 
itself, and then allow for contraction and hydraulic resistance by a 
suitable co-efficient of discharge. Some additional examples will be 
found at the end of the present chapter. 

Again, if the dimensions of the orifice lie not small compared with 
the surface of the water in the vessel from which the discharge takes 
place, this surface will sink with a velocity V which is of sensible 
magnitude. If the area of the surface lie S and that of the contracted 
section tl 0 , the discharge will be , 

v-.v=,.sr. 

an equation which determines l r . The water will now have a velocity 
V before descending through the height h, and the equation of energy 
is therefore ** - = ~jh. 

C.M. »-’« . 
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This may be written if we please 



V- 

i'J 


showing that in addition to the actual head h we must consider the 
virtual head V-jiij due to the initial velocity of the water. In many 
hydraulic questions it is inconvenient or impossible to measure the 
head from still water. It is then measured from some point where 
the water is approaching the orifice with a velocity determined by- 
observation. The actual head h must then be increased by the height 
due to the velocity of approach. 


247. SmUnr Mutiunv .—When an incompressible fluid flows steadily 
through a pipo of small transverse section it was shown in Art. 213 
that the total head is given by the equation 


while the discharge is 


/' /!„ II.,- 

+ +: 
w iij ir in 




whero the suffix „ refers to some given point. 

Imagine now a precisely similar pipe constructed on an enlarged 
^1, .scale through which a fluid of different density is flowing, and let it be 
^similarly placed relatively to the datum level; then, if large letters 
\ bo used to denote the corresponding quantities in the large pipe, 


ir + --v + ir + ■->„ +/ " 


To each (mint in the small pipe will correspond a point in the large 
one; then at corresponding points if u be the ratio of enlargement, 
Z- n the sectional areas are in the ratio u-: I, and the velocities must 
be \\\ wo\\\e (weA Ae,\w,\\t\\\\« «\\ vVc \<A-.vAnc AxwXv.wge. \,e\ us 
stqipose the velocity-ratio to be Jn: 1, the velocities arc then said to 
correspond. Since in this ease tnWmr we find from the above 
equations 


II' ia 




1 >~ 1 \ 

m 


Thus at corresponding velocities the difference of pressure-head at any 
two points of the large pipo is « times the difference at corresponding 
points of the small pipe. And, if the pressure-ratio be n : 1 at any 
one pair of corresponding points it will be the same at any other pair. 

In the motion of an undisturbed stream as a'ready explained the 
complete stream may be analyzed into distinct elementary streams 
in each of which the flow goes on as it would in an isolated pipe: tho 
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forms of these elementary streams depending on the form of the 
surfaces within which the fluid is enclosed and by the uniformity of 
pressure on such parts of the surface as are free. Let us now suppose 
we have two streams, the boundary surfaces and elementary streams of 
which are similar and similarly placed, the ratio of enlargement being 
as before «:1. Further let the velocities be in the ratio n /ii : 1 , and 
tilt? pressure-heads at some one pair of corresponding points in tho 
ratio it: 1 ; then tho pressure-heads at every other pair of corresponding 
|K)ints will be in the same ratio, or in other words, the distribution of 
pressure will be the same. If then we have any actual motion on a 
small scale it must also lie possible on a large scale when the velocities 
correspond. Such motions are said to be similar. In similar motions 
at corresponding speeds the distribution of pressure will be the same 
and conversely. 

Let ns take as an example the discharge of w ater from an orifice 
considered in Art. '.’40. Imagine two tanks, one large the other small, 
with similar orifices similarly placed with corres|tonding depths of water 
so that the heads are in the proportion it: 1 ; then the principle of 
similar motions enables us to sav that in the absence of hydraulic 
resistance, the eo efficients of contraction and discharge must be tho 
same in the two cases, the velocities mnst.be in tho ratio Jn : 1, and the 
discharge in the proportion ii\'h:I. Strictly speaking however we 
must suppose the atmospheric pressures in the ratio a : I, a restriction 
which is probably not actually necessary (p. 471). 

Further if we consider any small area in the boundary surface of the " 
small motion and a geometrically similar and similarly situated small 
area in the large motion, either the total pressures on those areas or 
their resolved parts in any given direction will when divided by tho 
weight of a cubic foot of fluid be in the proportion n :: : 1 ; and therefore 
w\\f be. \n the proportion of the total weights of fluid in the two cases. 
The principal application of this very important principle is in tho 
theory of the resistance of ships : it being c.piivalent to saying that 
in similar vessels at corrcs|K«nding speeds the resistances (if any) 
when not influenced by causes of the nature of friction, must lie in 
the proportion of their displacements. The needful qualifications of 
this principle and the mode of making use of it will be briefly noticed 
in the Appendix. 


Suction 111.— IIvkhai i.k Rekistancics. 

248.— Surface Friction in General—We. now proceed to study ex|icri- 
mentally some of the more important causes of hydraulic resistance. • 
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Fig. 177 shorn a thin flat plate AB with sharp edges completely 
immersed in the water. The plate is 
moving edge ways through the water with 
velocity V, then a certain resistance R is 
~ *b experienced which must be overcome by 
a an external force. This resistance consists 

in a tangential action between the plate and the water, and so far is 
analogous to the friction between solid surfaces, but it follows quite 
different laws, which may be stated as follows 

(1) The friction is independent of the pressure on the plate. 

(2) It varies as the area of the surface in contact with the water. 

(3) It varies as the square of the velocity. 

These laws uro expressed by the formula 

n~fsv\ 

where / is a co efficient which, as in the friction of solid surfaces, is 
described as the “ co-efficient of friction.” The value of this co efficient 
depends on the degree of smoothness of the plate. Thus, for example, 
in some experiments, to bo described presently, on thin boards moving 
through wator it was found that the co efficient was '001 for a clean 
varnished surface, and 009 for a surface resembling medium sand¬ 
paper, the units being ]munds, feet, and seconds. 

The first of these laws, so far as is known at present, is always 
strictly fulfilled, but to the second and third there are certain limi¬ 
tations, as in the ordinary laws governing the friction of solid surfaces. 
c In the first placo, if the velocity be below a certain limit the water 
adheres to the surface, and its velocity relatively to the surface is some 
continuous function of the distance from the surface so that the stream 
does not break up. This will be further referred to hereafter; for 
the present it is sufficient to say that the resistance then follows an 
entirely different law, varying nearly as the velocity instead of the 
(velocity) 2 . The limiting velocity, however, at which this is sensibly 
the case is so low that in most practical applications the effect may 
1)0 disregarded. In tho second place, it is supposed that the water 
glides over all parts of the surface with the same velocity; but if the 
surface be any considerable length the friction of the front portion of 
the surface on the water furnishes a force which drags the water 
forward along with the surface and so diminishes the velocity with 
which it moves over the rear portion. The friction is thus diminished, 
and in large surfaces very considerably diminished. Thus Mr. Froude, 
experimenting on a surface 4 feet long, moving gt 10 feet per second, 
found the value of / given above, but when the length was 20 feet 
and upwards, those values were diminished to '0025 and - 005 respec- 


Fi<r.!77. 
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e . Increasing the length beyond a certain amount produces very 
change, and within a certain limiting length the effect is insen¬ 
sible. These limits must depend on the speed, but no exact observa¬ 
tions have been made on this point. The power of the speed to m 
which the friction is proportional has, however, been found to be 
diminished on long smooth surfaces, as shown l>elow. The skin friction 
of vessels, on which the resistance chiefly depends at low speeds, is 
much diminished by the effect of length. 

Experiments on surface friction were made by Colonel Bcnufoy. 
They formed part of an elaborate series of experiments on the resist¬ 
ance of bodies moving through water, carried out during many years 
in the Greenland Dock, Deptford. Beaufoy employed the formula 
“ U^f.SV 

to represent his results, and for the index v obtained tho values 
MiG, 1-71, V9 in three series of experiments. The standard experi¬ 
ments on the subject are however due to the late Mr. Fronde: they 
were made on boards inch thick, 19 inches deep, towed edgeways 
through tho water. The boards were coated with various substances 
so as to form the surface to be experimented on. 

Tho following table gives a general statement of Froudc’s results. 
In all the experiments in this table, the boards had a fine cutwater 
and a fine stern end or’ run, so that the resistance was entirely due 
to the surface. The table gives the resistances per square foot in 
pounds, ,-rt the standard speed of GOO feet per minute, and tho power_ 
of the speed to which the friction is proportional, so that the resist¬ 
ance at other speeds is easily calculated. 


Lciitftli >>t Surfaoo, or Pittance from Cutwater, In Kurt. 


Nature of 
Surface. 


2 Feet, 


Feet 



H) Feet 


M» Foot, 


A 

H 

A 

It 

(J 

A _ 

il 


A 


VarniRh, 

2 00 

•4i i :m 

1 85 

•325 

•204 

1 85 

*278 

240 

1 83 

•250 *224i 

Paraffin, - 

1-95 

•38 1 '370 

1*94 

314 

200 

1 93 

•271 

237 

183 

- 1 - 

*240 ; ‘232 

Tinfoil, - 

2*16 

•30 | -2or> 

1 *99 

•278 

203 

1-90 

*202 

•244 

(■alien, • 

MW 

•K7 1 ■72& 

1 92 

•026 

•504 

1 89 

*531 

•447 

1-87 

•474 423 

Fine Sand, 

2 00 

HI • 090 

2 00 

583 

•450 

2 00 

•480 

384 

2 00 

405 , 337 

Medium Sand, 

2 00 

90 1 730 

2’00 

•025 

488 

2 00 

•531 

*405 

•490 

2-00 

•488 450 

Coarse Sand, - 

2 00 

1-10' -8S0 

2 00 

714 

520 

2 00 

•r>8H 

. 



Columns A give the power of the speed to which the resistance is 
approximately proportional. 

Columns II give the mean resistance per square foot of the whole 
surface of a board of,the lengths stated in the table. 

Columns C give the resistance in pounds of a square foot of surface 
at the distance sternward from the cutwater stated in the heading. 
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To the three laws already mentioned may be added : 

(4) In different fluids the friction varies as the density of the fluid. 
The grounds for this statement will be seen further on. It amounts 
to saying that surface friction is a kind of eddy resistance (p. S04). If 
we assume this, tho laws of friction between a fluid and a surface are 
expressed by the equation 

- 

The co efficient of friction / is now distinguished from the friction 
per squaro foot given in the table above. We have already seen 
that it is not constant, and it is now known that in addition to the 
circumstances ulready mentioned, it varies according to the tem¬ 
perature of the fluid, diminishing in water apparently as mfich as 
1 per cent, for each o” F. rise of temperature. 


249. A injure Frirliim of I'ipi'.i.- When water moves through a pipe 
the friction of the internal surface causes a great resistance to the flow. 

Fig. 17H shows a pipe of uniform transverse section (not necessarily 
circular) provided with two pistons, .‘111, .I'll', at a distance x enclos. 

pig. 17 «. ing between them a mass of 

_a _ A _ water. The pistons and ki¬ 
p' chided water move forward 

___==== tog 01 ! 101, "''d' velocity r 

8 8 under the action of a force 

11, required on account of tho friction of tho pistons and of the water 
on the pipe. Omitting piston friction the force 11 will be given by 




whoro i> is the wotted surface and .< the perimeter. 

If wo imagine the pipe full of water moving through it with velocity 
a, the force 11 is supplied by the difference of the pressures p, // on the 
pistons, and therefore, if A bo the sectional area 




.tv" 


The quantity J/.< may be replaced by m and is described as the 
“ hydraulic mean depth ” of the pipe, a term derived from the case of 
an open channel to be considered hereafter. In the ordinary case of 
a cylindrical pipe in - \it. Further, we may reduce the prersures to 
feet of water by dividing by w. and thus obtain for the difference 
of pressure A' * 




x 

HI 


l- 

•ill 
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the value of the co-efficient / being determined by special experiment 
on pipes. 

This formula for the head necessary to overcome surface friction is 
continually in use. The formula gives directly the head necessary for 
a length .r of the pipe, when the water, by being enclosed between* 
pistons, is constrained to move over the surface with a given velocity : 
when the pistons are removed and the water Hows freely it represents 
the facts very imperfectly. The central parts of the stream move 
quicker than the parts in immediate contact with the pipe, and 
besides, though the circumstances are different, we cannot be sure 
that the velocity over the internal surface is not alfeetcd in the 
same way as in the case of a moving surface. The value of / has 
therefore to be obtained bv special experiment, and the results of 
such experiments show that it, varies very greatly according to the 
condition of the internal surface, and partly also on the diameter 
and velocity, the value being greater in small pipes than large ones, 
and at low velocities than high ones a point considered further on. 
<See page ftt'i.) For the present we assume •'WT.'i as roughly repre¬ 
senting the facts when there is no special cause for increased resistance. 
For a pipe of circular section, length /, we have therefore 


where for 4/ we commonly assume the value 0:i. 

• 

250. DMim-ife "/ rif *The velocity r is the actual velocity 
with which the water moves, so that is the energy of motion 
of each pound of the water. The loss of energy by friction is the 
same as that of raising the water through a height h\ tint! is therefore 
equal to the energy of motion when 

U nearly, 

<1 I / 

that is, a length of pipe equal to .1.4 diameters absorbs tin amount 
of energy equivalent to the whole energy of motion of the water. 
In pipes of any length, therefore, the effect of friction is very great, 
so much so that the size of a pipe is principally fixed by the loss of 
head which can be permitted. It is easily seen that to deliver water 
with a given velocity the loss varies inversely as the diameter, and 
that t<? deliver a given quantity it wanes inversely as the fifth power 
of the diameter ; thus, the smallest permissible diameter is fixed 
almost entirely by the value of h', which may be supposed already 
known. 
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•The quantity discharged per second is given us by the formula 

q1 A v=^1\ 

and on substitution this becomes 

Qm *ylijf Vr*- 

All dimensions are hore in feet, and Q is in cubic feet per second. 
If we require gallons per minute for a diameter of d inches, the 
formula will bo „ /;/ . 

1 

where C is a constant connected with 4/ by the equation 

4-73fi 


C= 




For 4/= - 03, this gives 6*=27\7, but for clean iron pipes not less 
than 9 inches in diameter tho value 30 may be employed. . 

251. O/im Channels .—Returning to Fig. 178, suppose the pipe, 
instead of boing horizontal, is laid at an angle 0 (see Fig. 179, next 
pago), so that the difference of level of tho two ends in y = l. sinff, 
then tho difference of pressure-head is 


v~:l = f 1 

ii- ■ ' m 


■if 


and therefore may be made zoro if tho slope of the pipe be 

, . 1 r 2 /f 

sin 0=J. 

m hj l 

But if tho pressure be constant we may remove the upper surface 
of tho pipe and thus obtain tho case of an open channel. The 
quantity iii is now the sectional area of the channel divided by the 
wetted perimeter, and is therefore the actual depth in a very board 
shallow channel, but in other cases less in a ratio dependent on the 
form of section. As before stated it is described as the “hydraulic 
mean depth ” of the channel. 

We can now find the velocity and discharge of a stream of given 
dimensions and fall, provided that we know the value of /, or 
conversely the size of channel for a given discharge and fall. The 
value of /, however, varies for the anmo reasons as in pipes which 
indeed apply with still greater force, so that the limits of variation 
are wider. The averago value doec not differ very widely from 1, 0075, 
already adopted for pipes ; but to obtain results of even moderate 
accuracy a special study of tho experiments on the subject is necessary, 
which will not be attempted in this treatise. 
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46.3, . ii'tual Slojte of a Pipe .—If the pipe be laid at any other 
anglo the pressure will not be constant, and the mode in which it 
varies is best seen by a graphical construction. 

Suppose small vertical pipes An, Mb to be placed at points A, li of the » 
pipe we are considering (Fig. 179), then (if they enter the water square, 
without being bent 
towards the direction 
of motion) the water 
will rise in them to a 
level representing the 
pressure in feet of 
water at these points. 

If there were no fric- 
. tion the level would 
be the same in both 
and the difference (Id in the figure) therefore represents the loss by 
friction. Now draw a horizontal line through l‘, and take r on it, 
so that at = A IS -1, then the angle einV is given by the equation 

. . k 
sm 1 j, 

and is therefore the slope of a channel of the same length and 
hydraulic mean depth which would give the same discharge. This 
angle is therefore called the VlltTUAI. Suilu: of the pipe. At any 
point P in the pipe, the water would rise to the level of the corre¬ 
sponding* point p in the virtual channel, found by taking up = APt* 
The construction would of course fail if It were equal to, or greater * 
than I, but this case does not occur in practice; on the contrary, in 
pipes as in channels the angle i is nearly always small. 'The virtual 
slope is frequently one of the data of the question. The line nr is 
variously described as the “pressure line," “line of virtual slope,’’ 
or “hydraulic gradient.” 

The pipe need not be straight; it may be curved or be laid in 
sections at different slopes, there will still be a continuous hydraulic 
gradient, provided the diameter be the same throughout; but if the 
sections be of different diameters each section will have its own slope. 

In practice care must be taken that the pipe docs not rise above its 
hydraulic gradient, for otherwise there will be a partial vacuum: the 
pipe then acts as a syphon which is liable to fail on account of 
leakagcftmd the presence of air in th* water. 

253. Loss of Eyprijy by Eddie* ami by broken Wafer.-- W'e now 
proceed to consider other causes of frictional resistance. 

In Fig. 180 two streams of water, moving with different velocities, 
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converge towards each other and unite into one. Each stream, so 
far as can be judged by the eye, moves originally without disturbance 
in the manner described in Art. 244. On union, however, near the 
^junction indicated by the dotted line 5.V in the figure, small depres¬ 
sions are observed, which move for some distance along with the 

stream, ami then disappear. On 
examination these depressions are 
found to consist of small portions 
of the fluid in a state of rotation, 
the speed of rotation being greatest 
at the centre and gradually dying 
away towards the circumference. 
A motion of this kind was called a “vortex” in Art. 244, and in 
the present case is also described as an “ eddy ”; it is independent 
of the general motion of the stream, and its energy is therefore of 
the internal kind. Tho disappearance of the eddies thils formed is 
due to viscosity, the cffoct of which is much greater in the eddy 
than in the stream as already explained. After the eddies have 
disappeared tho two streams are found to have become a single one, 
moving with a velocity intermediate between those of the streams 
which form it, but possessing less energy. Theoretically there is 
nothing to prevent two streams of a perfect fluid from moving side 
by side with different velocities, but such a motion is always unstable, 
and will not long continue without the formation of eddies by a 
•sudden change of direction (Art. 244) in small portions of'the fluid 
which separate from tho rest. The instability is greater the more 
nearly perfect the fluid is. Whenever the water in motion inter¬ 
mingles with water at rest, or moving with a different velocity, 
internal motions of a complex kind are produced, representing a 
considerable amount of energy of the internal kind which is virtually 
lost even before its final dissipation by fluid friction. 

Again, in order that a mass of water may form a continuous whole, 
sufficient pressure must exist on the bounding surface to prevent tho 
pressure at any point within the mass from becoming zero, as explained 
in Art. 243. If this condition is not satisfied tho water breaks up 
more or less completely, and the result is a confused mass with 
eomplox internal motions rapidly disappearing as before by fluid 
friction. When waves break on a beach, or when paddles strike the 
water and drive it upwards in a tnass of foam, the process tafi'es place 
on a large scale before our eyes; but the same thing occurs in most 
cases where the velocity of a mass of water is suddenly changed, 
-and of this wo will now consider some exanmles 


Flft. 180 . 




cn. XIX. ART. 263.] ELEMENTARY PRINCIPLES. 


vest 


Fig. ISla shows a jet of water filling a tank. Hero tho water 
pouring in possesses the kinetic energy U'r- 'hj due to the original 
velocity of the water, and the height from which 
it falls into the tank. If it be of some size as 
compared with the tank tho water will be com- 
pletely broken up ; if it be small it will penetrate 
the water in the tank without much apparent V- 
disturbance at the surface: in either case the 
residt is a mass of water at rest. :is a whole, so that its energy is all 
of the internal kind. If the jet be shut off the water rapidly settles 
down to rest, the whole energy is then dissipated by fluid friction. 

Fig. 181// shows a Im -kei moving horizontally, bottom foremost, with 
velocity F, while a horizontal jet moving with greater velocity strikes 
Flg.ieit. it centrally : the bucket is 

- v then tilled with broken 

_water which pours out 

- >v - - -s. 5 ' v under the action of 

/?•' gravity. In water-wheels 

f,.// 4 / a series of buckets are 

i'“ : Vy tilled in succession, and 

the broken water carried on with the wheel. Here if the bucket 
were at rest the loss of energy would be, as before, //'»■-/-.</: but as 
it is moving with velocity F, the striking velocity on which tho 
breaking depends will be r - F, and the loss of energy is 

where 7F is the weight of water acted on in the time considered, 
liotb these cases may be treated as examples of the collision of two 
bodies considered on page 27U, one of the ladies being indefinitely 
great. The energy of collision is employed in breaking up the water. 








It is represented in the first instance by internal motions, and sub¬ 
sequently dissipated by fluid friction. 

Fig. 182 represents a pipe which is suddenly enlarged from the 
diameter e<l to the diameter ah. The water is moving through- tho 
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small part of the pipe with velocity v, and, on passing through ed 
spreads out so as to fill the larger part. At some distance from the 
enlargement it moves in a continuous mass with velocity V, but in 
its immediate neighbourhood we have broken water, as in the case 
of the bucket, from which it only differs in the enclosure of the 
water in a easing. The loss or energy per unit of weight may be 
expected to be the same as before, and is therefore 


a formula which gives us the “ loss of head.” If the sectional areas 
of the two parts of a pipe be A , a the discharge is 
Q = AV=itv, 

so that if m be the ratio of areas, 


i(J \ ml i(j 

The coefficient of resistance is therefore 


• (in - 1)' J or (1 - 1 /iii)‘, 

according as the velocity to which it is referred is that in the large 
pipe or that in the small one. 

Instead of the water moving from a small pipe into a large one, we 
may have the eonverso case of a suddenly contracted pipe as in 
Fig. lN.'l The loss here is due to precisely the same cause, namely 
% sudden enlargement, which is produced as follows. In the figure the 
stream of water moving with velocity u contracts on passing through 



id nearly as it would if the small part of the pipe were removed, as 
in Fig. 17.S, p. 474, until it reaohes a contracted section KK, and is 
then moving with a velocity v which is greater than « in the ratio 
of the area of the large pipe to the conhurM area KK. The loss of 
head in this part of the processes not large. After passing KK, 
however, an expansion takes place to the aroa of the small pipe, and 
this is accompanied by breaking up, the space between the contracted 
jet and the pipo being filled up with broken water. 

Ill Fig. 184 we have the extreme ease, in which the large pipe 
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is a vessel of any size. We thus obtain the case of a pipe with 
square-edged entrance which 
has already been referred to . v *>> 
in Art. 242. Another modi- 1 , 


FlR.184. 




• : W- ..1 

. 1 « 


fication is that of a diaphragm 
in a pipe, as in Fig. 185. The 
small pipe is here larger than 
the orifice through which 
the water enters, and in the 
figure we have simply a single 
pipe divided into parts ly a 
diaphragm with an orifice in 
the Centre. The stream of water, after passing the contracted section 
KK, expands to fill the pipe. In cocks when partially closed, a loss 
of head of^ the same kind occurs, which may be increased to any 
extent by closing the cock further. 

In all those cases the loss of head may be calculated approximately 
by means of the formula for a sudden enlargement, but the ratio of 
enlargement is not known exactly, on account of the uncertainty of the 

value of the co-etticient 
of contraction to be as¬ 
sumed. Losses of head 

_ 'i of this kind arc indeed 

always subject to varia¬ 
tion within certain 
limits from accidental 
causes; in general and on the average the quantity of water broken 
up will bear a certain proportion to the whole quantity passing, and 
in consequence we have the general law of hydraulic resistance stated 
on page 472, but the ratio may vary from time to time, and cannot bo 
stated with precise accuracy. The causes of this uncertainty will be 
clearly understood on considering somewhat more closely the manner 
in which the loss takes place. 

In Figs. 183, 185 two plane surfaces at right angles meet at a, 
forming an internal angle through which water is flowing. The 
particles of water there describe curves which are all convex towards 
«, and in conformity with the general principle explained in Art. 245, 
the prqjsure must increase and the velocity diminish on going towards 
a. The water then moves slowly and quietly round the anglo without 
disturbance. But when compelled by the general movement of the 
stream to move round an external angle such as kea in Fig. 182, the 
case is very different; the particles then describe curves which tire 
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concave round e; and consequently the pressure diminishes iu going 
towards e, while the velocity increases. To hold the particles of water 
in contact with the surface, an infinite pressure would be required in 
♦ho other parts of the fluid. The particles of water therefore leave 
the surface at r, and describe a path ra', regaining the surface farther 
on; ea' is then described as a “ surface of separation," as it separates 
the moving mass of water from a portion enclosed within it which 
is in a state of violent disturbance. Such are the surfaces shown in 
Figs, 182180. It is not, however, to be supposed that these surfaces 
are sharply defined, and that they permanently separate different 
masses of water. On the contrary, no such equilibrium is possible ; 
the surfaces are continually fluctuating, and a constant interchange 
takes place between the so-called “ dead ” water and the stream' In 
this intermingling eddies are produced nearly as in the comparatively 
simple case of two streams givon on page 490. The process is always 
essentially the same, and consists iu sudden changes of direction being 
communicated to parts of the stream which become detached from 
the rest. 

254. Ilf ink in n Pipe. Surface Frirliim. --In some other cases the 
process of breaking up by which energy is lost is less obvious, and 
the ratio is subject to greater variations. 

When a pipe has a bend in it, if the internal surface of the pipe 
were perfectly smooth and free from discontinuity of curvature, there 
would be no disturbance of the current of water, which would How as 
described iu Art. 248. These conditions, however, are not satisfied by 
actual bends in pipes, and there is always a loss of head due to them 
in addition to the loss by surface friction. This loss can only be 
determined by experiment, but it is easy to conjecture that the loss 
will be proportional to the angle through which the pipe is bent, 
and that it will be greater the quicker the bend, that is, the smaller 
the radius of the bend is as compared with the diameter of the pipe. 
The extreme case of a bend is a knee, but the loss is not in this case 
proportional to the angle of the knee, but follows a complex law. 
For details respecting bends and knees the reader is referred to the 
treatises cited at tho end of this chapter, but some common examples 
arc given in the tablo on page 490. 

In tho case of surface friction tlio loss of energy is'represente^ in the 
first instance by eddies formed at the surface and thrown off. In almost 
all practical cases of the motion of water in pipesnand channels, even 
when to all outward appearance quite undisturbed, the fluid is in fact 
in a state of eddy motion throughout, and dissipation of energy at 
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every point is going on much more rapidly tlmn would be the case 
if the motion were of the simple kind described in Art. 248. The 
quantity of water broken up, however, is not generally in a fixed 
proportion to the quantity passing, for reasons already partly indicated* 
in Art. 24!). In the first place, as in the case of a board moving 
edgewise through water, the friction per sq. ft. is proportional to the 
« U| power of the velocity, where n is an index which, in smooth 
surfaces, is somewhat less than 2. Secondly, the disturbance caused 
by the friction at a given velocity is less at some distance from the 
surface than in its immediate neighbourhood, and hence the central 
portion of the water in the pipe is less disturbed than the lioundaries, 
and that the less the gieater the size of the pipe. The loss of head 
therefore at a given velocity is less in large pipes than small ones. 
The various experiments on the discharge of pipes have been very 
thoroughly examined by Professor l ; nwin,* who has shown that they 
are represented very closely by a formula originally given in a slightly 
different form by Hagen, 


I 


where / and // are small fractions measuring the deviation from the 
simple formula already used, and /i is a coefficient. The values of 
/t, x , 1 / stated below are selected from a number of cases given by 
Professor Unwin in the paper already cited: the tallies of /* being 
for diameters in feet. 


Kind <»r I'ipks, 

u ! 


i 

J 

j Wrought Iron ((oik). 

0220 

... . ( 

•21 1 

i 

’Si 1 

| New ( 'a»t Iron, 

•02 r, 

108 

■or, 

(.’leaned Cast Iron, 

0212 | 

108 ! 

•o ' 

1 Incrunted Cant Iron. 

044 

•10 | 

0 ; 

\ 

The result for cleaned cast 

iron is equivalent to 

Lak in# 

in the simple 


formula 


if 


•o:io 

tf'l' 


(// in inches) 


a formula which may be used for any case of a clean surface not of the 
smoothest description. In the smoothest surfaces the value of /i is 
slightly smaller, and the velocity must also be considered; but as in the 
case of open channels a special study of the experiments on the subject 
is necessary to obtain fairly accurate results. In very rough surfaces 
the value of if may be doubled. The value ’03 employed in preceding 
articles, allows a ccstain margin for incrustation, except in pipes less 
than 2 or 3 inches in diameter. For Darcy's formula see Appendix. 

# Formulae for the Flow of Water in Pipt>:*. Reprinted from Induntrien, 188<i. 
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266 . Summation of Loxm of Heeul .—The total loss of energy due to 
a number of hydraulic resistances of various kinds is found by adding 
together the losses of head due to each cause taken separately. The 
• velocity of the water past each obstacle will not generally be the same 
for all, and it is then necessary to select some one velocity from which 
all the rest can be found by multiplication by a suitable factor for 
each obstacle. If n be this multiplier the loss-of head will be 

V- 

ig 

where V is the velocity selected for reference. The value of V is then 
found for motion under a given head H by the formula 

d + sw)g-ir. 

The various values of V already given are collected with some additions 
in the annexed table 


Co-efficients of Hydraulic Resistance. 

Natork or ObstaoIjK. 

Value of F. 

Rkmauks. 

Orifice in a Thin Plate. 

■06 


Square-edged Entrance of a 
Pipe. 



Sudden Enlargement of a 
Pipe in the ratio m : 1. 

(m l) 3 

Referred to Velocity through 
large part of Pipe. 

Rend at right angles in a 
Pipe. 

14 

Radius of Bend -3x1 fiameter 
of Pipe. 

Quick Rend at right 
angles, 

•3 

Radius of Bend = Diameter 
of Pipe. 

Common Cock purtially 
closed. 

••75, 5-5, 31 

Handle turned through 15 3 , 

1 30\ 45° from position when 
fully open. 

Surface Friction of n Pipe 
the length of which is n 
times the diameter. 

4/.n 

. 

For a clean Cast-iron Pipe d 
inches diameter. 

v _«?. 
f to 

Knee in a Pipe at right 
angles. 

Unity. 

i 

In Bends the coefficient is pro¬ 
portional to the angle of the 
Bend, but in Knees the law 
is much more complex. 
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Suction IV.— PitiNciri.K ok Momkntcm. 

256. Direct Impulse and Heuctiuii.- The generalized form of the 
second anti third laws of motion, described as the Principle of 
Momentum in Chapter XI. of this work, may he employed with 
great advantage when the motion of waiter in large masses is under 
consideration, because the total momentum of a fluid mass depends 
solely on the motion of the centre 
of gravity (p. 267), and not on the 
very intricate motions of the parts 
of the fluid amongst themselves. 

Further, the energy dnsipated by 
frictional resistances is accounted 
for by these internal motions, or 
by the mutual actions of the fluid 
particles, anfl the total momentum 
is therefore independent of these 
resistances, lienee it follows that 
results may be obtained which are 
true notwithstanding any frictional 
resistances, and in some cases the 
loss of energy by them may be determined u priuri. Also the 
pressures on fixed surfaces may be found which do no work, and to 
which therefore the principle of work does not directly apply. 

Fig. I .SC shows a jet of water striking perpendicularly a fixed plane 
of infinite extent, and exerting on it a pressure 1'. The magnitude of 
this pressure is found by considering that the plane exerts an eipial 
and opjHisite pressure on the water, which changes its velocity. The 
water originally moving with velocity r, spreads out laterally, and 
any motion which it possesses is parallel to the plane. In time l 
the impulse is I’l, and the change of momentum is Mrt, where M is 
the mass of watei* delivered per second. Equating these we have 



" where //' is the weight of water delivered per second. 

If the plane be smooth, and gravity be neglected, the motion of 
the water will be continuous; but if it be rough to any extent, so 
that-breaking-up occurs, the result vgll still be correct, provided only 
the roughness be symmetrical about the axis of the jet. And the 
action of gravity pantllel to the plane does not affect the question. 

In Fig. 1H7 we have the converse case of water issuing from a 
vessel with a lateral orifice. Here the water, which originally was 
C.M. « 
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at rest, issues with velocity r, and the momentum generated in time 

t is Mrt. To produce this momentum 
a corresponding impulse is required, 
which is derived from the resultant 
horizontal pressure /' of the sides of 
the vessel upon the water. We have 
us before 

Wv 

!1 ' 

A pressure equal and opposite to /' is 
exerted by the water on the vessel 
this is described as the “ reaction ” of the water; and if the vessel 
is to remain at rest, must be balanced by an external force supplied 
by the supports on which it rests. 


1 



1 


h 

:UiJ 

-^,4 : 


:: ^ 


P-Mc = 


A rcniArkahle connection exists between the change of pressure on Jut soles of the 
vessel consequent on the motion and the co-eHicionts of contraction ami resistance. 

First, suppose the water at rest, the orilice being closed, then the value of /' is zero, 
ami the pressure on the area of the orilice is w . A . /i, the notation being us in Art. 240. 
When the orifice is opened the pressure on that side is diminished, first, by the quantity 
!<’. .4 . h : secondly, by an unknown diminution S due to the motion of the water (p. 477) 
over the surface mar the orifice. Now 

/*=«+ w. A .tk-" A . iwAAh-h'), 

•I ' 

the notation still lieing as in the article cited Replacing A„ by kA we obtain 
S- wA j 2k(h-ti) - h j w.l/i^j 1 j. 

Since S is always positive the least value of k is 


If there be no frictional resistance k ~ T>, ami this is the smallest value k can have under 
nuy circumstances. For a small pipe projecting inwards as in Fig. 172, p. 473, these 
conditions are approximately realized, the water lieing at rest over the whole internal 
surface of the vessel. 


257. Oblique Action. Curreil 
obliquely on an indefinite place 
(Fig. 188), the water spreads 
out laterally as before, but the 
quantity varies according to the 
direction. In the absence of 
friction the volocity of individual 
particles is the same as that of 
tho jot in whatever direction the 
water passes. At tho same time 
the velocity of the whole mass ol 


Surfaces .—-When a jet impinges 



water parallel to the plane cannot 
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be altered by the action of the plane, and is therefore t'.cosd, whore 
8 is the angle the jet makes with the plane. It immediately follows 
that any small portion of water diverging from the centre of the jet 
at an angle </> with tho jet must be balanced by another portion 
diverging in the direction immediately opposite, and the quantities 
so diverging must be in the ratio 1 - cos </>: 1 + cos</>, being inversely 
as the changes of velocity parallel to tho plane. But if the circum¬ 
stances be such that breaking-up takes place, the motion of tho water 
parallel to the plane will be undetermined, and in general there will 
bo a tangential action on the plane of the nature of frict ion. 

The normal pressure on the plane is in all cases the same, being 
given by the formula 

' ir 

/’ - Me. sin 8 .r.sin#. 

<J 


Fiff.iaa 


If the surfiice on which the water impinges be curved it is necessary 
to know the average direction and magnitude of the velocity with 
which the water leaves the surface. In the absence of friction, as 
already noticed, the velocity of the individual 
particles is unaltered unless the water be enclosed 
in a pi|»e so that the pressure can be varied a 
case for subsequent consideration; the direction, 
however, will depend on the way in which the 
water is guided. In cases which occur in practice 
it will generally be found either that the whole of 0 
the water is guided in some one direction, or that it leaves the surface 
in all directions symmetrically. 

Taking the first case, suppose the original velocity (r) of the 
water to be represented by O.l (Fig. 1x9), and the final velocity to 
be diminished to V by friction, and altered in direction so as to be 
represented by OH. Then the change of velocity in the most general 
sense of the worij (p. 2Gb) is represented by A11. If this be denoted 
by r the change of momentum per second is 




!l 


The resultant pressure on the surface is parallel to AH and 
numerically equal to /'. 

In applications t8 machines tho curved surface is frequently a vane 
which is not fixed, but moves with a given velocity; tho pressure 
can then be found t>y a simple addition to the diagram. Through 
0 draw 00', representing the velocity («) of the moving surface in 
direction and magnitude, then O'A represents the velocity with which 
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the water strikes the surface. Considering the vane as fixed, the 
velocity is now estimated with which the water would leave it, and 
O K drawn to represent it: the change is now Ali instead of All 
* If the absolute velocity is required with which the water leaves the 
surface, it may be found simply by joining OB', which will completely 
represent it; the change of velocity being All', whether the velocities 
are absolute or relative to the moving siyface. 

The cup vane AC A (Fig. 190), against which a small jet of water 

impinges centrally, may be 
taken as an example where 
the water spreads in all 
directions symmetrically. 
If OA be tangent to the 
vane at A\ making an angle 
I) with the centre line of 
the jet, the water leaves 
the vane in the direction 
OA with unaltered velocity 
(neglecting friction). The 
resultant pressure }' is in the direction of the jet, and the velocity in 
that direction is altered from r to n cos 0 in the opposite direction, so 
that the change of velocity is /■(! + cos 0). Thus we have 

/' ^ ' (1 + cos 0). 

II 

258 . hijiatre mul Urartian of Water in a Cloteit Pwwnie- When the 
water is moving in a closed passage the resultant pressure to be 
considered in applying the principle is not merely that on the sides 
of the passage, but also that on the ideal surfaces which separate 
the mass of water we arc considering from the complete current. 
In the previous cases the pressure of the atmosphere on the free 
surface bounding the Huid was the same throughout, and was balanced 
by an equal pressure of the surface against which it impinges, which 
is not included in the preceding results. This is now no longer 
tho case. 

An important example is that of the sudden enlargement in a 
pipe already referred to in Art. 233. In Fig. 182, page 491, take 
ideal sections, KK, kk of this large and small portions of the pipe, 
and consider the whole mass of water between them. This mass is 
acted on ( 1 ) by the pressure (p) on the transverse section kk, (2) by 
the pressure (P) on the transverse section KK, and (3) by the pressure 
of the sides of the pipe. If we resolve in the direction of the length 


\v 



■/ 
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of the pipe, the only part of (3) which we need consider is the pressure 
(p) on the annular surface, -ir, M, the area of which is A-u, and 
the whole resultant pressure is therefore PA -pa- p‘(A -«.) in the 
direction opposite to the motion of the water. Now lot IF he tho 
weight of water delivered in one second, then in that space of time 
W [lasses from the small pipe, where its velocity is r, to the largo 
pipe, where it bits a velocity F, so that if we equate the resultant 
pressure to diminution of momentum, 


PA -]ki -p'(A - n) = H (r - /'= 
a formula which may he written 


.«•. / /’((• - F), 
;/ 


' . r,r !') + P l’i , 1 \ 

«’ «’ <t w V m)’ 

in heing as in Art. 253 the ratio of enlargement. Let now II bo the 
total head in’the large pij»e and h in the small one, then subtracting 
- V 2 )!-;i from both sides and re-arranging the terms 


h-11* 


O ’ r >;,/' r 

2;/ ic 



Comparing this result with that obtained in the article cited, it appears 
that the value of the loss of head there given is a necessary consequence 
of supposing />-=//, but cannot otherwise be correct. That the pressure 
in the broken water at nr , IA is nearly equal to the pressure in the 
small pipfe may be considered probable n /ninri, independently of the,, 
experimental verification which the formula has received. 


Section V.—Resistance ok ukkfj.y Immkkskd Bodies. 

259. KAIji ResLitanre .—The subject of the resistance of ships is 
outside the limits of this treatise, for the ship moves on the surface 
of water, exposed to the atmosphere, on which waves are produced j 
whereas in the branch of mechanics now under consideration, the 
water is supposed to movo within fixed boundaries. A certain part 
• of the subject, however, may properly be considered as belonging to 
Hydraulics. If a laxly lie deeply immersed in a fluid, that part of 
the fluid alone which is in its immediate neighbourhood will be 
affected by its motion, and the question is not essentially different 
from the cases already considered of*the movement of water in pipes 
and channels. 

Fig. 191 shows a parallelopiped aM moving through water in the 
direction of its length, the face nl being foremost. To an observer 
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whose eye travels along with the body the water will appear to 
move past the solid in a stream of indefinite extent. At some 
distance away the action of the solid is insensible, but it becomes in¬ 
creasingly great as the solid is approached, 
and is greatest for that part of the water 
which moves in immediate contact with 
it. At c and d eddies are formed in 
passing round the corners exactly as in 
the case at the same points in Figs. 183, 
184- the stream in fact is suddenly con¬ 
tracted in the same way as in passing 
from a large pipe to a small one, the 
diminution of area in this case being the 
transverse section of the solid. After 
this the water moves in actual contact 
with the solid until it reaches the corners 
uh, when it describes the curves ni>, hS, 
meeting in S (sec p. 494), after which it 
forms a continuous stream as before. The 
two curves enclose between them a mass of 
eddying water exactly similar to the eddies at « and A in Fig. 182— 
the stream, in fact, suddenly expands, just as in passing from a small 
pipe to u largo one. the increase of area being in this case the sectional 
urea of the solid. The eddies thus formed during the passage of 
the solid through the water absorb energy, which must bo supplied 
by means of an external force, which drags tho body through the 
water. This kind of resistance to the movement of a body through 
water is called Eddy Resistance, and may be almost entirely avoided 
by employing “fair"forms, that is by avoiding all discontinuity of 
curvature in the solid itself, and in the junction of its surface with 
the direction of motion. The way in which it is created by the 
action of the eddies will be discussed further on. 

A general formula for eddy resistance is derived thus. As already 
stated the water suffers no sensible disturbance at a certain distance 
from the solid. If thon we imagine a certain plane area A attached 
transversely to the solid, and moving with it, all the water affected 
by the solid will pass through this plane, and its quantity will be 
Q = Al '' 

where V is the velocity'. In similar solids this area must be pro¬ 
portioned to the sectional area S of the solid, so *hat we write A = <S, 
where r is a constant depending on the form. Of this water a certain 
fraction will be disturbed by eddies, and tho velocity of each particle 
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of water will be some fraction of the velocity of the solid. Herce 
it follows that the energy U generated per second in the production 
of eddies must be 

i r-< ; • ;i 

U-c'wQ. --ec'tcS. 

-y 

where c' is a co efficient. Now this amount of energy is generated by 
means of a force which drags the solid through the water, at the rate of 
V feet per second, notwithstanding an eiptal and opposite resistance II. 
Wc have then 


or dividing by /' and r-placing by a single constant /,, 

]l*ki,s r '. 

The coefficient k is to be determined by experiment for each form of 
solid. In the ease of the |>arullelopipcd shown in the figure, tin- 
value of /• depends little on the length, unless it be so short that 
the eddies at the corners nl coalesce with those in the rear of the 
solid, and it then becomes the same as that of a plate moved Hatwiso. 
Further it is nearly the same, if the transverse section be circular 
instead of square, and does not greatly differ from unity. For the 
Hat plate it is greater and may be taken as 1 ■'!■>. It must be remarked, 
however, that resistance of this kind is very irregular, and may vary 
considerably even in the course of the same experiment.. To reach a 
permanent regime it is necessary that the velocity should bo perfectly 
uniform through a run of considerable length, a condition most nearly 
attained in the experiments made by Beaufoy (p. 48f>), and recently 
by Mr. li, E. Fronde at the Admiralty works. Their results are I Id 
and IT respectively, but by some authorities much larger values are 
given. The same remarks apply to the ease of a sphere for which 
the value may.be taken as about 1. For a cylinder moving per¬ 
pendicular to its axis it is probably about 0. 

In all rases the value of I: is independent of the units employed. It 
is also to a great extent independent of the kind of fluid, being 
roughly approximately the same for example in air as in water; but 
this would not hold good for fluids of very different viscosity ; nor 
is it even approximately true for high speeds in air, because the 
comprSssibility of the air affects the question. The same remarks 
apply to the co efficient ( F) of hydraulic resistance employed above. 
It has been found that eo-effieients of surface friction are greater 
in salt water than in fresh in the ratio of the densities of these 
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fluids, as we might anticipate, since surface friction is a kind of 
eddy resistance. 

Let ns now consider more particularly the way in which the 
resistance is produced. 

' When a solid rests in any given position in a fluid the resultant 
horizontal pressure over the whole surface is zero, or in other words, 
if the solid bo divided by any vertical plane the resultant pressure on 
the rear half is equal and opposite to that on the front. When the 
solid is set in motion in a given direction, the current of fluid passing 
it is separated by it into parts, which may be regarded as distinct 
streams having a single point or a line of points on the front of the 
solid at which the division takes place. At" these dividing points the 
fluid is reduced to rest relatively to the solid, and (p. 177) the pressure 
there exceeds the hydrostatic pressure which would exist were the 
solid at rest by the quantity wV-l'hj. As each stream gliding over 
the surface moves away from the points of division its velocity in¬ 
creases, and consequently tho excess pressure diminishes, till at length 
at a certain distance it vanishes. Over a certain area, then, in front 
of the solid, the resultant horizontal pressure is in excess of that 
which would exist were the solid at rest. 

Now, in tho absence of eddies, the streams on uniting again behind 
the solid would be brought to rest at one or more points of union lying 
in corresponding positions on the hinder surface, and in consequence 
there would bo a corresponding excess pressure behind which would 
be found exactly to balance the excess in front, so that there would 
he no resistance to movement. Take, for example, a solid, tho front 
ami rear of which are exactly alike: if there wore no dissipation of 
energy of any kind, the motion of the fluid in front and rear would 
necessarily bo the same, for no alteration is conceivable merely by 
reversing the direction of movement. Tho difference between front 
and rear consists in the instability of the motion in tho rear, in con¬ 
sequence of which the streams do not fully unite on the surface of the 
solid, but leave a space between filled with eddies which lower the 
pressure there, reducing it in general below the hydrostatic pressure 
which would exist were the solid at rest. Any eddies which arc pro¬ 
duced at sharp corners like r, d (Fig. 191) lower the pressure in the 
streams, and the reduction is ultimately transmitted to the rear of the 
solid, and takes effect in the same way. There is a strictly analogous 
difference between the motion in a .pipe through a sudden contlaction 
(Fig. 18:1) and a sudden enlargement (Fig. 182). 

The co-oflicient k is frequently regarded as the sum of two parts m 
and n, of which the first represents the plus pressure in front, and the 
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second the minus pressure or suction in the roar; the terms plus and 
minus being used with reference to the hydrostatic pressure which 
would exist were the solid at rest. The eddies have little influence 
on the co efficient in, which, when the motion is perfectly steady ami 
uniform, is necessarily less than unity, and can in many cases be 
approximately calculated ; they chiefly afl'ect the co efficient ■«, which 
(on the same supposition) would otherwise be equal and opposite to 
m, but actually has a certain value only capable of being determined 
by experiment, or inferred from its value in some, similar case (Ex. 8, 
p. 510). It has a maximum possible value depending on the depth of 
immersion, for the minus pressure evidently can never be greater than 
the hydrostatic pressure due to the depth. 

• 

260. Ohliqur Muring I'lah'. .The case of a flat plate moving 

obliquely through a fluid may now be briefly mentioned, being of 
great technical importance. The plate, in the lirst instance, is sup¬ 
posed rectangular, of indefinite breadth, and immersed in an infinite 
fluid, through which it moves in a line perpendicular to its longer side. 

Turning to Fig. 188, p. t'JS, suppose the jet represented to be of 
indefinite breadth, perpendicular to the plain! of the paper, then the 
difference between this and the present case consists in the isolation 
of the jet and the infinite extent of the plane. These circurnstamM , 
however, make no difference in the character of the motion in fro lot 
of the plane; the current of fluid passing is still divided into two, 
as indicated in the figure, the points of division lying on a line per * 
pendicitlar to the plane of the paper, which is parallel to the longer 
axis of the rectangle. The streams are of different magnitudes, that 
which makes an acute angle (9) with the current being the smaller, 
for reasons given in the article cited, which apply also to the present 
case. Hence the line of division moves away from the centre when 9 
is diminished, and when 0 becomes very small approaches nearly to 
the edge of the rectangle. The line of division, however, always exists, 
and along it the excess pressure is lef ’^iy as already described. 

The total excess pressure’upon the front of the plane is, as before, 

. V. sin 9, 

g 

only in the present case we do not know directly the quantity of water 
which is acted on. If we write 

• JF= w. SV» 

S will be the unknown area of an ideal isolated jet, which would pro¬ 
duce the same effect and „ _ V- . . 

l‘=w .S. . sin 9, 

9 
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orjnula which may be written 

yii 

■ S " 1 ^ 

Vvhcrc A is the urea of the plate and p a co-efficient depending on the 
quantity of water acted upon. The value of the plus portion of the 
co-efficient of resistance is now p . sin 6. Behind the plane, eddies are 
formed, the effect of which is represented by the minus portion n of 
the co-efficient. The total co efficient k is now p . sin 6 + n. 

To determine k two methods may be adopted:—(1) By direct 
experiment on planes set at various angles in a stream, various 
formula; have been obtained, of which, perhaps, the best is that 
devised by Duchemin, and adopted by Poncclet in the second edition 
(1839) of the Mtamique, Induslridte, namely, 

. 2 . sin U , 

1 +sin-fl 

where is the value of k when the plate is at right angles to the 
stream. 

( 2 ) By methods of calculation which cannot be explained here, Lord 
Rayleigh has shown that the plus portion of the co efficient is 

2 tt . sin 0 

in -- --, 

■1 -Mr . sin 

it being pre-supposed that behind the plane there is an indefinite mass 
'of fluid at rest relatively to the plane, and separated from the moving 
current by fixed surfaces of separation. The actual value of i u may 
probably bo nearly the same as in the actual case where eddies are 
formed, but the minus part of the total eo efficient, which does not 
exist in the ideal case, must still be found by experiment. If 
0- 90’, m becomes ' 88 , and adopting l'2f> as the value of k, n is found 
to be '37. When t) is very small it will be seen that p becomes con¬ 
stant, being equal to ir/2 or 1 57, a conclusion which anight have been 
foreseen, for at small angles there appears no reason why the effective 
breadth of the current of wator acted on by the plate should vary. 
The suction at the back of the plate has the same general effect as the 
excess pressure in front, namely, of deflecting a current of water, the 
breadth of which is approximately constant for small values of 6. 
Thus, when 0 is small (not exceeding 10“ or 15”), the value of/- is 
it sin 6 where « is constant. Tin? value of a was taken by FPoude as 
1 -7 for thin flat plates, but there can be little doubt that it is much 
greater when the back of the plate is convex, so that the eddios 
extend over the whole area, instead of being localized at the back of 
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the leading edge. According to Duchomin’s formula, it will he seen 
that a = 2£ u , or about 2 , 5. 

It must be remembered that the resistance considered in the present 
article is the force normal to the plate. The resistance in the direction 
of motion is obtained by multiplication by sin 0, and to it must be 
added the component in the direction of motion of the tangential force 
on the plate. If the plate is very thin and perfectly flat on both 
sides, the tangential force is due to surface friction only being at 
small angles nearly the same as if it moved edgewise; but otherwise 
it will be much greater, and must be ascertained by experiment. The 
ratio which it bears to the normal force is much less variable, and 
may be taken as •(M).’i. The value given by Fronde is '0017. 

Frtuti what has been said it is clear that the line of action of the 
normal pressure on the plate does not pass through the centre; if 
therefore it be mounted on an axis parallel to the longer Hide the 
plate cannot be in ci|iiilibrium if this axis passes through the centre, 
but will always tend to place itself perpendicular to the direction of 
motion. This is also true for a square or circular plate, and so fur 
as is known the value of /.' in this ease is not very different. 

261. Pnvmire nf a Cnnriil iii/niiid nit Oli.ilmlr. -~\\']mx an obstacle is 
placed below the, surface of a stream a pressure is experienced by the 
obstacle which is due to the same causes as when a solid moves through 
still water, and, since the relative motion is the same in the two eases, 
should be given by the same formula , 

I' - l,~ n'S \ . 

In fact, however, the cases are often very different, because a uniform 
steady current is seldom to be, met with in nature. The motion of the 
water is often unsteady and almost always disturbed by eddies due to 
the neighbourhood of the boundaries or other solid bodies. Experience 
shows that the value of £ is generally considerably greater than in the 
ease of motion* through still water. For a flat plate fixed at right 
angles to a stream Dubuat found t to be I-86, and this estimate being 
confirmed by other experimentalists, lias been very generally accepted. 

The irregularity and uncertainty characteristic of experiments on 
fluid resistance, when the solids exposed to its action are of unfair 
form, is especially marked in the case of wind pressure for sufficiently 
obvioijs reasons. •This question, together with that of the resistance 
of the atmosphere to moving bodies, is outside the range of this 
work, but a short atatement of results will be found in the Appendix, 
in which a brief account is also given of the theory of the resistance 
and propulsion of ships. . 
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EXAMPLES. 

FlIWT .SHKItS (SKOTIONS r. AND III.). 

1. The Injection orifices of the jet coudenser of h marine engine are 5 feet below the 
surface of the sea, ami the vacuum is 27 inches of mercury : witli what velocity will the 
water enter the condenser, supposing three-fourths the head lost by frictional resistances? 
AIbo find the co-efficients of velocity and resistance and the effective area of the orifices to 
deliver JO0,000 gallons per hour. Am. Velocity=22*6' per second; Aroa=27 sq. inches. 

2. Water is discharged under a head of 25' through a short pipe 1" diameter with 
square-edged entrance ; find the discharge in gallons per minute. Aim. 66^. 

3. Water issues from an orifice the area of which is *Q1 sq. feet in a horizontal direc¬ 
tion and stiikes a point distant 4' horizontally and 3' vertically from the orificeR. The 
head is 2' and the discharge 25 gallons per min. ; find the co efficients of velocjty, re¬ 
sistance, contraction, and discharge. Ann. r--816, F- '5, k~ 72, <’--*5fi. 

4. The wetted surface of a vessel is 7,500 sq. feet, find her skin resistance at 
8 knots and the IJ.I\ required to propel her, taking the resistance to vary as K-with 
a co-efficient of‘004. Awn. Resistance -5,500 lbs., H.P. -135. 

5. The diameter of a screw propeller is 18', the pitch 1H\ and the revolutions fit per 
min. Neglecting slip find the 11.1*, lost by friction per square foot of blade at the tips, 
taking a co efficient *008 to include both faces of the blade. Ana. Friction -65 lbs. per 
square foot. H.P. —10'8. 

G. Two pipes of the same length are 3" and I" diameter respectively : compare the 
losses of head by skin friction (1) when they deliver the same quantity of water, (2) 
when the velocity is the same. Aim. Ratio- 4 21 and 1*33. 

7. Water is to he raised to a height of 20' bv a pipe 30' long 6" diameter: what is 
the greatest admissible velocity of the water if not more than 10 per cent, additional 
power is to ho required in consequence of the friction of the pipe? Aim. 8.V per sue. 
r 8. Two reservoirs are connected by a pipe 6" diameter and three-fourths of a mile 
long. For the first quarter mile the pipe slojieM at L in 50, for the second at t in 1(K), 
while in the third it is level. The head of water over the inlet is 20 feet ami that over 
the outlet 0 feet. Neglecting all loss except that duo to surface friction, find the dis¬ 
charge in gallons per min., assuming /=*0087. Ann. r.~3*43 f.s. Discharge=253 
gallons per min. 

0. A river is 1000' wide at the surface of the water, the sides slope at 45°, and the 
depth is 20'; find the discharge in cubic feet per sec. with a fall of 2' to the mile, 
assuming /— *0075. Aim. 154,000. i( 

10. A tank of 250 gallons capacity is 50' aliove the street. It is connected with the 
street main, the lioad in which is 52' by a service pipe,100' long : find the diameter of 
the pipe that the tank may be filled in 20 min. What must the head in the main lie to 
fill the tank in five min. with this service pijie? Aim. rf = l*6". ftead in main*=82'. 

11. Water is discharged from a vessel by a long pipe : show that the discharge is the 
same for all pipes of the same length and diameter with the discharging extremity in 
the same horizontal line. Draw the hydraulic gradient and examine the case of a syphon. 

12. In question 2 suppose the pipe instead of being short to be 25" loug, find the y 
discharge, assuming for surfaco friction /=’01. Ant. 52. 

13. A horizontal pipe is reduced in diameter from 3" to in the middle, the reduction 
being very gradual. The pressure hoad in the pipe iB 40\ what would be the greatest 
velocity with which the water could flow through it, all losses of head being negleoted? 
Am. 1*4' per sec. 
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14. A pipe 2" diameter is suddenly enlarged to T. If it discharge 10<> gallons per 
min., the water flowing from the small pipe into the large one, find the loss of total 
head and the gain of pressure head at the sudden enlargement. State the two \nines of 
the co-efficient of resistance. 

Aim. Iioas of head ~8J". F-~ 1 '.‘Hi or HI. 

• Gain of pressure - T *2". 

15. In the last question suppose the water to move in the reverse direction. Find 
the loss of head and the change of pressure consequent on the sudden contraction, 
assuming the co-efficient of contraction to he '♦>*>. 

.4 ms. Loss of head -'TV*. 

Diminution of pressure fvj". 

1G. A homontal pi|»e 30' long is suddenly enlarged from 2" to H" and then suddenly 
returns to its original diameter. Length of each section 10'. Draw the hydraulic 
gradient when the pipe is discharging 100 gallons per min. into the atmosphere, 
assuming as co-efficient of surface friction 4 / - '03. Kind the total loss of head. 
.4>ut. Total loss of head--10' 2V'. 

17. A pipe contains a diaphragm witli an orifice in it the area of which is one fifth 
the sectional area of the pipe. Find the co efficient of resistance of the diaphragm, 
assuming the #untrnction on passing through the oritree the same ns that orr efflux from 
a vessel through a small orifice in a thin plate. .I ns. F 40. 

18. Find the Iohh of head in inches due to a bond through 15 of radius 0" in a 
pipe 2" diameter, the velocity of the water being 12’ per sec. Ann. 2'. 

10. In question 1 suppose the ship moving at 10 knots and the orifice of entry so 
arranged as to cause no additional resistance : find the velocity of delivery. -4 ms- Addi 
tionaf head~4’42': velocity ~ 2;>' per see. 

20. Water is supplied by a scoop to a locomotive tender at a height of 7 above the 
trough. Assuming half the head lost by frictional resistance, what will he the velocity 
of delivery when the trairr is running at 40 miles per hour, and what will he the lowest 
sj*eed of train at which the operation is jmssible '! A nn. 3b' per sec. ; 1-4 mile* per hour. 

21. If m he the hydraulic mean depth of a channel of rectangular section, sides in 1l* 
ratio n : 1: show that the li.m.d. of a circular section of the same area is 



22. A pipe is suddenly enlarged to double its diameter (1) all at ouee, (2) by two 
stages ; compare the losses of head, tin- stages in (2) being arranged so that the loss may 
be the least possible. Atm. Ratio—,*. 
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EXAMPLES. 

Skconm Skktkh (Skctions II., IV., ani> V.). 

t. A stream of water delivering 500 gallons per min. at a velocity of 15 feet per sec, 
strikes an indefinite plant* (1) direct, (2) at an angle of flO*: find the pressure on the 
plane. Am. (1) 3<) 11»s.; (2) 11)A lb*. 

2. Employ the principle of momentum to prove the formula on page 478 for the 
resultant centrifugal force of one-half a rotating ring of fluid. 

3. A piano area moves |»erpendicularlv through water in which it is deeply immersed: 
find the resistance per mj. foot at a 8j>eed of 10 miles per hour. Deduce the pressure of 
a wind of 20 miles per hour using the same coefficient. .Ins. Resistance -200 lbs. 
Wind pressure 1'312 lbs. 

4. Compare the resistance of an area moving flutwise through the water with its 
resistance moving edgewise so far as due to surface friction, the co-efficient for which is 
'001. Am. Ratio-312. 

5. Water is being discharged from a tank with vertical! sides, by a sharp edged 
rectangular notch 8 inches wide, the lower edge of which is 4 inches lelow the level 
of still water. (-o efficient of discharge, '<>. Find the discharge in gallons ]»er minute*. 
Aiih. 154. 

Noth. - A notch is treated as an orifice the upper edge of which is at the still water 
level. Hence in the formula of page 181, A is to !h* taken ns 8 inches, I', zero, and Y> 
4 inches, Contraction and hydraulic resistance are then allowed for by multiplication 
by the co-etticient which varies to some extent according to the pro|K>rtions which the 
head and the breadth of the tank l»ear to the width of the notch. 

(?. Obtain a formula for the discharge from a triangular notch with sides inclined at 
an angle 0 to the vertical, the apex being downwards and at a depth A Inflow still water. 

8 "* > 

A m. Q - j .»■. s'2f/. tan H . Ai>. 

Notk. The co efficient of discharge r varies somewhat with the angle 0 lining about 
•(» when the angle is 45": but by the principle of similar motions (p. 482) will Ik: nearly 
independent of the head in a notch of moderate size, a considerable practical advantage. 

7. When a sphere moves in a straight line through a fluid the velocity with which the 
fluid glides over the surface, at a point the angular distance of which from the central 
line is 0, is 5 . sin 0. Assuming this, find the plus portion of the co efficient of resistance. 
An*. 1. 

8. In the last question assuming the motion in front the sane as before notwith¬ 
standing the formation of eddies at the rear: and further, assuming the suction to 
extend over the same area as the excess pressure with a co-etficient the same as for 
n flat plate, find k. Aw. k~ '38(>. 


REFERENCES. 

For further information on subjects connected with the present, chapter, the reader is 
referred to a‘ treatise on Hydraulics by Professor W. C. Unwin, }I.I.C.E., forming part 
of the article Hydro-Mechanics in tlm “ Encyclopaedia Britannica.” 
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262. Preliminary lien,mix .—Ilithorto the energy exerted by means 
of a head of water has been supposed to be wholly employed in over¬ 
coming frictional resistances, and in generating the velocity with which 
the water is delivered at some given point. We now proceed to 
consider the cases in which only a fraction of the head is roipiired for 
these purposes ; tho remainder then becomes a source of energy at the 
point of delivery by means of which useful work may be done. A 
machine for utilizing such a source is called an Hydraulic Motor. 

Hydraulic energy may exist in three forms, according as it is due 
to motion, elevation, or pressure. In the first two eases it is inherent, 
in the water itself, being a consequence of its motion or its position 
as in the case of any other heavy body. In the third it is due to 
the action of gravity or some other reversible force, sometimes on 
the water itself, but oftener on other bodies, as, for example, the load* 
on an accumulator ram. The water is then only a transmitter of 
energy and not directly the source of it. As, however, the energy 
transmitted is proportional to the weight of water delivered, just as 
in the two other eases, the water is, as before, described as possessing 
energy. The energy per urdt of weight is called “head,” as sufficiently 
explained in the preceding chapter, and the “total head ” is the sum of 
the “velocity head,” the “actual head,” and the “pressure head.” 

Hydraulic motors are classed according to the mode in which the 
water operates upon them, which may be either by weight, or by 
* pressure, or by impulse, including in the last term also “ reaction." 

Most hydraulic motors arc capable of being reversed, and then 
become machines for raising water, commonly described as Pumps. 

• 

Suction I.— Wkrjht ani* Pressure Machines. 

263. Weight Marlines. -To utilize a head of water, consisting of 
an actual elevation (A) above a datum level at which the water can 
be delivered and disposed of, a f machine may bo employed in which 
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the direct action of the weight of the water, while falling through 
the height h, is the principal motive force. 

The common overshot water-wheel (Fig; i, Plate III., p. 141) may 
4je taken as a type. Here the driving pair is a simple turning pair, 
and' the driving link is the force of gravity upon the falling water, 
which acts directly on buckets open to the atmosphere. If 0 be the 
delivery in gallons per minute, the energy exerted in foot-pounds 
per minute is 

A'=10 Oh. 

The head It is here measured from the level of still water in a 
reservoir which supplies the wheel. If a be the velocity of delivery 
to the wheel, the portion e-jitj is converted into energy of motion 
before reaching the buckets and operates by impulse. In a wheel 
of this clasB, therefore, the water does not operate wholly by weight. 
The speed of the wheel is limited to about 5 feet per second by the 
centrifugal force on the water, which, if too great, causes it to spill 
from the buckets. It will bo seen hereafter that the velocity of the 
water should be about double this, so that r is about 10 feet per 
second, and the part of the fall operating by impulse is therefore 
about 1 •!> feet. The remainder operates by gravitation, but a certain 
fraction is wasted by spilling from the buckets, and emptying them 
before reaching tho bottom of the fall. More than one half the 
head operating by impulse is always wasted (Art. ’.’TO), and this 
class of wheels is therefore only suitable for falls exceeding In feet. 
'The great diameter of wheel required for very high falls is incon¬ 
venient, but examples may be found of wheels (10 feet diameter and 
more. The efficiency of these wheels under favourable circumstances 
is ■?•">, and is generally about '(15. 

In “ breast wheels ” the buckets are replaced by vanes which move 
in a channel of masonry partially surrounding the wheel. The water 
is admitted by a moveable sluice through a grating of fixed blades 
in the upper part of the channel. The channel is thus filled with 
water, the weight of which rests on the vanes and furnishes the 
motive force on the wheel. There is a certain amount of leakage 
between the vanes and the sides of tho channel, but this loss is not 
so great as that by spilling from the buckets of the overshot wheel. 
The efficiency is found by experience to lie as much as '75. As the 
diameter of the wheel is greater than the fall a breast wheel can 
only Ire employed for moderate falls. 

In both those machines the water virtually forms part of the piece 
on which it acts. This link of the kinematic chain forms one element 
of the driving pair, while that attached to the earth forms the other. 
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In the overshot wheel the water i» contained in open buckets, in the 
breast wheel it is contained in a closed chamber or channel. A 
third class of weight machines is referred to farther on under the 
head of pumps. « 


284. Hydraulic Pressure Machines in Steady Motion .—A water wheel 
•of great diameter is a slow-moving cumbrous machine, and for heads 
of 100 feet and upwards it is therefore necessary to employ a pressure 
or an impulse machine. Such machines are also often more convenient 
for low falls. 

In pressure machines the driving link is compressed water, which 
is forced between the elements of the driving pair by some source ot 
the energy which supplies the necessary head. The head is sometimes 
an actual elevation either natural or artificial: in the docks at Great 
Grimsby the hydraulic machinery is operated from a tank placed on 
a tower 200 feet high, it is however difficult to get a considerable 
pressure in this way, and an apparatus called an Hydraulic Accumulator 
is therefore generally resorted to. Two forms occur, of which one 
is shown in Plate IX. In the first a plunger or ram is forced into 
a cylinder by heavy weights placed in a plate-iron cage suspended 
from it and stayed by iron rods. The accumulator is supplied by 
pumps generally worked by steam, which is the ultimate source of 
the energy, the accumulator merely serving the purpose of a store of 
energy which cun be drawn on at pleasure. For ordinary hydraulic 
machinery the pressure is limited to 750 lbs. per square inch from 
the difficulty of obtaining pipes of sufficient strength and of working 
slide valves under heavy pressures. In machines for riveting and 
other special purposes, however, pressures of 1,600 lbs. per square 
inch and upwards are employed. The accumulator then consists of 
a cylinder H (Fig. 1, Plate IX., p. 525), loaded with ring weights 
jEE, sliding on a fixed spindle divided into two lengths of which 
the upper portion is of smaller diameter than the lower. 

In either form the accumulator provides a store of compressed water 


which can be supplied by suitable 
* pipes to any number of machines, 
placed often at considerable dis¬ 
tances. A head of 1,700 feet is 
thus rgadily obtained, and for 
special purposes much more : differ- ^ 



pi*, tea. 



■X-- 


ences of level may* therefore be 

disregarded as of small importance, and the water considered! as 
operating wholly by pressure. 


c.M. 
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The driving pair of the machine form* a chamber of variable sire 
which 1* alternately enlarged by the pressure of the water, and con¬ 
tracted to expel it. In most cases it is a simple cylinder C and piston 
B (Fig. 192): the water is admitted by a port from a pipe L t 
transmitting it from the accumulator at pressure p. Let the piston 
move through a space x, let A be its area, then 
Energy exerted =*j)Ax*=p.X, 

where X is the volume swept through by the piston. If w be as usual 
the weight of a cubic foot, w. X is the weight of water which enters the 
cylinder as the piston moves through the distance x, and therefore 


Energy exerted per lb. of water = - = pressure-head in cylinder. 

This might have been anticipated from what was said in the last 
chapter as to the meaning of the term “head,” and in fact it is equally 
true if the driving pair be not a simple piston and cylinder, but of 
any other kind. 

The head in the cylinder is less than that in the accumulator, on 
account of the friction in the supply pipe and other frictional resist¬ 
ances, and it is on the action of these resistances that the working 
of the machine depends. Let V be the velocity of the piston in its 
cylinder, p 0 pressure in accumulator, F the co-efficient of hydraulic 
resistance referred to the velocity of the piston (Art. 255), then, neglecting 
differences of level, also the heights due to velocities of working and 
"ccumulator pistons, ' 

Py-P.p K ' 1 

w ' 2 y 


If the machine be moving steadily the pressure p will be equal to the 
useful resistance which the piston is overcoming, increased by the 
friction of the piston in its cylinder. Thus p and p 0 will be known 
quantities, a certain definite velocity F 0 will then be determined, 
which may be described as the “speed of steady motion ”: it is given 
by the equation 


Since the hydraulic resistances may be increased to any extent at 
pleasure by the turning of a cock, it follows that the speed of an 
hydraulic pressure machine can be regulated at pleasure. Further, 
if the resistance to the movement of the piston be diminished, the 
speed will increase only by a limited amount, and can, under no 
circumstances, be greater than is given by 
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which can be regulated as before. The surplus energy is here absorbed 
by the frictional resistances, and an hydraulic pressure machine there¬ 
fore possesses the very important, and for many purposes, valuable 
characteristic that it contains within it. broket which work automatically. 


265. Hydraulic Pressure Machines in Unsteady Motion.— Although 
the speed of a pressure engine cannot exceed a certain limit, which 
is easily found, yet it does not follow that the limit will ever be 
reached. When the engine starts, the piston and the water in the 
pipes have to be set in motion, the forco required to do this is so 
much subtracted from th.it available to overcome resistances. A con¬ 
siderable time therefore elapses before a condition approaching steady 
motion can be obtained. 

In Figs. 178, p. 486, water is supposed flowing through a pipe with 
a velocity «. Two pistons at a distance * enclose water between them, 
as in Art. 249, then the difference of pressure /), - /i 2 in the case of 
steady motion is simply balanced by the surface friction, but in un¬ 
steady motion is partially employed in accelerating the flow of the 
water. Neglecting friction the acceleration y' will lie given by the 

formula . , , ... g 

(Pi-Pi)ci = ty 

whore A is the sectional area of the pipe and IU is the weight of the 
water between the pistonB. Replacing IV by Ax. w, as in the preceding 
article l 

w " ij' 

which gives a simple formula for the change of pressure-head due to 
inertia. Now if nA be the area of the working piston, the velocity of 
the water in the pipe is n timeB the velocity of the piston, and the 
accelerations aro necessarily in the same ratio; and hence it follows 
that the difference of pressure-head between cylinder and accumulator 
due to an acceleration g of the piston is for a length of pipe l 


PUTl^nlX. 

to g 

, In addition to this the piston itself requires a certain pressure to 
accelerate it. Let q„ be the “pressure equivalent to that weight,” 
being the actual weight divided by the area, as in Art. 109, p. 224, then 
the pressure due tq inertia is 

hence, adding the lebgth (.<) of cylinder containing water 


h _£? + ? 


• (nl + s + ^f- = 

\ tp/g 
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where A is a certain length. This may be described as the “length 
of working cylinder equivalent to the inertia of the moving parts,” 
and may always be approximately calculated for any given engine. In 
eraneB and other hoisting machines the weight raised multiplied by the 
square of the velocity ratio between it and the ram must be included 
in the weight of the ram. The pressure in feet of water necessary 
to overcome inertia will then always be given by the simple formula 


Pressure-head due to inertia= 

9 


It will now be seen that the weight of water in the pipes and cylinders 
is so much added to the weight of the piston, that in the pipes being 
multiplied by the square of the ratio of areas of cylinder and pipe. A 
water-pressure engine is therefore a machine with very heavy moving 
parts, a circumstance which greatly limits its speed irrespectively of 
frictional resistances. The smaller the pipes the heavier the parts 
virtually are, and this must be considered as well as friction (p. 487) 
in fixing their diamctor. 

It will be advisable to consider a particular case more in detail. 
Suppose, as is sometimes the case in practice, that a water-pressure 
engine is employed to turn a crank, and let us suppose that the 
crank shaft rotates nearly uniformly as in Ch. IX., then the difference 
between the pressure in the accumulator and that transmitted to the 
crank pin may be represented graphically thus: 

Let Vbe the velocity of tho crank pin and let the stroke be 2a or A A 
fn the diagram (Fig. 193). Bet up 


and draw the sloping lino COC. Then, as in Art. 109, alroady cited, 
the ordinate of that line represents the pressure-head necessary to over¬ 
come the inertia of the piston and the water connected with it. Again, 
supposing, as usual, F to be the co-etficient of hydraulic resistance, set up 


OiT-rg-c.g, 


and on the oblique base COC draw the parabola CZC, then (comp. 
Arts. 20, 109) the ordinate of this parabola will represent the pressure 
necessary to overcome the hydraulic resistances at every point. If 
then the horizontal line DD be drawn at a height representing the 
pressure in the accumulator, the intercept betweeiV that line end the 
parabola will represent the pressure transmitted to the crank pin at 
each point of the stroke. The slope of CC and the height of the 
parabola increase rapidly with the speed, which must never be great 
enough to cause the parabola to touch DD, otherwise a violent shock 
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will occur. The lame effect will be produced by any falling off in the 
useful resistance: the angular acceleration of the crank shaft then raises 
the central part of the line 
CC and with it the line of 
frictional resistances. It 
should be observed that the 
curve of frictional resist¬ 
ances may also be taken 
to represent the kinetic 
energy of the piston, both 
these quantities being pro. 
portional to the square of 
the velocity of the piston, 
the curve of acceleration (Ch. IX.). 

The simple example here given will serve as an illustration of the 
great variations of pressure which occur in wator-pressure engines 
and their consequent liability to shocks. For which reason escape 
valves or air chambers must be provided to relieve the pressure when 
it becomes excessive. Unless the resistance be very uniform an 
additional accumulator is required as noar as possible to the machine. 

263. Examples of Hydraulic Pressure Machines. —Water-pressure 
engines form a large and interesting class of hydraulic motors, of 
which a few examples will now be given. 

(1) In direct-acting lifts a weight is raised by the direct action of 
fluid pressure on a mm the stroke of which is equal to the height 
lifted. The weight here rests on a cage or platform fixed to the upper 
end of the ram and sliding in guides. The water is frequently supplied 
from a tank at a moderate elevation, so that the pressure-head 
diminishes as the lift rises. This is a very convenient arrangement 
for the pur|>ose, as it supplies an additional pressure at the bottom 
of the stroke wfiere it is required to overcome inertia at starting, 
and a diminished pressure, at the top where the lift requires to be 
stopped. The useful resistance is here constant and the pressure bead 

• would be represented by the ordinates of a sloping line. A diagram 
of speed and acceleration may be constructed by a process similar 
to that given in the last article. 

( 2 ) 4 direct-acting lift necessarily occupies a great space, and the 
stroke of the working cylinder is therefore often multiplied by the 
use of blocks and taekle as shown in Fig. 2 , Plate IX. The cylinder 
may be placed in any gonvenient position, and the chain passes from 

»the blocks over fixed pulleys t^> the cage which is suspended from 


Ft*. 193. 



It is therefore the graphical integral of 
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it. The friction of the pulleys is here considerable, and there is a 
liability to breakage; but for convenience the arrangement is one 
which is frequently employed. 

• (3) In hydraulic cranes the working cylinder is sometimes placed 
below and sometimes occupies the crane post which is tubular. The 
stroke is multiplied by tackle as in the previous case, the chain passing 
through the crane post and over fixed pulleys to the extremity of 
the jib. An example is shown in Fig. 2, Plate IX., p. 525. 

(4) A water-pressure engine may be employed to turn a crank. 
Three working cylinders inclined at 120“ are frequently used as shown 
in Fig. 1, Plate X., p. 525. They are single acting and drive the same 
crank as in the small steam enginos of the same type employed where 
great speed is required. The water is admitted to the outer ends 
of the cylinders, so that the piston rods are always in compression. 

(5) The hydraulic mechanism applied to work heavy guns on board 
ship consists of a cylinder in which works a piston attached to a rod, 
the sectional area of which is one-half that of the cylinder. If water be 
admitted at both ends of the cylinder the piston moves outwards, but 
if to the inner end oidy, it moves inwards. The motive force in either 
case is the same, being due to the difference of areas. This apparatus 
serves also as a brake of the kind described in the next article. For 
details and illustrations the reader is referred to the Gunmri/ Mmnuil. 

267. Hydraulic Brakes .—It has been sufficiently explained that 
'hydraulic resistances absorb an amount of energy which varies as the 
square of the speed. An hydraulic machine therefore may be em¬ 
ployed as a brake, and it is in this way that large amounts of surplus 
energy are most easily disposed of. Moreover, by its use the speed 
of funy machine to which it is applied is readi(y controlled. 

An hydraulic brake is constructed by interposing a mass of fluid 
between the elements of a pair so that any motion of the pair causes 
a breaking-up of the fluid with a corresponding resistance. 

A common case is that of 
a sliding pair consisting of a 
piston and cylinder filled with 
a water or oil, which passes 
D from one side of the piston 
1 ■“ to the other whenever the 
piston moves. Two examples 
of this -.pparatus are shown 
in skeleton in Figs. 194«, 194/;. In the first (Fig. 194a), the piston 
rod DD projects through both cylinder covers, and communication is • 


Fig. 194a. 
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made between the two ends of the cylinder by a pipe LL pro¬ 
vided with a cock 0, which can he doted at pleasure. At D the rod 
is attached to the piston rod of a steam cylinder employed to obtain 
the very considerable force necessary to work the starting and reversing 
gear of large marine engines. The resistance of this brake is rero 
when the piston begins to move, but increases as the square of the 
speed, and thus effectually prevents it from moving too rapidly. The 
maximum speed is controlled by turning the cock. For a detailed 
description of this gear the reader is reforred to a treatise on the 
Marine Engine, by Mr. Sennett, 

In the second (Fig. 194/*) the water passes from one end of the cylin¬ 
der through orifices in 
the piston itself. This 
is the common “com- «. mmmm 

pressor” or Service Buf¬ 
fer.* The* piston rod 
in this case passes out at one end only of the working cylinder, and 
is attached to the gun, the recoil of which is to be checked. The 
theory of this apparatus is of some interest, and will now be briefly 
considered. 

Let n be the ratio of the area of the piston to the effective area of the 
orifices, then the loss of head consequent on the sudden enlargement 
"ill be yi 

w ' ' ig 

where V is the speed of piston and p v are the pressures on the 
two sides of the piston. Hence the pull 

V- 

S - uiA (n - \)- — 

*9 

on the piston rod is necessary to overcome the hydraulic resistance at 
(Jjjjjjjjjsed. The gun is gradually brought to rest by this resistance, 
aided »y the fraction of the slide. 

At the instant of firing, a certain amount of kinetic energy is 
i^ljjj^ed in the gun gi-cn by the formula 


Energy of Recoil ■ 


win 

■ 2) f (Art. 133, p. 268), 


where V„ is the maximum velocity of recoil. As the gun recoils its 
nsteaVy diminishgs, and if P (> be the friction of the slide the retarding 
force ‘Sill be - • m 

S+P^wA(n-\)-^+l\. 


Manual of Ginnery for Her Majestt/g Fleet, p. 68. 
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Tfce maximum value of 8 will be found by writing for V, and may¬ 
be denoted by 8 0 . 

To represent tbit graphically, in Fig. 195 draw a curve in which 
the ordinate KN at any point N represents the retarding force after 
the gun has recoiled through the space ON from the point 0, at 
which the action of the powder pressure ceases, and the gun has its 
m&ximum velocity V a . This curve will start from a point A such that 


OA = S„ + /V, 

and will reach the horizontal DE at a height above the base line 
at a point E, such that OL is the com¬ 
plete recoil. , The area OAEL of this 
curve represents the energy of recoil 
which has all been absorbed bf the 
frictional resistance of the slido and 
the hydraulic resistance of the com¬ 
pressor. Further, the area KNN'K' 
between two ordinates will represent 
the diminution of energy as the gun 
recoils through the space NN' between 
them, a circumstance which enables us 
to construct the curve, for if VV bo the velocities of the recoiling gun 
at NN' respectively, 



Area KNN’K' 


W(V*~ V'*) 
2 9 ' 


But if S, S' be the corresponding values of .S' 

V- - P' a 

KZ-S-S’--iiA(n-\f - ; 

-9 


and if the ordinates be taken near together the area in question will be 
nearly KN. NN'. We have therefore, by division, 


KZ_ m . wA(n-iy 

m ■ ■ r • 

Hat is, if a number of equidistant ordinates be drawn near together 
the ratio of consecutive ordinates is constant. The curve may be 
roughly traced from this property; it is identical with the curve 
already drawn in Art. 123, p. 262, except that it is a linear instead of 
a polar curve. 

The mean resistance to recoil is given by the equation 
(S+P„)lm Energy of Recoil, 

where l is the distance traversed. It would, of coupse, be advantageous 
to have a uniform resistance to recoil, because the maximum pressure 
in .the compressor would be diminished and less strain thrown on 
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tie gear. This is the object of the various modified \orms of the 
compressor, in which the orifices are not of constant area, but become 
smaller as the recoil proceeds. In order that the resistance may be 
constant we must have 

.s’= irJ (n - l) 1 ^* 

so that (» - l) V is constant. Further, since the retardation is uniform 
**-*•-&**' 

where * is the distance from the end of the recoil. It appears therefore 
that the orifices should vary in such a way that should be 

constant. Descriptions of two forms of compressor, with varying 
orifices, will be found in the Gunnery Manual. 

Instead of a sliding pair wo muy employ a turning [air. This is 
the common “fan" or “fly” brake used to control the speed and 
absorb the surplus energy of the striking movement of a clock, or 
in other similar cases. A friction dynamometer (p. 279) was designed 
by the late Mr. Froude for the purpose of measuring the [lower of 
large marine engines, in which the ordinary block or strap surrounding 
a sh?ft or drum is replaced by a casing in which a wheel works. 
Vanes attached to the wheel and the fixed casing thoroughly break 
up a stream of water passing through the casing. Any amount of 
energy may thus be absorbed without occasioning any considerable 
rise of temperature. Siemens’ combined brake and regulator has 
been mentioned already on page 278. 


208. Transmission of Energy by Hydraulic, Treasure .—Energy may be 
distributed from a central source, and transmitted to considerable 
, distances with economy by hydraulic pressure. The delivery in gallons 
per minute of a pipe d" diameter iB 

. G - 27 J*'.,,/» (Art. 250). 

Assume now that the pipe .supplies an hydraulic machine at a distance 
of I feet from an accumulator in which h is the head. Further, suppose 
• that » per cent, is lost by friction of the pipe, then the power trans¬ 
mitted in foot-lbs. per minute is 


. 10 Gh-mhyl^.d*, 

. and the distaned to which N horse power can be transmitted with a lose 
of "n per cent, is in fcet 

_ k'&u (nearly). 

* 1,500,000V* ' ” 
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With the usila! pressure in accumulators of 750 lbs. per square inch, or 
1700 feet of water, this gives the simple approximate formula 

l = 3300S'. 

N 1 

• 

Thus, for example, 100 horse-power may be transmitted by a 5' pipe to 
a distance of 4 miles, or 10 horse-power by a 1" pipe to a distance of 
220 yards, with a loss by friction not exceeding 20 per cent. The 
diameter of pipe is limited by considerations of strength and cost. 

The power of a motor supplied by a given pipe does not increase 
indefinitely as its speed increases, but is greatest when one-third of the 
head is lost by friction.* The maximum possible power is therefore 
given by the formula 

H.P. = 120 (approximately). 

This is of course two-thirds tho value of N in the preceding formula. 

269. Pumps .—If the direction of motion of an hydraulic motor be 
reversed by the action of sufficient external force applied to drive it, 
while, at the same time, tho direction of the issuing water is reversed 
so us to supply tho machine at the point from which it originally 
proceeded, we obtain a machine which raises water instead of utilizing 
a bead of water. Every hydraulic machine therefore may be employed 
to raise water as well as to do work, and most of them actually occur 
in this form; they are then called Pumps, though in some cases 
this name would not be UBed in practice. Much of what has been 
said about motors applies equally well to pumps: the principal 
difference lies in the fact that the useful resistance which the pump 
overcomes is always reversible, whereas in the motor this is not 
necessarily the case. The principles of action and the classification 
of hydraulic machines are, in the main, tho same in both cases. Some 
points omitted while considering motors as being of most importance 
in pumps, and certain difforenc.es of action between the two will now 
bo briefly noticed. Certain machines occurring principally as pumps 
will be mentioned. 

(1) If the direction of motion of an overshot wheel be reversed a 
machine is obtained which is known as a “ Chinese Wheel.” It picks 
up water in its buckets and raises it to a height somewhat less than 
the diameter of tho wheel. This machine is little used, but a reversed 
breast wheel is frequently employed in drainage operations, under 
the name of a “ scoop,” or “ flash ” wheel. The working pair is here 

•Thii result was pointed out to the writer by Mr. (now Prof.) Heareon. It *pp«ars 
to be little known. 
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« turning pair, but in the chain pump we find an example in which 
one of its elements is a chain passing over pulleys. The chain is 
endless and is provided with flat plates fitting into a vertical pipe, 
the lower end of which is below the surface of the water, aiyl 
through which the water is raised. In the common dredging machine 
the closed channel (p. 512) is replaced by buckets. In a third class 
of weight machines the water occupies the moveable chamber and forms 
with it a kinematic pair with only one solid element, while it forms 
with the link attached to the earth, a working jiair which has also 
but one solid element. The Archiinedian screw, and certain varieties 
of “ scoop " wheel, in which the water enters the scoop at the circum¬ 
ference of the wheel and is delivered at the centre, are examples of 
this hind. 

(2) The most common forms of pumps aro the “ lift ” or “ force" 
pumps, which consist of a chamber which expands to admit the water 
to be lifted’ and contracts in the act of lifting; they aro therefore 
pressure machines like those considered in Arts. 264 5, but reversed. 
The name “pump” originally applied to these machines alone. 

Fig. lt'6 shows a common lift pump. A is a cylinder at a certain 
height .'i, above the water to be raised, <’ is a piston working in the 
cylinder by the action of which the water is lifted. The piston has 
orifices in it which permit the water to pass through. jn r igg. 
The orifices are closed by a valve, as is also the nooning 
at the bottom of the cylinder. These valves are simple 
“flaps'’ which open on hinges to permit the water to 
pass upwards, but close the passage to motion in the 
opposite direction, thus acting as a ratchet (p. 156). 

Assuming the piston at the bottom of its stroke, at rest 
close to the bottom of the cylinder, let it be supposed 
to rise; the valve 6 will rise and allow air to pass 
if any. After several strokes the air will be nearly 
exhausted, and If /t, be not too great the empty sjiace 
will be filled with water raised from the tank by 
atmospheric pressure. Thus the water will pass into 
the cylinder closely following the piston. At the top 
of the stroke the piston commences to descend, b closes 
and « opens, allowing the water to pass above the 
piston. This water is now raised by the piston to any 
required height. In force pump* the process is the 
same, but the wate*passes out through an orifice in the bottom of the 
cylinder instead of through the piston; the raising of the water above 
the level of the cylinder is done in the down stroke instead of tbe»up. 
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strokes: in ttus example the slip was 12 per cent. The efficiency 
of the pnmps and mechanism of the engine was found to be 66 per 
cent, by careful experiments.* 

In raising water from great depths in mines, force pumps at tbo 
bottom of the mine are used, worked by heavy “ spear ” rods from 
a beam engine at the surface. The weight of the rod supplies the 
motive force during the downward stroke of the pump; while the 
engine, which is single-acting, raises the rials again during the down¬ 
ward stroke of the steam piston. 


DESCRIPTION OK PLATES IX. AND X. 

Ill order further to llluetrato the Lotion of water-prc**uro machine* Piste* IX. and X. 
have beSn drawn. 

fig. 1, Plato IX., show* tho differential accumulator described on page J1.T. 

In Fig. 2 is represented an hydraulic crane, designed by Sir W. Armstrong, for lifting 
weights of 2 to j tons. In it the hydraulic )kiwci it applied to rotate the crane a* well 

as to lift the weight. . 

In order to effect the lift the high-pressure water from the accumulator ts admitted 
to the cylinder A, ami forces out the plunger «. There arc two pulleys at a and 
two at I). One end of the chain is secured to the cylinder d, it is led round 6, 
then round «, again "round ft. then under the second pulley at <r up through the 
holloa crane post on to the weight as shown. The effect of this arrangement is that 
any movement of the plunger h is at the hook multiplied four times. 

If D is simply a plunger working in a stuffing Imx, then the c»|iei"lit!ire of energy s 
always the same whatever weight is being lifted, and the amount must be equal to that 
which correaiamda to lifting the maximum |s>,»iblc weight. 

This i« bii objection which is common to all such machines. The surplus energy is 
expended in overcoming frictional resistances (p. .111). To mitigate this evil, in crant. 
of high jaiwer the plunger has a piston end, which fits a bored cylinder, and * 
provided with a cup leather, as shown in Fig 3. The sectional are. of the plunger 
ia about one-half that of the cylinder If a light weight is to be lifted, water I* 
admitted to both sides of the piston, and the difference of the pressures equal to what 
would he exerted on a simple plunger, is available for effecting the lift. It hen I is 
required to lift a heavy weight water is admitted to the side r only of the piston, 
the annular space D being put in communication with the atmosphere. Urn. the full 
preieure due to the area of ike ,niton is exerted with the corresponding expemhture 

For the purpose of rotating the crane a |»iir of cylinders, E, are provided, of which 
one oulv is shown in the figure. .The thrusting out of the plunger V of one of them 
by the procure of the water causes the other to I* drawn in by meant of a chain which 
_ pftMei around a reoewed pulley aecured to tho crane 

In Plate X., Figa. 1 and 2 show the construction of Downtow’a Pump, so much used 
on board .hip. In the luvrre) work Hires bucket, with flap valves, a. shown in Fig. i. 
Tho rods to which the upper and second buckets arc attached are necessarily- out of 
centre. The rode to tho lower buckets ptaa throu ( h deep stuffing boge, in the bucket, 
above, aifd thu* the, bucket* are maintained, from centing *erioo*ly. The movement 
*of the bucket* i* .ffeotod by a three-throw crank, the crank pins, which are not round, 
bei7g act at 120* apart. *Thew pure «t and work In a curved slot in the bucket tod 
head*. Assuming the admiyeion of no air hut water only from below, the dlecharge 

• Mmutci of Proceeding! of Ok 'mtitulion of CM Engineer!, vol. l»vi. 
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of the pump ’*711 at each instant equal the dfl 
bucket. Aco dTHfiW i the rate of discharge mif 
If the slot in the rod head were straight an<y 
uniformly, in direction shown, the velocity i 
radii from 0 t:- the dotted curve BAB A BA, 
the position o' the radiua being that of eithe] 
curved alot ia \o diminish the maximum and 
by the full ouan IfA'B'A'B'A'. 

Figa. 4 and i of this Plate are sections of thij 
employed to ffiinr* a capstan. It need only 
valve V sufficm: for admission and exhaust ( 
water is supplffift by the pi|>o /* to the jjassa^J 
from the cylirflig*. through the central passage] 


lament of the fastest upward moving 
1 represented by a curve, as in Fig. 3. 
i pin round, then, the crank moving 
Recharge would be represented by the 
i is made up of parte of three circles, 
| the three cranks. The effect of tho 
jisc the minimum discharge, as shown 

Jraulic engine referred to on page 518, 
further added that a single rotating 
, three cylinders. The high-pressure 
jsurrounding the valve and exhausted 


; is sometimes assumed that 12 cubic 
.11: what efficiency does this suppose 

t nd 21 fee.t stroke; find the store of 
>f its stroke, and is loaded til! the 


KXAMr3 

1. In estimfii'm- the |>ow«*r of a fall of wa< 
feet per second will give 1 H.P. for each foot| 
in the motor? An*. 72. 

2. An aceufifllnw ram is 9 inches diametj 
energy in fooWbs. when the ram is at the 
pressure is 75fl lhs. per square inch. A ns. 1,O^K#0 foot-lhs, 

3. In a diff(573TT7fl accumulator the diamote^B the spindle are 7 inches and 5 inches; 
the stroko is ill feet: find the store of energ^^en full, and loaded to 2,000 lbs. per 
square inch. A ns. 377,000 foot-lbs. 

4 . A direetfTIiiiT; lift has a ram 9 inches Jffffifl tcr. and works under a constant head 
of 73 feot, of which 13 ]>er cont. in required by * ni friction and friction of mechanism. 
The supply yjpe is 100 feet long and 4 inches dfTTJIefcer. Find the. speed of steady motion 
when raising i load of 1,350 lhs., and also the Rffll it would raise at double that speed. 


Ans. Speed—2 feet per econd. 
t Ijoad = 150 lbs. 

■ 5. In the Hsfc question, if a valve in the supply pipe is partially closed so as to increase 

the vrauilfWTt of resistance by f>^, what would speed be ? Ans. 1*0 f.s. 

0. Eight 4’jrt. of ore is to be raised from a till lie at the rate of 900 feet |K*r minute 
by a water pressure engine, which has four alT^e-acting cylinders, 6 inches diameter, 
18 inches lTIoka, making 00 revolutions per Minute. Find the diameter of a supply 
pipe ‘-*30 ffHt long, for a head of 230 feet, oot including friction of mechanism. 
Ana. l^HTO??r=4 inches. 


7. Wator ft flowing through a pipe 20 feet with a velocity of 10 feet per second. 

If the flow *e stopped in one-tenth of a TWO III, find the intensity of the pressure 
produced, ’.Turning the retardation during uniform. Ans . 62 feet of water. 

8. If X be the length equivalent to the inorfa of a water-pressure engine, F the 
co efficient of hydraulic resistance, both W.PTT?!I to the ram, r 0 the speed of steady 9 
motion; iTOI the velocity of ram, after moving rom rest through a space x against a 
constant inoiul resistance. Also find the time >:*upied. 

a ,». ^=v(i«=*,*»«. 

9. An TTilraulic motor is driven from an iwnmulator, the pressure in which is 7Ws 

lbs. per :»i>nre inch, by means of a supply pipe ’00 feet long 4 inches diameter; ♦Wt 
would be maximum power theoretically linkable, and what would he the velocity 
in the pipe \t that power? Find the efficiency of tranamisaion at half 

power. ,m H.P. =240; v=22; efficiencyssIK 5 learly. 
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10. A gun nooils with a maximum velocity of 10 feet per »eoond. The area of the 
orifioM in the compressor, after allowing -for contraction, may be taken as oue-twentieth 
the area of the piston : find the maximum pressure in the compressor in feet of liquid. 

Am. 560 to 594. 

11. In the last question assume weight of gun 12 tons; friction of slide 3 tons*, 
diameter of compressor t> inches ; fluid in compressor water; find the recoil. 

Ant. 4 feet 2$ inches. 

12. In the last question find the mean resistance to recoil. Compare the maximum 
and mean resistances each exclusive of friction of slide. 

Ant. Total mean resistance-^4’4 tons. Ratio-2 2. 


Section II.—Impui.se and Reaction Machines. 

270. Impulse und Urn-turn Machines in Clem ral. —'The source of 
energy may be a current of water or the head may he too small to 
obtain 'any considerable pressure, and it is then necessary to have 
some means of utilizing the energy of water in its kinetic form. A 
machine for this purpose operates by changing the motion of the 
water and utilizing the force to which the change gives rise. If the 
water strikes a moving piece and is reduced to rest relatively to it, 
the machine works by “impulse,” and if it lie discharged from a 
moving piece, by “reaction.” There is no difference in principle 
between these modes of working, and both may occur in the same 
machine. In either case, the motive force arises from the mutuul 
action between the water and the piece which changes their relative 
motion. Machines of this class are also employed for high falls when 
the low speed of pressure machines renders their use inconvenient or 
impossible. The water is then allowed to attain a velocity equivalents 
to a considerable portion of the hear) immediately before entering the 
machine, so that its energy is, in the first instance, wholly or partially 
converted into the kinetic form. 

The simplest machine of this kind is the common undershot wheel, 
consisting of a wheel (Fig. 197) pro¬ 
vided with vanes against which the 
water impinges directly. Let the 
velocity of periphery of the wheel 
be V, then the wator after striking 
• the vanes is carried along with them 
at this velocity. If, then, the original 
velocity of the water lie v, the diminu¬ 
tion of # velocity du% to the actioa of 
.the vanes will be i. - V. Let W bfe —" — 

thtf weight of watew acted on per second, then the impulse on the 
wheel muBt be , u?(v - V) 


Elg. 107. 
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but if A be (he sectional area of the stream, 

IV =Avw, 

this being the weight of water per second which comes in contact with 
£11 the vanes taken together, 

F= W Av(v-V). 

9 

Tbo power of the wheel is PV foot-lbs: per second, and the energy of 
thp stream is ItV/2 g, therefore 


Efficiency = 


1V(v - V) 

v 2 


This is greatest when and its value is then -5, showing that 

the wheel works to best advantage when the speed of periphery is 
one-half that of the stream, but that the efficiency is low, never , 
exceeding ’f>. 

Such wheels may be seen working a mill floating in -a large river, 
or in other similar circumstances, but they are cumbrous and, allowing 
for various losses not included in the preceding investigation, their 
efficiency is not more than 30 per cent. In the early days of hydraulic 
machines, they were often used for the sake of simplicity or, as in the 
example shown in the figure, from a want of comprehension of their ' 
principle.* In mountain countries, where unlimited power is available, 
they are still found. The water is then conducted by an artificial 
channel to the wheel, which sometimes revolves in a horizontal plane. 
When of small diameter their efficiency is still further diminished. 

In overshot wheels and other machines operating chiefly by weight 
tho head corresponding to the velocity of delivery is partly utilized by 
impulse, and the speed of the wheel is determined by this considera¬ 
tion. In a^l cases of direct impulse, if h is that part of the head 
operating by impulse, the speed of maximum efficiency is 

or in practice somewhat less, and at that speed at least half that head 
is wasted. The great waste of energy in this process is due partly to 
the velocity V with which the water moves onward with the wheel, 
and partly to broaking-up during impulse. It is in fact easy to 
8oe that one-fourth the head is wasted by each of these causes. To 
avoid it, tho water must be received by the moving piece against 
which it impinges without any sudden change of “direction, and must 
be discharged at the lowest possible velocity, effects which may be 
produced by a suitably-shaped vane ourved so to deflect the water 

•So* F»irb»irn’« MUlvnrk and Matkintrv, from which- this Bgurc i« taken, vol i., 
D. 149. 



MACHINES. 


529 


CH. IX. AST. 270.} • 

gradually and guide it in a proper direction. The principle on which 
such a vane is designed may bo explained by the annexed diagram. 

In Fig. 198 All is a vane moving with velocity Fin a given direction, 
against which a jet strikes. Drawing a diagram of velocities, lot On 
represent v, the velocity of the jet, and let 00' represent V. Then 
as before (p. 199) O'a represents the velocity of the jet relatively to 
the vane, and, in order that the water may impinge without shock, 
the tangent to the vane at A must 
1« parallel to O'a. The vane is 
now curved so as gradually to 
deflect the water, in doing which 
there is a mutual action between 
the jdt and the vane furnishing 
tho motive force which drives the 
wheel. If the water leave the vane 
at 1.1, its velocity relatively to the vane is represented hy Oh drawn 
parallel to the vane at 11, and somewhat less than On in magnitude, 
to allow for friction, unless the water be enclosed in a passage, when 
it will bear some given proportion to 0'<i. The absolute velocity with 
whiclj the water moves at 11 is now represented by CM, and this may 
be arranged to deliver the water in a convenient direction with a 
velocity just sufficient to clear the wheel and no more. 

Two examples of the use of such vanes may now be mentioned. 

(1) In the I'ultun wheel recently introduced in America, the buckets 
of an ordinary vertical water wheel, receiving a jet of water tangent 
tially under a considerable head, are divided in the middle, ami each 
half curved so as to form a cup or pocket facing tho jet. The inner 
edges of the two halves are now united so as to form a dividing edge, 
uj>on which the jet impinges centrally and by which it is separated 
into tw'o parts, each diverging laterally and then turning through an 
angle of nearly 180’. The double pocket with its dividing edge is 
not essential, a simple cup vane (Fig. 190, p. 000) would suffice ; but 
it probably renders the jet less liable to breaking up from unsteadiness 
or in consequence of the angular motion of tho bucket. A wheel of 

» this kind at the Comstock mines, Nevada, U.S., works under a head 
of 2,100 feet with a velocity oflperiphcry of 180 f.s.* Their efficiency 
is very considerable, in many cases exceeding 80 per cent, 

(2) Of much older date are the vanes applied to ^vertical water 
# wheels by Ponetdef in order to ufilise as far as possible a head of 

mdtterate amount. The water in this case impinging below the wheel 
at A, ascends to B, jnd then while the vane is moving onwards 

• The Practical Engineer, June 17, 18&2. 

C.M. 2 L • 
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descends again to A under the action of gravity. The velocity of 
the water relatively to the wheel is thui reversed: Ob being approxi¬ 
mately equal and opposite to C/a. 

* In all impulse and reaction machines there is a speed of maximum 
efficiency which, as in the simple case first considered, is given by the 
formula , 

V=kJlCjlZ 

where k is a fraction depending on the type of machine. 

271. Antjular Impulu anil Moment: m.—The most important of 
these machines are those in which the (change of motion produced in 
the water is a motion‘of rotation, and it is need- 

ra»...., v fill to consider that form of the principle of 

/■' i momentum which is applicable to such cases. 

/ *'T'*p l 11 199, /l' is a weight describing a circle 

j i \ round 0 with velocity V ; then the product of its 

I o ! momentum by the radius r is called the “moment 

\ / of momentum” of the weight about 0. If 0 

represent an axis to which If' is attached rigidly, 

." we may imagine it turning under the action of 

a force /' at a radius It. The moment of I J multiplied by the time 
during which it acts is called the “moment of impulse.” 

During tho action of /' the weights, will move quicker and quicker 
and the motion is governed by the principle expressed by the. equation 
Moment of Impulso - Change ilf Moment of Momentum. 


If L bo tho moment of then takii^g the time as one second, 

L •> Change of Moment <>f Momentum per second. 

This equatiob is true, not otily for a single weight and a single 
force, but also for any number' of weights and any number of forces. 
As in other forms of the principle of momentum it is also true, not¬ 
withstanding any mutual actions or any relative movements of the 
weights or particles considered. Further,, any radial motions which 
the particles possess may lie left out of account, for they do not 
influence tho moment of momentum. A particular case is when L•*■-(), 
then the moment of monventum remains constant, a principle known 
as the Conservation of Moment of Momentum. The terms “moment 
of momentum” and “moment of-impulse” are‘often replaced by 
11 angular momentum,” " angular impulse." 

A weight rotating aboujt an axis is capable of exerting energy in Wo 
ways. First, it may movo away from the axis .of rotation, overcoming 
by its centrifugal force a radial resistance which it -‘ust overbalances. 
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Secondly, it may overcome a resistance to rotation in the shaft 'to 
which it is attached.. In either case the work done will be represented 
by a diminution in the kinetic energy of the weight 

If the shaft be free, the diminution of kinetic energy must bo equal 
to the work done by the centrifugal force, and it may bo proved in this 
way, that if V be the volocity of rotation of the weight, r the radius, 
Vr =Constant, 

an equation equivalent to the conservation of t he moment of momentum. 

Conversely, energy may be applied to a rotating woight either by 
moving it inwards against its contrifugal forco, or by a couple applied 
to the axis of rotation. 

In turbines both modes of action occur togethor as wo shall see 
presently ; and the employment of the principle of momentum, though 
not nocessary, is on tho whole the most convenient way of dealing 
with the question. 


272. Hmrlimi Wheels.— Kig. 200 shows a reaction whoel in its 
simplest form. CAC is a horizontal tube communicating with a 
vortical tubular lytis to which it is fixed, and with which it rotates. 
VVatfjr descends through tho vertical tube, and issues through orifices 
at the extremities of tho horizontal tube so placed that the direction 
of motion of the water is tangential to the circle described by the 
orifices. The efflux is in opposite directions Ftg. aoo, 

from th$ two orifices, and a reaction is pro¬ 
duced in each arm which furnishes a motive 
force. There are two me thesis of investigating 
the action of this machine which arc both 
instructive. Frictional resistances arc, in the 
first instance, neglected. 

(1) Let the orifices bo closed, and let the 
machine revolve so that the speed of the > 
orifices in their* circular path of radius r is V. Centrifugal action 
produces a pressure in excess of the head h existing whon the arms 
are at rest, the magnitude of the excess in feet of water being 
This is so much addition to tho head, which now becomes 

if =■* + £' 

This quantity H day also be considered as the head “ relative to the 
, moving orifices * estimated as on p. VH. 

When the orifices are opened, the water issues with velocit 
-given by , 

, F' + 2yA; 
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tb*us the water issues with a velocity greater than V, and after leaving 
the machine has the velocity v - V relatively to the earth. The energy 
exerted per lb. of water is It, and this is partly employed in generating 
the kinotic energy corresponding to this velocity. The remainder docs 
useful work by turning the wheel against some useful resistance, so 
that wo have per lb. of water 

Useful Work ■= I, - = V{r ~ V) , 

'Ml 9 

and, dividing by h, 

. /'(<•- V) 2V 

Ethciency - # ' %+r 

(2) A second method is to employ the principle of the equality of 
angular impulse and angular momentum already given in Art. 271. 
Originally the water descends the vortical tube without possessing any 
rotatory motion, but after leaving tho machine it has the velocity v - V 
its angular momentum is therefore for each lb. of water, , 

Angular Momentum ^Kr. 

° a 


Now according to the principle the angular momentum generated 
por second is also the angular reaction on the wheel which, when 
multiplied by V/r, the angular velocity of the wheel, gives uI tho 
useful work done per second. Performing this operation, and dividing 
by tho weight of water usod por second, we get per lb. of water 

Useful Work - '' (r " V) . 

(I 

, t’his is tho result already obtained, and the solution may now be 
completed by adding the kinetic energy on exit. 

From tho result it appeals that the proportion which the waste work 
bears to the useful work is r -V: 21', which diminishes indefinitely 
as v approaches but in this case the velocities become very great, 
since r 2 - V- is always equal to 2 gh. Tho frictional resistances then 
become very groat, so that in the actual machine there is always a 
speed of maximum efficiency which may be investigated as follows: 

Let F bo tho coefficient of hydraulic resistances referred to the 
orifices, then 

(1 + F)|" = // = /*+L-'. 

2 g Ml 

The useful work remains as before, and therefore 

. ;>K(r- V) 

Efficiency = 

a fraction which can readily be shown to be a maximum when 


rr 


J. I f i 
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which value of v, when substituted in the preceding equation, will 
give the value of V in terms of A for maximum efficiency. The 
existence of a speed of maximum efficiency is well known by 
experience with these machines. In general it is found to tie aboftt 
that due to the head, so that 

P-flyA, 

a value which corresponds to F -125, and gives an efficiency of "<>7. 
This is about the actual efficiency of these machines under favourable 
circumstances ; of the whole waste of energy two-thirds, that is two 
ninths of the whole head, is spent in overcoming frictional resistances, 
and the remaining one-third, or one-ninth the whole head, in the 
kinetic energy of delivery. 

The*reaction wheel in its crudest form is a very old machine known 
as “ Barker's Mill.” It has been employed to some extent in practice 
as an hydraulic motor, the water being admitted below and the arms 
curved in the form of a spiral. These modifications do not in any 
way affect the principle of the machine, but the frictional resistances 
may probably be diminished. 

• 

213. Turbine Motors.—A reaction wheel is defective in principle, 
because the water after delivery has a rotatory velocity in consequence 
of which we have seen a large part of the head is wasted. To avoid 
this, it is necessary to employ a machine in which some rotatory 
velocity is given to tin 1 water before entrance in order that it may bo 
possible to discharge it with no velocity except that which is absolutely 
required to pass it through the machine. Such a machine is called 
in general a TtnniNK, and it is described as “outward flow,” “inward 
flow,” or “parallel flow,” according as the water during its passage 
through the machine diverges from, converges to, or moves jiarallol 
to, the axis of rotation. 

Fig. 201 a shows in plan and section part of an annular casing 
forming a wheel" revolving about an axis A A through which water is 
flowing, entering at the centre and spreading outwards. I be water 
leaves the wheel at the outer circumference. Fig. 201A is similar, 
• but the flow is inward instead of-outward. 

If we consider a section «<» made bv a concentric cylinder of length y 
and radius r, the flow will be 

• (J »,«, 2irrv, 

• where u is the ‘radial velocity or, as we may call it, the “velocity of 
floV” The area ofUo section (2irrjr) may conveniently be called the 
“area of flow.” The value of Q is everywhere the same, and therefore 
ury must be constant. It is geuo; ■•■fly desirable to make u constant or 
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nearly ad, and then the form of the casing is such that ry is constant. 
Whether this he so or not, the value of u can always be calculated at 
any radius for a given wheel with a given delivery. 



The water which at any given instant is at a given distance r from 
the axis may bo considered as forming a ring lilt, which rotates while 
at the same time it expands or contracts according as the flow is 
outward or inward. The velocity of the periphery of this ring" may 
be described as the “velocity of whirl,” and if it be called v, the 
moment of momentum of a ring, tho weight of which is JU, is 


• If the wheel has no uction on the water, this quantity cannot be 
altered, and we must then have 

w = Constant. 

The water then forms what wc have already called a “free vortex” 
(Art. 244), with the addition of a certain radial velocity «, in con¬ 
sequence of which tho rings change their diameter, The paths of 
the particles of water are then spirals, the inclination of which 
depends on the proportion between « and.t>. 

The wise now to bo considered is that in which the moment of 
momentum of the rotating rings is gradually reduced during their 
passage through the wheel by the action of suitable vanes attached 
to it. An impulse is thus exerted on the wheel which furnishes 
the motive force. The moment of this impulsd is given by the 
equation, 



where wQ is the weight of all the rings passing throvgh the machine 




CH. xx. AET, 878.] , MACHINES. 595 

in n second, and the suffixes 1, 2 refer to entrance and exit respec¬ 
tively as indicated in the figures for the two cases of outward flow 
and inward flow. In this article the turbine is supposed to Work to 
best advantage when the water is discharged without any whirl, that 
is when and putting aside friction the only loss then is that 

due to the velocity of flow u, which may be made small by making 
the wheel of sufficient breadth at the circumference where the water 
is discharged. 

In practice there are of course always frictional resistances, but, 
for given velocities, the impulse on tho wheel is not altered by them, 
so that the moment of impulse is always given by tho aliove equation. 
Suppose, now, h the effective head found from the actual head by 
deducting (1) the height due to the velocity of delivery, (2) the 
friction of the supply pipe and passages in the wheol, (3) the loss 
(if any) by shock on entering the wheel; then 
• Work done per second = wQh. 

But, if V x be the speed of periphery of the wheel at tho radius r, 
where the water enters, F,/r, is tho angular velocity of the wheel, 
and L. f r x jr l is ihe work done per second. We have then for the 
case,where there is no whirl at exit 
V x v x = gh. 

The ell'ective head h in this formula includes (1) a part equivalent 
to the useful work, and (2) a ]>art equivalent to the frictional re¬ 
sistances to the rotation of the wheel, such as friction of bearingB 
and friction of tho water surrounding tho wheel (if any) on its 
external surface. This last item is often described as “disc friction.” 
If II be the actual head, the efficiency, apart from external friction, is 

■ >' V A 

Whcicncy - y/ - ;/// ■ 

The whirl before entrance is communicated by fixed blades BB, 
curved, as shoe'll in the figures, so as to guide the water in a proper 
direction on entrance to the wheel. It is the use of these guide 
blades which characterizes the turbine as distinguished from the 

reaction wheel. • 

The whirl at different points, either in the whoel or outside it, 
depends on the angle of inclination of the vanes or guide blades to 
the periphery, libese blades ays so numerous that the water moves 
between them nearly as it would do in a pipe of the same form. If 
* 0»be the angle suoli a pipe (Fig. 2021 makes with the periphery at 
any point at which thf water is flowing through it with velocity U, the 
radial and tangential components of that velocity will be V. sin 6 and 

* • 
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U*. cob 9. The first of these is always the velocity of flow tt, whether 
tho pipe be fixed or whether it be attachod to the revolving wheel. 

Fig. 2 oa. In the fixed pipe the second is the velocity 
, f /' of whirl which we may call v, and for 

motion along a fixed guide blade before 
entering the wheel, 

v = u. cot 9. 

In tho moving pipe, however, it is the 
velocity of whirl relatively to the revolving 
wheel, and this is V ■ i>, therefore 

F-» = u.cot0. • 



coif 


Case. /.— Suppose the vanes of the wheel arc radial at the circum¬ 
ference where the water enters. In order that the water may have no 
velocity of whirl relatively to the wheel on entrance, and that the water 
may enter without shock, we must then have v = \\, that k, the value 
of 9 for the fixed guide blade at entrance should bo given by 

tan<?,= ^. 

Further, tho water should be discharged without whirt, that is, v should 
be zero at the circumference where the water leaves the wheel, hoitco 

u 

tan 9,, = y 

Tho inclination of the fixed blades at entrance, and of the vanes at 
entrance and oxit is thus determined. At intermediate points it would 
,be desirable that it should so vary that rr should diminish uniformly 
from entrance to exit in order that the action of all parts of the vane 
upon the water may bo the same. This condition would completely 
determine the form of the vane, but, in practice, any “fair” form 
would be a sufficient approximation. 

Supposing the vanes thus designed i\ - V v and the speed of periphery 
of the wheel, at the circumference where the water* enters, is then 
given by the simple formula 

K,-s/' 

a value which applies to the outes periphery of an inward-flow and 
the inner periphery of an outward-flow turbine. 

The flow through tho wheel instead of being radial may be 
panillol to the axis, and in this ease the formula* is still applicable 
if V x be taken as the mean of 'he speeds of the outer and inner . 
peripheries. < • 

Case II. —In drawing Figs. 201«, SOU, it has l^een supposed that the 
vanes are radial at entrance, but tbis restriction is not necessary; they 
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may be supposed inclined at a given angle to the periphery, the 
speed of periphery of the wheel may then l>e reduced by a proper 
choice of the angle (Ex. 11, p. 519). 

Many forms of outward-flow turbines exist, of which the best known 
was invented by Fourneyron, and is commonly known by his name. 
The inward-flow or vortex turbine was invented by Prof, .lames 
Thomson. Parallel flow, often described as .lonval turbines, from 
the name of the original inventor, arc also a common type (com¬ 
pare p. 514). For descriptions and illustrations of these machines 
the reader is referred to the treatises cited at the end of this 
chapter. 

The efficiency of turbines when working under the best conditions 
is as much as 80 per cent. Their action will be further investigated 
in the Appendix. 

274. Tuihine Pump*. Impulse and reaction machines are always 
reversible, and every motor may therefore be converted into a pump 
by reversing the direction of motion of the machine and of the 
water passing tlyough it. If, for example, in the reaction wheel of 
Fig. 200 we imagine the wheel to turn in the opjiosito direction with 
velocity V, while by suitable means the water is caused to move in 
the opposite direction with velocity r- l\ so as to enter the orifices 
with velocity r, it will flow through the arms to the centre and be 
delivered up the central pipe. The only difference will be that, the 
lift of the pump will not be so great as the fall in the motor <*i 
account of frictional resistances. So, any turbine motor is at once 
converted into a turbine pump by reversing the direction of its 
motion and supplying it with water moving with a proper velocity. 
An inward-flow motor is thus converted into an outward-flow pump, 
and conversely. 

No inward-flow pump appears as yet to have been constructed, 
though it has occasionally been pro|K>scd. I he “centrifugal pump 
so eommon in practice is, of course, always an outward-flow machine. 

The earliest idea for a centrifugal pump was to employ an inverted 
Barker’s Mill, consisting of a central pipe dipping into water connected 
with rotating arms placed at the level at which water iH to la* 
delivered. This machine, which must be carefully distinguished from 
the true reversed barker’s Mill mentioned above, ojierates by suction. 
Its efficiency, which may be investigated as in Art. 272, is very 
considerable (Ex. A, p. 548), but there are obvious practical incon¬ 
veniences which prtg-ent its use in ordinary cases. The actual 
centrifugal putpp is a reves^j inward-flow turbine. 
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’All that yu said about motors in the last article applies equally 
well to pumps, and the same formula 

Vv=gh 

applies, V being the speed of rotation of the wheel, now usually called 
the “.fan ” and v that of the water, both reckoned at the outer periphery 
where the water issues. The quantity h is now the gross lift found by 
adding to the actual lift, the head corresponding to the velocity of 
delivery, the friction of the ascending main, the friction of the suction 
pipe and passages through the wheel into the main, and the losses by 
shock at entrance and exit. 

A pump, however, works under different 'conditions from a motor, 
and corresponding differences are necessary in its design. The pnergy 
of a fall can, by proper arrangements, be readily converted, wholly or 
partially, into the kinetic form without any serious loss by frictional 
resistances, and the water can, therefore, be delivered to the wheel with 
a great velocity of whirl to be afterwards reduced by the action of the 
wheel to zero. When such a motor is reversed, the water enters 
without any velocity of whirl, and loaves with a velocity, the moment 
of momentum corresponding to which represents the couple by which 
the whocl is driven. To carry out the reversal exactly, this velbcity 
ought to be reduced to as small an amount as possible in the act of 
lifting. Now tho reduction of a velocity without loss of head is by no 
means easy to accomplish, and (see Appendix) always requires some 
special arrangement. 

• In Thomson’s inward-flow turbine, when reversed, the water is 
discharged with a velocity of whirl which is equal to the speod of 
periphery I', and given by the formula 

• V = vV*- 

The corresponding kinotie energy represents at least half the power 
required to drivo the pump, and if it be wasted, as was the case in 
some of the earlier centrifugal pumps constructed with radial vanes, 
the efficiency is necessarily less than -5, and § in practice will be at most 
•3. One method of avoiding this loss is to cause the wheel to revolve 
in a largo ‘‘vortex chamber,” at-least double the diameter of the 
wheel from the outer circumference of which the ascending main 
proceeds. The water before entering the main forms a free vortex, 
and its velocity is reduced one-half us it spreads‘radially from the 
wheel; three-fourths the kinetic hnJrgy is thus converted into the , 
pressure form. The speed of jwriphery in pumps«of this class is tHht 
due to half the gross lift. Assuming their efficiency as *65, the gross 
lift* is found by an addition of SO per cept. to the actual lift 
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Many examples ot vortex-chamber pumps exist, but they are com¬ 
paratively rare, probably because the machine is more cumbrous; in 
practice a different method of reducing the velocity of discharge is 
generally employed. Instead of the vanes being radial at the outer 
periphery, they are curved back so as to cut it at an angle ft, given 
by the formula (p. 536) 

V - v «= it. cot 0, 

the velocity of whirl is thus reduced from V to kV, where k is a 
fraction, and the speed is then 



If the* efficiency be supposed •65, and the velocity be reduced in this 
way to one-half its original value, this gives about WJII for the 
speed where H is the actual lift. The greater speed is a cause of 
increased friction as compared with the vortex-chamber arrangement, 
but on the other hand the friction of the vortex is by no means 
inconsiderable, and this is so much subtracted from the useful work 
done. . 

Tl^e centrifugal pump in this form was introduced by Mr. Appold 
in 1851, and is commonly known by his name. 

Another important point in which the pump differs from the motor 
is in the guidance of the water outside the wheel. In the motor there 
are four or more fixed blades which guide the water to the wheel; but 
in the pump the outer surface of the chamber surrounding the wheel 
forms a single spiral guide blade. Ihc whole of the water discharged 
from the wheel rotates in the same direction, and in order that the 
discharge may be uniform at all points of the circumferenco the 
sectional area of this chamber should increase uniformly from zero at 
one side of the ascending main to a maximum value at the other side. 
In some of the earlier designs of centrifugal pumps it was supposed 
that some of the water would rotate one way, and some the other, hut 
in fact all the discharged water rotates with the wheel, and the passage 
should be so designed as to permit this, the area corresponding to the 
proposed velocity of whirl. There are, however, examples in which 
the water is discharged in all directions into an annular casing, and 
guided by spiral blades parallel to the axis of rotation. (See a paper 
by Mr, Thomson, Min. J’ruc. ln4*C.K., vol. 32.) 

, Centrifugal ptimps work to host* Advantage only at the particular 
Iff* for which they tire designed. When employed for variable lift*, 
aa is constantly the case in practice, their efficiency is much reduced 

and does not exseed '5. .t is.a- ten much less. 

* * 
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275. Approximate investigation of the Efficiency of a Centrifugal Pump. 
(1) Few centrifugal pumps utilize more than a Bmall fraction of tho 
energy of motion possessed by the water at exit from the wheel, and 
afl investigation of their efficiency on the supposition that this energy 
is wholly wasted is therefore of considerable interest. 

Let h 0 be the actual lift, and let all frictional losses except that 
specified be neglected; then, if u be the velocity of flow, and v the 
velocity of whirl at exit, the loss of head is (u 2 + t> 2 )/2 g, and the gross 

lift is , , 

A = • 


Substituting this value of It in the formula for V, and replacing u by 
its value (V - v) tan 0, wo obtain 

„ , , v- + (V- v)' J tan 2 0 

Vv gh = gh„ + —i— z,~ -• 


Adding IV" to each side, and re-arranging the terms, 
iF 2 = y/i 0 +i(F-if .sec 2 0, 
a formula from which we find 

Efficiency = 


h n V* - ( V— v)- sec 2 0 


2Vv 


e 2 d(l -1 (j+ 


This result shows that tho efficiency is greatest whon 
v - V. sin 0 ; 

dnd on substitution we find 


Maximum efficiency = sec 2 fl(l - sin 0) = 


1 

1 + sin (! 


Tho speed of maximum efficiency is found from the equation 
' J Vf = gh 0 + !. Vf sec 2 6 . (1 - sin 0), 

which gives 

Vf = (\ + cosec 0)yA o . 

The proper velocity of flow is 

ti 0 = Vf ,. tan 0(\ +.sin 6), 

and the area of flow through the periphery of the wheel should be made 
to give this velocity with tho intended delivery. 

At any other speed V the velocity of flow will be given by 

u- = (V- - 3g/i n )sin- 0, 

and the efficiency may bo found by 1 tile preceding forraWa. 

(2) In the preceding investigation it is supposed that the wholcfof 
the energy of motion on exit from the wheel isrwasted, and it follows 
as’a necessary consequence that the efficiency is much greater when the 
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vanes are carved backward than when they are radial. This con¬ 
clusion has been verified experimentally, and till recently has lieen 
very generally accepted, yet there can bo no doubt that so great a 
waste is not a necessity in a pump with radial vanes hut is in great 
measure a consequenco of improper design of the chamber surrounding 
the wheel and its connection with the delivery pipe. Let A be the 
sectional area of the chamber at a point the angular distance of which 
from the point of junction with the delivery pipe is <f>; then if thcro be 
no whirlpool chamber . 


the chamber consisting of'a simple spiral passage the section of which 
increases uniformly from zero to its maximum valuo The fan 
will now discharge uniformly at all points of its periphery with a 
radial velocity a connected with v the velocity of entrance to the 
delivery pipq by the equation 

A„r - Sit, 

where S is the area of flow. The junction with the delivery pipe! 
must be knife-edged next the wheel and form a continuation of tho 
spiral passage gradually expanding till the full size of the pipe is 
reached. 


The area will generally be such that r is less than tho speed of 
periphery V at any ordinary speed of working, and the waf er issuing 
from the radial vanes with velocity of flow u and of whirl / will 
intermingle with water which has simply the smaller velocity r with 
which the water moves through the spiral passage. I he consequent 
loss of head may be taken as | «'- + (/■'■* r)'-J ,2y. The other resistances 
for the purposes of this calculation are taken as due, fl) to surface 
friction of pipes and passages, (7) to losses at entrance to the wheel, 
and (3) to the gradual enlargement after entering the delivery pi|R'. 
By suitably curving t^e vanes at the inner periphery (J) may be 
reduced and ma^c to depend only on tho velocity of How «, which is 
proportional to o. We have therefore 


P 2 = #i=y/<„ + 


o 


»>* 

» 


.* 


' where /3 is a co-cfticient, whence we" find 

It HA + (V-r)- 
Efficiency = ^ = 1 - • 

• y • 1 1 + [i , 

* This greatest when v = ( V*= ^ f+ y{' t>h °’ 

an3 the corresponditTg ^ 

Maxinfum efficiency = -~ ,y 

~4g! t' .| “ 



542 


HYDRAULICS. 


[part n 


By increasing the site of the suction and delivery pipes and the area 
of outflow S, the resistance of these pipes and of the passage through 
the wheel can be reducod to a small amount, while the part of the 
coefficient ft which measures the friction of the spiral passage outside 
the wheel can hardly exceed '35, or at most '4. Little is known as 
to the loss in a gradual enlargement, but in many cases, as for example 
in a trumpet-shaped orifice, it is small: in any case it can only be 
a fraction of that due to a sudden enlargement If then the pre¬ 
cautions mentioned above are taken in designing the chamber, the 
value of ft will not exceed 2 and may probably be capable of being 
reduced to unity, giving an efficiency ranging from '66 to '75. From 
one-third to one-half the energy of motion on oxit from the wheel 
is now utilized. Of the waste-work from two-thirds to one-half*is due 
to the sudden change of velocity on entrance to the spiral passage and 
the rest to surface friction. 

Curving back the vanes has the effect of reducing the velocity of 
whirl mhj when the area S is smalt enough to increase the velocity 
of flow a to an umount which causes a considerable loss of head on 
pasaing through the wheel. The speed of periphery, is also increased, 
and for theso reasons it is probable that, especially at high lifts, a 
properly designed pump with radial vanes is more efficient. If a 
whirlpool chamber bo added the spiral passage now forms part of 
the chamber, and care must still be taken that at the junction with 
the delivery pipe no obstruction is offered to the rotation of the 
water. The influence of the form of the vanes is further discussal 
*in the Appendix. 

When a centrifugal pump is stinted the fan is filled with water 

which, in the first instance, rotates as a solid mass with the fan. If 

the radius of the inner periphery be m times that of the outer where 

*» is a fraction, it will not commence to deliver water till the speed 

reachos the value ... ,, , 

l \\ - m-) = ‘>gh 0 . 

But when once started, the speed may be reduced below this value 
without stopping the delivery, provided that some of the energy of 
motion on exit from the wheel is. utilized. This has been observed 
to occur in practice, and it will serve as a test of efficiency. 

276. Liimlalim of Diameter of Wheel .—For a gften fall in a motor 
or lift in a pump the diamoter of ‘wheel in a turbine is in many, 
cases limited, because some of the frictional resistances increase rapidly 
with the diameter. , 

Let u as usual be the velocity of fl?w, d the diameter, b the inside 
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effective breadth of the wheel at exit after allowing for the thickness 
of the vanea; then the delivery in cubic feet per second is 
Q Su *= itbml. 

Now, if the breadth b be too small as compared with the diameter, 
the surface friction of the passages through the wheel will bo too 
great, as in the case of a pipe tho diameter of which is too small 
for the intended delivery. Thus b is proportional to d : also, wo 
have seen that n in most of these machines is proportional to F t , 
that is to Jit, and it follows therefore, by substitution for b and « 
that 

where C is a co efficient. 

If tTio wheel be wholly immersed in the water the surface friction 
(Ex. 8, p. 548) is relatively increased by increasing the diameter. 
On investigating how great tho diameter may be without too great 
a loss we arrive at the same formula. 

Where it is of importance to have us large a diameter as possible 
to reduce the number of revolutions jier minute, the diameter of 
wheel in a pump or a turbine is therefore found by the formula 



If G be the delivery in gallons per minute, b the actual fall in feet, 
(/ the external diameter also in feet, the value of f for an outward- 
flow turbine is about 200. 

This formula is frequently used in the ease of a centrifugal pump 
with a value of the constant not differing greatly from that just 
given : but it must be understood that it is only suitable for a 
pump in which the velocity of whirl at exit from <he wheel i$ 
reduced by curving bijck the vanes ami increasing the velocity of 
flow as already described. When the vanes are radial the velocity 
of flow may be reduced at pleasure. If now II Ire the diameter of 
the suction pipe determined for a given delivery Q in the usual way 
(pp. 488, 495), u 0 the velocity in this pipe, 

Q = m . M = u 0 . n Ifi. 

4 

If u be proportional to w 0 , and, as before, b proportional to d, 
this stows that <t should be proportional to D. Assuming u=*k 0 
• end the" ratio djl) is it *but a somewhat larger value is 

prSbably desirable, 3 at least for high lifts. It should be observed 
that in this case the* diameter of fan does not depend on the lift, 
but only on tl^ delivery, r 
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Centrifugal pumps cannot generally be employed for very high 
lifts, partly because it becomes increasingly difficult to utilize the 
energy of motion on exit from the wheel, ami partly on account ot 
disc friction. The fan rotates much faster than the wheel of a 
turbine, and the disc friction is consequently much greater. 

277. Impulse Wheels .—The formula 

which gives the speed of a turbine wheel in terms of the effective 
head, when the vanes are radial at entry, also gives the velocity of 
whirl at entrance, and therefore shows that, of the whole head 
employod in driving the wheel and producing the velocity of flow, 
one-half operates by impulse. When the vanes are not radial (p. 537), 
a (certain fraction, depending on the inclination and sometimes 
less than one-half, operates by impulse. The remainder operates 
by pressure, and turbines of this class are consequently not simple 
impulse, but impulse-pressure machines. It is necessary therefore 
that the wheel should revolve in a casing, and that the passages 
should bo always completely filled with water. The diameter of 
wheol is thou limited as explained in the last article, and for a 
small supply of water and a high fall the number of revolutions 
per minute becomes abnormally great. This consideration and the 
necessity o adaptation to a variable supply of water render it often 
advisable to resort to a machine in which the passages are ,actually 
qr virtually open to the atmosphere. The whole of the energy of 
‘the fall is then converted into the kinotic form before reaching the 
wheel, and consequently operates wholly by impulse. 

A wheel of this kind approaches closely in principle to the Poncelet 
prater wheel jnentioned in Art. 270, but is often still described as a 
“turbine," because the water is guided by fixed blades before reaching 
tho wheel. A common example is a Girard turbino with axial flow. 
The flow of the water is hero parallel to the axis of the wheol, spiral 
guide blades being ranged round the circumference of a cylinder like 
the threads of a screw in order to give the necessary whirl to tho 
water before entrance. The wheel is provided with a similar set of 
spiral vanes curved in the opposite direction, which reduce it to rest 
as it passes through. In the French roue 4 poire the wheel is conical, 
the water enters at the circumference, and, guided by spiral vanes, 
descends to the apex where it is discharged. ‘ > 

Impulse wheels, which are sometimes described o “ Girard ” turbiRes 
even when the flow is radial, appear not to be so efficient as a pressure- 
tuibine working at its best speed. The Pelton wheel (p. 529) may 
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be taken as an exception. On the other hand their efficiency is very 
little diminished by a considerable falling off in the supply of water, 
and this advantage is so great that they are much employed in cases 
where the supply of water » subject to variation. 

The propulsion of ships is effected by machines, which are virtually 
impulse wheels reversed. The subject is outside the limits of this work, 
but some information respecting it will be found in the Appendix. 

278. Stress due to Rotation. —Machines of the class considered in 
this section often work under a very considerable head, and the speed 
of periphery determined by the formula 

r=/t -J'lyh 

becomes very great. Thus in the example of the 1'elton wheel given 
on p. 529, the head is 2100 feet, and the speed of periphery 180 f.s. 
If A be the»strcss on the rim of the wheel due to centrifugal action, 
reckoned in feet of material, as on p. 81 and elsewhere in this treatise, 
the formula for the centrifugal stress produced given on p. 288, may bo 
put in the form 

* /•- ;M, 

and Hus A is simply proportional to the heath In the example just 
mentioned, this gives a value of A of about lotto feet. In fans and other 
machines working with elastic fluids, the head is often much greater. 
The greatest permissible value of A is given, subject to the qualifications 
there stated, in the Table on p. 155. 


Section III.— .Machines in Cknkimi. 

279. Eqwttum of Steady Flow in a Rotatiny Caany. ■-\\ hen water 
moves in a pipe or passage of any kind rigidly attached to a wheel or 
drum rotating about a fixed axis: a general equation cun lie found for 
steady flow, as in the case of a fixed pipe considered in the last chapter 
Referring to Fig. 202, p. 536, let the pipit there represented bo fixed 
in any position to a rotating wheel, and consider a point in the pipe, 

> the velocity of which is 

‘Jr nr, 

where n is the number of revolutions per second, and r is the di stance_ 
from tfce axis. I .of the velocity flf flow through the pipe at this point 
•»be. V, and resolve this velocity into U . cos 0 along the periphery of 
thtf circle described by the point, and U . sin t) perpendicular to thi* 
periphery. In the question considered on the page cited this s^ond 
component was- *sdiai, the pip* lying in a plane perpendicular to tho 
C.M. iu ' 
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axis of rotation. We now take the general case in which the pipe is 
‘’inclined to this plane, and U.sin 0 is consequently the resultant of a 
racial velocity and an axial velocity, each independent of the velooity 
of rotation. As before, the component f r .cosO is the velocity of 
whirl relatively to the rotating pipe and 

r = V- If. cos it 

will be the absolute velocity of whirl. 

Let Q bo the flow per second, and consider two points in the pipe 
specified by the suffixes 2 and 1. Then if L be the couple applied to- 
the part of the pipe between these points 

l- (v 4 Vi), 

and since Vjr is the same at all points, being the angular velocity 2mi, 

Unergy exerted per second ^ W ^{r. 1 V 2 - '\V^). 

This is the amount of energy exerted per second on the water as it 
passes from the point ’2 to the point I, and is employed in increasing 
the head. 

Now the absolute velocity (T) is given by the equation 
V- - r ! + U-. sin-’fl 

---V--.4;VU .vasO+in 

~v*--v*+-i,v. 

lienee if as usual /</«< be the pressure-head and : the elevation, the 
diiango of head will be 

* 1 «» - 1 L Ji 

Multiplying this bv wtj and equating it to the energy exerted the 
terms containing cV disappear, and omitting the suffixes 

^ + ■; + ^ .. = Constant, 

which is the general equation of steady How. Tho equation may also 
be written 

^ ^ = Constant + ^ , 

iv '2(1 '2 ij 

showing that the total head in the pipe is increased in consequence 
of the rotation by the quantity which is the so-called “head 

due to centrifugal force.” " c 

If //, be the head outside the casing before the water enters, then 
from the value of the absolute velocity givon above it appears that " 


•■i „ v 

j. + xj 
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where the suffix 1 refer* to the point of entrance, 
stitution 


P 


+ c + 


-V 1 ' 


Hence by silh- 


Similarly if If., be the head after leaving the wising, 
n U- V- r,r„ 

te ■!;/ • if 

where the suffix J refers to the point of exit. When there is no loss 
of head by hydraulic resistances within the easing 

■y., 

?/ 


//, - ii, 


r,r, 


which, as before, gives the head employe! in drii ing the wheel in a 
motor: or, when negative, the increased head created hv the external 
forces driving the wheel in a pump. 

The losses of head by hydraulic resistance are determined directly 
from the velocity I’ just as if the easing were at rest. 

In questions relating to turbines and centrifugal pomps the general 
equation here given is often very useful. 


2?9a. Similar l{ijdrnulir Marhiut*. If two machines, whether motors 
or pumps, are imagined differing only in scale, the heads of water or 
lifts as the case may be being in the same pru|K>rtioii, the velocities for 
a given efficiency in the, absence of friction by the general principle ol 
similar motions (p. IS:>) will be as the square roots of their linear 
dimensions. The same will be true approximately when hydraulic, 
resistances are taken into account. Taking for example the formula 


which gives the loss of head in a pipe, we see at once that the losses 
of head by pipe friction in the two eases eoinpured will be the same 
fraction of the actual heat! or lift, and therefore the efficiencies will be the 
same; and the same argument applies to all the hydraulic resistances. 
The efficiency on the small’scale, however, will be relatively diminished 
because the value of if is greates in the small scale motion just as 
the skin friction of a model is relatively greater than that of a vessel. 

The delivery in similar machines at corresponding s[>ceds varies a* 
hi and the power *s A*, where A as the linear dimension or head. 

In comparing ventilating or blowing fariB with centrifugal pumps 
tMs principle muBfc be borne in mind. Unless the fan be of great size 
ts action is only comparable with that of a centrifugal pump of great 
lift and small delivery. 
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1. In * reaction wheel the speed of maximum efficiency is that due to the head. 
In what ratio must the resistance be diminished to work at four-thirds this speed, and 
what will then be the efficiency ? Obtain similar results when the speed is diminished 
to three-fourths its original amount. 

, Ant. Efficiency = '63 or *<54. f 

Ratio =*84 or 1*14. 

2. Water is delivered to au outward-flow turbine, at a radius of 2 feet, with a 
velocity of whirl of 20 feet j»er second, and issues from it in the reverse direction at 
a radius of 4 feet, with a velocity of 10 feet per second. The »|»eed of periphery at 
entranoe is 20 foet per second, find the head equivalent to the work done in driving 
the wheel. Ant. 24‘22 feet. 

3. In a Fourneyron turbine the internal diameter of the wheel is 9£ inches, and 
the outside diameter 14 inches. The effective head (p. 536) is estimated at 270 feet; 
find the number of revolutions per minute. Ant. 2,200. 

Noth. —These data are about the same as those of a turbine erected at St. Blasien 
in the Black Forest. 

4. An inverted Barkers Mill (p. 637) is used as a centrifugal pump. If the co¬ 
efficient of hydraulic resistances referred to the orifices be *125, show that the speed 
of maximum efficiency is that due to twice the lift, and find the maximum efficiency. 
Ant. Maximum efficiency — 75. 

5. A centrifugal pump delivers 1,500 gallons per minute. Fan 10 inches diameter. 
Uft 25 feet. Inclination of vanes at outer periphery to the tangent 30 . Find the 
breadth at the outer periphery that the velocity uf whit 1 may be reduced one-hilf, 
and also the revolutions per minute, assuming the prow lift 14 times the actual lift. 
Ant. Breadthinch. Revolutions-700. 

6. In the last question find the proper sectional area of the chandler surrounding 
thu fan (p. 541) for the proposed delivery and lift. Also examiue the working of the 
pump at a lift of 13 feet. Ant. 24 sq. inches. 

7. A jet of water moving with a given velocity, strikes a plane |ierpeiidicular)y. 
Find how much of the energy of the jet is utilised in driving the plane with given 
speed. Determine the speed of the plane for maximum efficiency, and the value of 
the maximum vffioii'iicy. Ant. bpeed of maximum efficiency=one-third that of jet. 
Maximum efficiency.. VI. 

8. Assuming the ordinary laws of frictiou between a fluid and a surface, and 
supposing that any motion of the fluid due to friction does not affect the question: 
find the moment of friction (L) t and the loss of work |ier second ((/), when a disc of 
radius a rotates with speed of periphery V. 

.*««. u-j.~*.n‘. r. 

9. If the rotating disc in question 8 be surrounded by a free vortex of double its 
diameter, show that the loss by frictiou of the vortex on the fiat sides of the vortex 
chamber is 2^ times the loss by friction of the disc. 

10. Show that the loss of head by surface ^friction in the spiral passage (jA 541) of 

a centrifugal pump is the same as in x passage of uniform transverse section of the 
same am of length about 24 times the diameter of the fan. 1 ‘ 

11. The vmues of a turbine wheel are inclined at an angle i to the radius at entrance, 
the angle being measured in the direction of mq ion of the wheel* Find the speed of 
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periphery for no ihoch et entrance u<l no whirl at exit. Alto And the neoneary con¬ 
nection between the anglea of the ranet at entrance and exit and the angle of the guide 
bladee. Ans. With the notation of Cate I., p, Nlti, and further tupt*oting rjr t ~m. 

J'l 2 —tan t tan 0,) 
tan i). 


RKFKRKNCKS. 


The subject of hydraulic machines is very extensive, and it is impossible within the 
limits of a single chapter to do more than give a general idea of their working. For 
descriptive detaila and illustrations the reader is referred, amongst other works, to 
Glynn. Power of Water. \Yrales' Series. 

Faihbairn. Aliflwork*awl Machinery. Ixmgman. 

COLYKK. Water-Pres: urr Machine! y. Spon. 

# Barkow. Hydraulic Manual. Printed lijr authority of the Lord* ( 'omiuh- 
sioner* of the Admiralty. 

As a text-book on turbines and pressure engines may bo mentioned 
UoDMiyt. Hydraulic Motors. Whittaker. IKHJi. 
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ELASTIC FLUIDS. 

280. Preliminary Itnmvrh. —An elustic fluid under pressure is a 
source of energy which, like a head of water in hydraulics (p. +70), 
may be employed in doing work of various kinds by u machine, or 
simply in transferring the Huid from one place to another. In 
hydraulics wo commence with the case of simple transfer, but the 
density of gasos is so low that, unless the differences of pressure 
considered arc very small, the inertia and frictional resistances of the 
fluid employed in a pneumatic machine have little influence: it is 
the elastic force which is the principal thing to bo considered. In 
studying pneumatics, therefore, wo commence with machines working > 
under considerable differences of pressure and then pass on to con¬ 
sider the How of gases through pipes and oriHces together with those 
machinos in which the inertia and frictional resistances of the fluid 
cannot be nogloctod. 

Section I.— Machines in General. 

281. Expansive Enenjii. —The special characteristic of an elastic 
fluid is its power of indefinite expansion as the external pressure is 
diminished. While expanding, it exerts energy of which the fluid 
itself is, in the first instance, the source,, whereas the energy exerted 
by an incompressible fluid is transmitted from some other source. 
Expansive energy is utilized by enclosing the fluid in a chamber which ' 
alternately expands and contracts; the common case being that of a 
cylinder and piston. 

Fig. 203 represents in skeleton a cylinder ana piston enclosing a 
mass of expanding fluid. Taking a base line an' to represent thi 
stroke, set up ordinates to represent the total pressure S on the piston 
in each position; a curve 14*2 drawn through «thc extremities of these* 
■ordinates is the Expansion Curve. Reasoning as iVi Art. 90, p. 182, ' 
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the ana of this curve represents the energy exerted as the pkton 
moves from the position 1, where the expansion commences, to the 
position 2, where it terminates. One common case was considered ill 
the article cited, namely, that in which the expansion curve js a 
■common hyperbola. This is included in the more general supposition, 

= - s 'i’/i” = V/. 



where y is the distance of the piston from the end a ol its stroke, and 
„ jp an index which, for the particular case of the hyperbola, is unity. 
Most cases common in practice may be dealt with by ascribing a 
proper value to n; for air it ranges between I and M, and lor stcSgi 
it is roughly approximately unity. The sullixcs indicate the point* 
at which the expansion commences and terminates. 

If, now, K be the energy exerted during expansion, 

A -I *’'ty=- ‘Vi ] '< ' i- v ' la' 

This formula may be written in the simpler form 

. K A*.'?*, 

in applying which, the terminal ] .essure S, is supposed to have been 
previously found from the equation 




* is, for brevity, convenient to write 

' s ';"/‘" s ’i’ 

where r is a number knowf «• the “ ratio of expansion,” and /.• ■» • 
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fraction which may be described as tbe “pressure fraction ” connected 
with r by the formula * 


■O' 


The formula for E then takes the simpler form 


*>.• 1 : 7 = 


/' V 
1 ri • 


1 - i*r 


The product pr employed for simplicity in this and other formulte 
which follow is given by the equation 



If n a 1 the formula fails and is replaced by 

E - S t y t log, r - V , log. r. 

The valuo of E is here, in the first instance, expressed in terms of 
the total pressure on the piston, but, reasoning as in Art. 264, p. 513, 
we may, if /’ be the pressure, replace S by PA, and A;/ by V, so that 
«V, is replaced by l\V v In “rotatory” engines and pumps the 
expanding chamber is not a simple cylinder and piston, but is formed 
from a turning pair. Or, more generally, the chamber pair may be 
formed from any two links of a kinematic chain which it may be 
convenient to select for the purpose. In its last form the formula 
is applicable in every case. If the expansion curve be not given in 
tho form supposed, the value of E is determined graphically by 
measuring the area of the curve, in doing which, when the chamber is 
not a simple cylinder, the base of the diagram must represent the 
volume swept out by the chamber jmir, and tho ordinates tho pressures 
per unit of area. 


282. Tnmmilletl Enmjtj. Tho energy exerted by an elastic fluid 
consists not merely of that derived from the expansive power of tho 
fluid pressing agninst tho piston, but also of that which is transmitted 
in the same way as would lie the case if it were incompressible. The 
fluid is supplied from a reservoir, which may either be an accumulator 
in which it is stored by tho action of pumps, or a vessel in which, 
by tho action of heat, it is generated or its elasticity increased. In 
any case, so long as the cylinder remains in communication with the 
reservoir the fluid enters at nearly constant pressure, and energy is 
exerted on the piston just as in the water-pressure engine. During 
this period of admission the energy exerted is ' „ 

A = .S> 1 »;>/ 1 ^l44p 1 K„ 

* The symbol or wm used for the pressure-fraction in former editions; the cbaitfe to u 
has been made to avoid confusion, x being used for the “dryness-fraction” of steaii 
Uter'oo in this chapter. 4 v 
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the notation being as in the laat article. It is usually convenient to 
express volumes in cubic feet and pressures (;>) in Ihs. ]«r square inch.. 
We must then replace P by 144;). 

The whole energy exerted on the piston is now • 

U-L + E-L*-r, 

n - 1 

which for the case of the hyperbola becomes 
U= 7.(1 + log,/). 

The mean pressure on the piston is conveniently denoted by and 
is represented in the figure by the ordinate of the line nun so drawn 
that the area of the rectangle mu is equal to the area of the diagram. 
Its value is given by the formula! 

it, n - ur 1 + log,) 

a - 1 ' ?--/'>■ r • 

A reservoir filled with an elastic fluid at high pressure is an accumu¬ 
lator, the absolute amount of energy stored in which is the expansive 
energy or the total energy according as the pressure is not, or is, 
maintained by the addition of fresh fluid in place of that discharged, 
the expansion being supposed indefinite in either case. With the 
law *of expansion already supposed, when n is greater than unity, 
fir vanishes when the expansion curve is prolonged indefinitely. 1 he 
total absolute energy is then 

where is the whole volume of fluid considered. W hen n is nQt 
greater than unity, U ] is infinite. 


283. AmiUiHe Entntff.- Oi the whole amount of energy thus cal¬ 
culated only a ]>art is nmihbU for useful pur]K)ses, because in practice 
there is always a “back” pressure V Q on the working piston, or, more 
generally, on the sides of the chamber in which the fluid is enclosed. 
In overcoming this, the work l\?V\ is done, and nothing is gained by 
prolonging the expansion beyond the point 0 at which the terminal 
pressure I\, has fallen to )* fr The corresponding ratio r 0 is given by 
► the formula 

The available enefgy in found by writing r = r u , /* = Po in the valurf 
# of U, and subtracting P„r,J / 1 - This result is 

i • cj - u„, 

being the difference of the valws of U when tbe expansion comments 


log - log /’„ 
n 
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* «t*l and at 0. It is always finite, and is graphically represented by 
' ^ the area IAOb, shaded in the annexed figure. 

In the transmission and storage of energy by elastic fluids this 
quantity plays the same part os the “pressure-head ” in hydraulics, 
o which indeed it reduces if n be supposed very great, r„ unity, and 



V x the volume of a lb. of water. It is the energy of a given quantity 
of fluid due to a given difference of pressuro, for which, as before, the 
term “ head ” may be used when the quantity considered is 1 lb. 

Two cases may now be mentioned which are of special importance. 

(1) Let the reservoir contain air at pressure I‘ reckoned in atnmphem 
of 14 7 lbs. per sq. inch, or 2110 lbs. per sq. ft,, and let n - 1 -4, then 

If,-ff,- 3-5x21 16 (P X V,~1‘„VJ,- 
from which we find, writing /’, /’, /'„■■= l,and substituting for l\ 

Available energy 7400(/'-- 1 1 ') /’ 
whore /' is the volume of the weight of air considered. 

(2) Let n-- 1 instead of 1-4, then 

< U\ - -116 1\ V , log, r 0 , 

» which gives 

Available Energy =2116K. /'log, /'. 

In either case by putting F~ 1 we get the available energy per cubic 
foot of compressed air, which, it should be observed, depends solely 
on the pressure. 

The available energy is here calculated on "the supposition that the 
reservoir is kept constantly full. When the reservoir is not kept full 
the only available energy is the oxpansive energy, less the work done 
in overcoming /'„ through tho volume V 0 - V v This is graphically 
represented by tho curvilinear triangle iV()l in Figs. 203 or 204, and 
is most conveniently given by tho formula 
- Available Energy =//,-!/„-(/',- l\)V v 

I 

t. « 

284. Cycle of Mechanical O/uratiom in a I'neitmalic Motor—Mechanical, 
Efficiency. —Motors operating by the pressure of an elastic fluid laay 
be described generally as Pncumatio Motors, fhey are either supplied 
from an accumulator, as in hydraulic wotors of the seme class, or they 
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may be heat-engines serving as the means by which heat energy is * 
utilized. In either case the mechanism of the motor is the same. anjV ! ’ 
■consists of a chamber which expands to admit the fluid and contracts - 
to discharge it, with u proper kinematic chain for utilizing the mhtion 
of the chamber |>air. 

In water-pressure engines the contraction to expel the water front 
the chamber is not considered, because all pressures aro reckoned 
above the atmosphere, and the pressure in the accumulator is so great 
that small differences of pressure may be disregarded. With clastic 
fluids it is commonly different: the “exhaust ’ of the chamber must 
be taken into account. • 

Returning to Fig. 'JO.!, suppose that the piston has reached the end 
of ifs stroke, the cylinder is then tilled with fluid of a certain pressuro 
?> 2 which may he supposed known. Let now a valve he opened allow¬ 
ing the cylinder to communicate with the atmosphere, or with a 
reservoir containing fluid at a lower pressure 7 -,,. The fluid in the 
cylinder then rushes out into the reservoir, and the pressure in the 
cylinder speedily subsides to /<,,; the fluid expands in this process, 
but its expansive energy is wasted in producing useless motions in 
the air which afterwards subside by friction. After subsidence lot the 
piston be moved back by an external force applied to it which supplies 
the energy necessary to overcome the " back'' pressure /)„, The fluid 
is discharged from the chamber, and so long as the communication 
with the exhaust reservoir is open the pressure remains constantly p 0 . 

We represent this on the diagram by drawing a horizontal lino W/,,the 
•ordinate of which is The work done in overcoming back pressure 
is and is represented on the diagram by tbo rectangle /at; 

this is so much subtracted from the energy exerted by the motor. 

Thus the volume of the chamber goes through a cycle of changes 
alternately expanding and contracting. During expansion energy is 
exerted, the corresponding mean pressure 71 ,,, is the “mean forward 
pressure.” During contraction work is done, ami the corresponding 
mean pressure is the “mean I Kick pressure.” The difference between 
the two is the “mean effective pressure” which measures the useful 
work done, as shown by the c.pfl'iion 

Useful work -/»„)! 4 4 U 2 , 

and is graphically represented by the area of the closed figure IA‘M. 

most casdl the moveabte element of the chamber pair divides 
the chamber" into two parts, ofle of which expands while the other 
’-contracts, and conversely: the motor is then described as “double- 
acting.” The force acting on the moving piece is then the difference 
between the forward pressure in otm chamber and the back pressure 
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in {he other, and when the stress on the parts of the machine is to 
s be considered this is the effective pressure upon which the stress, 
depends (p. 230). For all other purposes, however, the back pressure- 
is te be taken as just explained. 

If the pressure />,, p 0 in the supply and exhaust reservoirs be given, 
and also the form of the expansion curve, the only waste of energy 
in this process arises from incomplete expansion. Imagine the ex¬ 
pansion curve prolonged to the point o where it meets the back 
pressure line, and suppose the stroke lengthened so as to reach this 
point, then additional work would bo dono by the fluid which would 
be represented graphically by the area of the*curvilinear triangle 2 oh. 
This area represents energy lost by unbalanced expansion, and to 
avoid it the expansion must be “complete,” that is, the fluid'must 
be allowed to expand till its pressure has fallen to p 0 , the pressure, 
in the exhaust roservoir, a condition seldom fulfilled in practice, 
because the loss by friction and other causes bcconios disproportionately 
great. Leaving this out of account, a pneumatic motor is capable 
of exerting only a certain maximum amount of energy, quite irrespec¬ 
tively of the nature of its mochanism, but dependent only on the 
pressures lictween which it works and the nature and treatment of 
the fluid. A motor which reaches this maximum power may be 
described us mi’rliamciillii perfect, and the ratio of the actual useful 
work done to the theoretical maximum may be described as the 
Mkohankmi. Efkic.'Ikncv of the motor. 

,In practice the back pressure is greater than p a the pressure in 
tSie exhaust resorvoir itself, the excess being due to the resistance 
of the passages connecting it with the cylinder. It depends on the 
speed of piston, the density and nature of the fluid together with 
the dimensions and type of the passagos. No satisfactory formula 
has been found for it, but its value must lie supposed known in 
eaoh individual case. In Fig. 205 the ordinate of the horizontal line 33 



represents the actual back pressure p s while Che other lines are 
the same as in Fig. 203: (hen the shhded area 03320 represents 
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tf 0 tit waste work at exhaust due to incomplete expansion *and * 

’ excess hack pressure for a given terminal pressure ;i 2 . It is givetj • 
by the formula 

- • [n - 1 n - 1 \}>J p.,\ 

which becomes if ?t- 1, 

I K Pi I 

The waste at exhaust may also frequently he conveniently expressed 
by an equivalent pressure p upon the piston. Dividing by F, we find 


' - p, {I [ +/':, (« T< >• 

For a given value of the expansion index n this is independent of 
the initial pressure ami of the nature of the fluid, lienee, for given 
values of the pressure-fractions /y'p.,, /'„/V 'he fractional loss at 
exhuust is smaller the higher the initial pressure, a very important 
principle which will frequently ho referred to further on. 

The waste at exhaust here considered is, at least in condensing 
steam engines, the principal iitrijtunii'iil loss in pneumatic motors, apart 
from leakage, hut there are also sunn: minor Iobscs by a portion of the 
Huid being retained in the “clearance’’ space of the, chamber afWtr 
the exhaust is completed, and by thp “wire drawing due to the 
resistance of the passages connecting it with the supply reservoir. 
These, however, tire details which cannot Itc considered here. Ihe 
theoretical maximum is dearly the same as the store of energy in the 
fluid used (already found in previous articles), which for brevity will 
be denoted by .1. The consumption of fluid (neglecting clearance and 
leakage) is one cylinder full, at the terminal pressure, in each stroke. 


285. I'nruiiuitk /'amps.*—A pneumatic like an hydraulic motor may 
be reversed by applying |tower W• drive it in the reverse direction, 
, .and the machine thus^obtained is a Dump which takes fluid at a 
low pressure and compresses it into a reservoir at high pressure. 

The cycle in thfc pump is the'same ts the eycle in a motor, hut thS 
# operatiens take'place in reverse oflBcr. As the chamber expands fluid 
indrawn in from the low-pressure reservoir and energy is exerted on 
the piston by the original “ back " pressure: as the chamber contracts 
tile fluid is compressed till it reaches thq pressure ;q, when a vJlve 

I 
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opens and admits it to the high-prossure reservoir. There is, however, 
[his important difference, namely, that the process of unbalanced 
expansion in the motor cannot be reversed; and therefore, if the 
punfp is to operate on the same weight of fluid, the volume of tbe J 
working cylinder must lie enlarged so that the expansion curve may 
start from u. If this be supposed, the compression curve will, for 
the same fluid treated in the same way, bo identical with the exten¬ 
sion curve of the motor. If there were no unbalanced expansion 
the motor would be exactly reversible, and the condition of a 
motor being mechanically perfect may therefore be described by saying 
that it must be mechanically reversible. Tim difference of working 
of the valves in pumps and motors has already been referred to in 
Art. anu. 

The work done in pumping air into a reservoir is the same apart 
from resistances as the available energy - U„ found in a previous 
article (p. bu4), but, for reasons to be explained hereaftei, it is 
generally advisable to express it in terms of the volume of air used 
at atmospheric pressure, the formula for compression to l’ atmospheres, 
absolute then becomes 

Work done-. 7400/'(/'■ I) (« = T4), 

-ailfif,,log, /' (« = I), 

whoro F„ is the volume of atmospheric air consumed, and, as before, 
the work done per cubic foot depends solely on the pressure. Air 
pumps are still more frequently employed for the purpose of exhausting 
a thambor, in which case the atmosphere is the high-pressure reservoir 
into which tho low-pressure air in the chamber is forced. The formula 
for // - //,, is, with change of sign, directly applicable to this case, 
V being the volume of low-pressure air and J‘ tho pressure expressed 
as a fraction iff an atmosphere. In either case if tho pressure in the 
chamber or reservoir is not maintained constant the formula must 
tie modified as before explained. Examples are given at the end of 
tho chapter. 

In all pneumatic motors a pump is required to replace the fluid in 
tho supply reservoir. Unless the motor lie a heat engine this pump 
must bo driven by external agency, and tho whole process is one of 
storage, transmission, anil distribution of energy, a subject briefly 
Considered further on. 

286. Imliratvr lHagnum.— The jfreSsure existing in the chamber of 
a pneumatic machine may be graphically exhibited by means of an 
instrument called an Indicator. In steam engines especially its use is 
indispensable to enable the engineer to Jtudy the action of the steam. 
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Figs. I and 2, Plate XI., show an indicator in elevation and section. 

S is a drum revolving on a vertical axis, A is a cylinder communicating* 
with the steam cylinder, the pressure in which is to be measured. /' ik 
a pencil connected bv linkwork with a small piston 7/ so as to mo\o 
with it up or down in a vertical line. The piston is pressed down 
by a spring which measures the pressure, while the drum, by means 
of a cord passing over pulleys and connected with the steam piston, 
revolves through arcs exactly proportional to the spaces traverses! by 
it. A card is folded round the drum, and as the engine moves a 
curve is traced by the pencil u|x>n it which shows the pressure at 
each point of the stroke. • In practice many precautions are necessary 
to secure accuracy in the diagram : the more so the higher the speed, 
because the friction and inertia of the parts of the indicator, together 
with unequal stretching of the cord and inaccuracy in the reducing 
motion connecting the drum with the steam piston, may give rise 
to serious errors. To diminish the elfect ol inertia the stroke of 
the indicator piston is made short and multiplied by linkwork. 

In the example shown (Crosby's patent) the spring applied to the 
drum to keep the*eord tight has a tension which increases as the drum 
rotates from rest. This increase compensates for the inertia of the 
drum, and is said to give, a more nearly uniform tension of the. cord. 

Fig. 20(i shows an indicator diagram taken in this way from the 
high pressure cylinder of a compound engine. 

BB is* the atmospheric line drawn on the card by the indicator 



{iencil when the cylinder communicates with the atmosphere. A A is 
the vacuum line laid down on the diagram at a distance below HB, 
which represents the pressure of tiio atmosphere, as found by the 
barometer, reckoned on the scale or pressures. Then on the same 
scale any pressure shown by the indicator is the absolute pressure^ 
when <neasured from A A. , 

• The figure drawn is a closed curve bearing a general resemblance to 
the* diagram (Fig. &3), which was drawn to represent the cycle of 
operations of a motor? The principal difference is that the corner* 
of the theoretical diagram^are*rounded pff in the actual diagram, an 
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effect principally due to the valves closing gradually instead of 
instantaneously. Also at the end of the return stroke a certain* 
amount of steam is retained in the cylinder and compressed behind 
th£ piston, causing the very considerable rounding off observable at 
the left-hand corner. 

In every case the mean effective pressure may be determined 
graphically by measuring the area oft the diagram and dividing by 
the length of the stroke. This, with the number of revolutions per T 
determines the horse-power for an engine of given dimensions, and 
the consumption of steam in cubic feet per 1' for each horse-power 
thus “ indicated ” can be found. The weight- of steam used, however, 
cannot ho found without measurement of the feed water used, 
because the steam always contains an unknown amount of water 
mixed with it. 

287- llnike Ejjiewneg.— The indicated horse-power (l.H.l’.j deter¬ 
mined as in the preceding article, is subject to a deduction consequent 
on the friction of the mechanism of the engine, and the power actually 
delivered is the Brake llorse-l’owcr (B.H.P.), which can, at least 
theoretically, be measured by a suitable dynamometer, and whi'fh in 
small motors actually is frequently measured by a “ friction brake ” 
(p. 27!)). The ratio of the two is the frictional or brake efficiency. 
The term “ mechanical efficiency ” is commonly employed with re¬ 
ference to the external (frictional) mechanical waste alone, but the 
internal mechanical waste considered in Art. 2H4 may also properly 
be included in the meaning of the word. 

The external waste by friction of mechanism, as will be seen on 
reference to page 259, may be represented by a pressure f on the 
piston given ,by the formula 

/=<■'+/», 

where / is the load on the engine reduced to unit of area of the piston 
and r, /„ are constants. To the remarks made on tfie page cited, it 
may be added that reecnt researches* show that these constants) 
though nearly independent of the load, increase with the initial 
pressure of the steam, that is, they are greater for high ratios of 
expansion than for low. They also increase with the speed, but no 
definite law of increase with initial pressure and speed has been 
‘-discovered. In many types of non-condensing engine the friction is 
independent of the load, that is, the co-efficient e is too zero and the 
friction pressure 4 /,, may reach 3 or 4 lbs. per sq. inch. * 

* ManufU oj the Steam Ewrine, by R. H. Thu rat mi. Part I., aecond edition, p. WO. 
"Wiley k Sona, New York, 18)12. ' 
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t «>y case pressure / is equivalent to an increase in tho lick 
pressure, and the lowest value which tho terminal pressure/q can have 
consistently with economy is 

' ’ Ps=Ps+J- 

Hence also the external and the internal mechanical wastes are 
subject to nearly the same laws. The most important part of the 
external waste is approximately constant, and may lie included, if we 
•’ please, with the corresponding part (//',) of the internal waste calculated 
in Art. 284. 


Section 11, ■Thkk.mouvnamii’ Machines. 

288. Cycle of Thermal Operation* in a II'al AWnc.— So far all that 
has b&n said applies equally well to all pneumatic motors, though 
its most important application may be to the case where the fluid 
serves as the means whereby mechanical energy is obtained through 
the agency of Heat. Wc now go on to consider very briefly the 
principles which apply especially to heat engines. 

In heat engines the pump necessary to replace the fluid in the 
supply reservoir,*or discharge it from the exhaust reservoir, is worked 
by energy derived front the working cylinder, so thut the engine is 
selfacting. Now, if the condition of the fluid were the same in tho 
pump as it is in the working cj Under, sis much energy would be 
required to drive the pump as is supplied by the motor, or in 
practice, more; a necessary condition therefore that any useful work 

• should be done is that, by the agency of heat, the condition of the 
fluid should be changed so that its riujgn density, while being forcoi! 
into the supply reservoir, shall be greater than when doing its work 
in the working cylinder. Hence, the fluid must ltc heated in tho 
supply reservoir, and cooled in the exhaust reservoir, and therefore in 
every heat engine, in addition to the cycle of mechanical operations, 
there is a cycje of thermal operations consisting of an alternate 
addition and subtraction of heat; the heat in question being supplied 
by a body of high tcmjipraturc and abstracted by a laxly of low 
temperature. 

In non-condensing steam engines the pump is the feed pump which 
supplies the boiler with the fluid in the state of water; in the 
boiler heat is supplied which converts it into steam of density rnaiij 
hund^jpd times lets than that .of water. The pump is in this case 

• very minute, and requires a tntlfng amount of energy to work it. 
In*condensing engifies we have, in addition, the air pump. 

In air engines the»compressing pump is generally a conspicupus 
part of the apparatus and requires a Urge fraction of thq power of 
C.M. ’ 'j N 
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the motor to drive it; because the changes of density due to the... 
.(Jternate heating and cooling are comparatively small. 

289. Muhmi'vl Eqvinilrnt of Ural. —Heat and mechanical energy 
arc mutually convertible; a unit of heat corresponding to a certain 
definite amount of mechanical energy which is called the “mechanical. 
EQUIVALENT ” of heat. 

The statement here made is the First Law of the Science of * 
Thermodynamics, and it shows that quantities of heat may be 
expressed in units of work, and, convorsely, quantities of work in 
units of heat. In dealing with questions relating to heat and work, a 
common unit of measurement must be selected. In most cases the 
thermal unit is adopted, and quantities of work reduced to such 
units by division by the mechanical equivalent of heat. Until 
recently the numerical value of the equivalent was taken as 772 in 
liritish units, but it is now recognized that this is somewhat too 
small. In this work the value 780 will be employed, which is just 
one per cent, greater, and quantities of work in foot pounds are 
therefore reduced to thermal units by division by 780. Thus tho 
horse power of .'13,000 ft lbs. per minute becomes (2 .3 thermal units 
per minute or 2538 per hour. 

In heat engines tho cycle of thermal o[ic rations consists of an 
alternate addition of heat (<,*) and subtraction of heat (II). so that, if 
IE be the useful work, 

, V'-d II, 

that is, the work is done at the expense of an equivalent amount of 
heat which disappears during the action of the engine. In steam 
engines this has been tested experimentally by measuring the heat 
supplied in the boiler and the heat discharged from tho condenser. 
The difference should be, and in fact is found to be, the thermal 
equivalent of the work done by the engine. The ratio ll'jQ is 
usually called the “ absolute,’’ or sometimes, for reasons we shall see 
presently, the “apparent" efficiency of the engine, but would Ire 
much better described as the Co efficient of Performance. It is always 
a small fraction: in the best steam engines, for example, it seldom 
exceeds '18 losses connected with the furnace and boiler not being 
included. Supposing as on page 577, .7 the theoretical maximum for 
a pneumatic motor working between the given limits of pressure, the 
ratio IE .I, which we will call c, is the “mechanical” efficiency. 

290. Mechanical Value of Heat. —In stating the first law of 
thermodynamics nothing is said about'the temperature at which the 
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heat is used. In other words, the meehanical equivalent of heat t* 
just the same,whether the temperature lie low or high. Yet conimot^. 
experience tells us that the value of heat for mechanical purposes 
depends very much on this circumstance. The heat discharged from 
the condenser of a condensing steam engine, or with the exhaust 
steam of a non-condensing engine, is of litlle value for the purposes 
of the onginc. So obvious is this fact that the first attempts at 
connecting the work done bv a heat engine with the heat supplied 
to it may be partly described as attempts to show that temperature, 
not quantity, was equivalent to energy, heat being supposed as 
indestructible as matter. • 

It is now known, however, that difference ot temperature is not in 
itself tfhergy, but merely an indispensable condition that heat may 
be capable of being converted into work. The power of a heat 
engine depends on dilferenec of temperature, being greater, the 
greater that*difference is; but in all cases only a traction of the 
heat supplied is converted into mechanical energy. 

In the converse operation of converting mechanical energy into 
i heat it is possiMe, by employing it in overcoming frictional resist- 

• ance*. to obtain an amount of beat equal to the energy employed, but 
such professes are always irreversible. I lie only way of converting 
heat into work is by means of a heal engine in which tlte rejection 
of heat at low temperature is as essential as the supply of heat at 
high temperature. 

Difference of temperature is wasted if heat be allowed to pass frot# 

" a hot body to a cold one without the agency of steam, air, or some* 
other body, the density of which is changed by its action. When 
once wasted it cannot be recovered, a fact of common experience 
which is expressed in other words by a second thermodynamic 
principle. , 

Second Law.— Heat cannot pass from a cold body to a hot one 
by a purely self-acting process. 

• By a “self-acting” process in this statement is meant any prpeess 
which is of the nature of a*perpetual motion being independent of any 

• external agency. By the employment of mechanical energy drawn 
from external bodies, heat may be made to pass from a cold 1-ody 
to a hot one, the amount of energy required being grcater.the great* 
the difference of temperature. And the method sometimes employed 
of raising steal*, without thrf Jfc* of a furnace, by means of heat 
deflved from the elhaust steam condensed in a solution of caustic 
aoda, shows that energy derived from chemical affinity may serve the 

purpose. But, i* no energj is Employed,, no heat will pass. , # 
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difference of temperature must therefore be carefully utilized, and 
,jincc the smallest difference of temperature is sufficient to cause heat 
to pass from a source into the air or steam which exerts energy, it 
at tmcc follows that the process of conversion of heat into work will 
be most efficient if all the heat be supplied while the fluid has the 
temperature of the source of heat, and all the heat rejected while it 
has the temperature of the body which subtracts heat. Those are the 
conditions of maximum efficiency, and if they are satisfied it is 
possible to show that a mechanically perfect motor (p. 576) supplied 
with heat Q will exert the energy 


. T u T.,, being the temperatures of addition and subtraction of heat, 
reckoned from the “absolute” zero, a point 460° below the ordinary 
zero of Fahrenheit’s scale. This is true whatever be the nature of 
the heat engine employed for the purpose, and no more heat can 
be converted into work under any circumstances. An engine which 
satisfies these conditions may be described as “thermally perfect.” 

If two bodies be at the same temperature heat tony bo made to 
flow in either direction from one to another, the actual direction being 
determined by a difference which may be made as small as we please: 
that is, the process is rerfmhle. Hence the conditions of maximum 
thermal efficiency may also be described by saying that the eyrie of 
thermal operations must be “thermally reversible.” And the condition 
tfcat an engine may be l>oth mechanically and thermally perfect may 
fro completely described by stating that the engine is reversible. 

Whichever way we adopt of stating the result it follows at once 
that a unit of heat has a certain definite Mechanical Value given 
by tho equation 

M = 780. T J.; r -<>, • 

M , 

where 7',, T„ are the temperatures between which it can be used. When 
ickonod in thermal units M is also often called the Available Heat. 
If, instead of the whole amount of heat Q being supplied at the 
ime temperature T v the fraction^ q v ij„, y a , ... are supplied at the 
iveral tomperatures 'J \, T. it T 3 , ..., the temperature of abstraction of 
3at remaining the same, the mechanical value of the whole is the 
im of tho mechanical values of efich of the several parts ( taken 
iparately. On expressing this prftidiple algebraically it will«be found , 
ist the mechanical value of the whole is now in thermal units * 

,/ T- - T n ri < 
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where T m is the average temperature of supply given l>y thq equation 

L = '4 + '/;. + 

T m T+TS"" 

In many cases the whole or a |wrt of the heat is supplied St. a 
uniform rate as the temperature rises or falls, as, for example, when 
a mass of hot air is employed as a source of heat by cooling it at 
constant pressure. The exact value of the mean temperature of heat 
go supplied may be found by integration, but unless the change of 
temperature is excessive, the mean in question is very approximately 
the arithmetic mean of the highest and lowest temperatures. If then 
a quantity of heat Q be supplied at a uniform rate as the temperature 
rises from 7’., to 1 \, the part of that heat mechanically available will be 

• \j ... + 4 


1(7', + '/',) 


“ • Q, 


a useful formula which we shall have occasion to use presently. 

• 

291. Available Unit of St, am. When steam is formed from water 
supplied to a boiler the temperature of the boiler is connected with 
the pressure by a perfectly definite law, .so that when the pressure is 
knot'll the temperature can be found, and conversely, lhc results 
are well known, and given bv a table which, being generally accessible, 
need not be reproduced here. 

The process may be separated into two puts (1) the raising of 
the feet} water from the temperature at which it enters, to 7',, 
the temperature of the boiler: and (J) tin- formation of steam at % 
constant temperature 7',. The quantity of heat supplied during tin- 
first stage is approximately 7’, - 7',,. and the rate at which it ,s supplied 
is approximately uniform. Its mechanical value is therefore, putting 
f 2 = 1' 0 in tbo general formula given above, 


Sl„- 


7'n) 


(7', - T„f 


Z'i + 4 


During the second stage, if the steam formed be saturated and free 
from moisture, the quantity of heat supplied is commonly railed the 
“latent heat of evaporation," and js given for each pound of steam 

by the well known formula 

£,.90(1 --7If/,-212"), 0 

where t, is the temperature Fahrenheit, Since the whole of this is , 
supply at the temperature T,( = 4fi0). the corresponding mechanical 

•value is * * 

* * 

• 1 l 

The mechanical value of tht|whWe heat sqpplied is now M t + « K 
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in using this formula the lower temperature T 0 must correspond 
^to p, the pressure in the condenser as shown by the vacuum gauge, 
or assumed for the purposes of the calculation. In a non-condensing 
engine T 0 must correspond to the pressure of the atmosphere, which 
in this case is the exhaust reservoir, that is, it must be supposed 
212 + 460 or 673. 

In perfect engines the mechanical value of the heat supplied is also 
the available energy of the fluid used 1 , which is thus obtained from 
the temperatures of supply and rejection of heat without the necessity 
of Tcnowing the form of the expansion curve, which always must be 
such that its area, as in preceding articles,, represents the energy in 
question. The available energy is therefore given by the formula 

A close approximation, however, to the available energy may be ob¬ 
tained by considering the form of the expansion curve (see Appendix). 
This leads to the very simple formula 


M 


0 logA 

Pn 


where T 0 n « > 9 the product of the pressure and the volume of dry 
saturated steam at the lower limit of pressure ;/ 0 , a quantity found 
in thermal units by a formula given further on or from a table of the 
properties of saturated steam. 

If the steam be superheated O', the additional heat supplied will 
,be Jff thermal units noariv, and the rate of supply will bo approxi¬ 
mately uniform. The corresponding mechanical value will therefore 
be, putting + d in the general formula, 

* M. - j0 . T i + ~ T » 

- - r.+itf 

The whole available energy is now M (l + M t + M.,, lmt the increase is 
relatively small, the actual economy due to superheating being not 
riue to this cause but to a reduction in cylinder condensation, as will 
be further explained presently. 


292. Thermal Effifienri /.—If an ongine be mechanically perfect the 
work done per unit of heat will be simply the mechanical value, if the 
‘ conditions of maximum efficiency am satisfied. It, general, however, 
somo of the heat will be supplied sit a lower temperature.tluui the ( 
source of heat, and some will be abstracted at a higher temperature 
than that of the refrigerator. When this is,the ease difference of 
temperature is wasted, and there is a corresponding loss of therma} 
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efficiency- If the temperature ia known at which tlie air or steara is, 
while it ia being supplied with a ccrtuih quantity of heat, or while 
a certain quantity of heat is being abstracted, the mechanical value Hf 
that beat can be found corresponding to that tcm|>eralure. 2'hia 
quantity represents the work actually done since the engine is 
supposed mechanically perfect, and the same calculation being made 
for all the heat supplied or abstracted, the total actual work will be 
known. Dividing this by the total quantity of heat the actual work 
{A) per unit of heat will lie known. The ratio 



may be described as the •thkkmai. kkmcikncy ” of the engine. 

Thermal losses may be perfectly definite and practically unavoidable 
in the type of heat engine under consideration, and may then properly 
be taken into account in calculating the mechanical value of the 
heat supplied. Such is the case, for example, in steam, the available 
energy of which was found in the last article. The heat supplied by 
the furnace gases is in the first instance at a much higher temperature 
than that of the boiler, but iki use is made of the difference, and it is 
therefore supposed to lie all supplied at the boiler temperature. Again, 
the portion !\ - 7' 1( of this heat passes liy conduction from temperature 
J\ to a lower temperature, which gradually increases from 7' 0 to 7', 
after the feed-water has entered the boiler. If it. had been supplied at 
teinpesatnre its mechanical value would have been 

.(/ = (T T) 1] 1 " . < 7 ’i ” ? ’o) J *. 

’ * 1 J '>/ •/> 7- I 

1 I ' 1 \ 

and, therefore, would have been increased in the proportion 7', + 7',: 7’,. 
As, however, the supply of heat at rising temperatures cannot practically 
lie avoided, the available energy is considered to be that which remains 
after deduction of the* corresponding loss. A [»irt of the loss may lie 
regained by u$c of a properly constructed feed water heater, but the 
resulting gain is most conveniently estimated independently. 

The standard of comparison in beat engines therefore is riot; always 
an ideally perfect engine, but is fixed with reference to the result which 
could be attained in an engine of that type if all its working arrange¬ 
ments were perfect. • 

Ia practice tht» engine will not be either mcchanically*or thermally 
perfdfct; its efficiency ( lV;Sf) *»il! then las the product ( dt) of the 
mechanical efficient^ (W/A) and the thermal efficiency (AjM). The 
efficiency thus calculated is estimated relatively to an engine which i* 
mechanically apd thermally aperfect, and may lie described aslthe 
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1 relative”or “true” efficiency, as distinguished from the “absolute” 
>r “apparent” efficiency defined in a former article. 

'“To estimate the efficiency of a heat engino without any reference 
to the temporatures between which the heat can be used is very 
misleading. The true efficiency of the best condensing steam engines 
is about 05 per cent., instead of 18 per cent, as it appears to be 
m8roly from the quantity of heat used. The standard of comparison 
is, however, for reasons which have just been pointed out, generally 
to some extent conventional, and consequently varying estimates of 
the efficiency may be made. 

293. I'unijmml Enijines .—The working fluid may be discharged 
from one contracting chamber into a second which simultaneously 
expands. In many cases an intermediate reservoir is employed, which 
receives the fluid from the first chamber and supplies it to the second ; 
the two chambers are then virtually separate, and form two distinct 
motors, the power of which can be separately calculated. The sum 
of the two is the power of the compound motor; it is necessarily 
the same as if the fluid had been used with the name expansion 
curve betweon the same extreme pressures in a single chamber; except 
that the frictional resistance of the passages between the chambers 
ami the intermediate reservoir represents a certain loss of energy in 
the compound motor which does not occur in the simple one. When 
there is no intermediate reservoir there is no distinct period of 
admission or expansion in the low-pressure chamber, but the power 
njay still be determined graphically for each chamber, and the results 
added. The process of compounding may he carried further by the 
employment of triple and quadruple expansion. 

In every case the energy of the fluid is the same, and cannot he 
affected by the mechanism employed to utilize it, unless its density 
or elasticity ho altered by contact with the sides of the chamber in 
which it is enclosed. In steam engines, however, the' action of the 
aides of the cylinders has great, influence by condensing steam as it 
entors the cylinder. The liquefied steam is re-evaporated towards 
the end of the stroke as the temperature of the stcafn falls, hut the 
process is nevertheless a very wasteful one. The action is greater 
tha, greater the degree of expansion employed, because the range of' 
temperature 'is greater, and the gain 1 by expansion is thus in great 
measure neutralized or even convert*d*into a loss. By •employing two 
cylinders instead of one the expansion is divided into two parts cash 
of moderate amount, and liquofaction may he diminished. Moreover 
for (constructive reasons the excessive ei paijpion necessary to obtain 
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the full advantage of high-pressure steam cunnot be carried ouf in * 
a single cylinder. Compound engines are therefore lasing used more • 
and more wherever economy of fuel is a consideration, and in murine 
practice have almost superseded the simple engine. • 

The principal losses in steam engines are (1) a mechanical loss duo 
to incomplete expansion, and (2) a thermal Iosb due to liquefaction. 
One of these cannot he diminished without increasing the other; but 
considerable economy may lie effected by the use of a “ steam jacket," 
by the employment of superheated steam, and by compounding. 


294. Useful Work of Shvii). -The relation between the pressure 
(P) and the volume (r) of dry saturated steam is expressed by the 
equation 

Pt " n ‘' Constant, 


from which is readily derived the formula 

• • log (/V) = 1-7682 + -0(i07 log p, 

which gives in thermal units the value of /V for 1 lb. of dry saturated 
steam of pressure p lbs. per sq. inch. The logarithms are here common, 
not hyperbolic. • In the formula for H'„ given in Art. 28. r » (p. 6f>7), 
the aid lie to be used for P.,V, ran be obtained by calculating /*/, for 
the terminal pressure and then multiplying by the dryness 
fraction of the steam at release. The index n of the expansion curve 
may for this purpose be taken as 10 9, and wo thus obtain for the. 
waste work at exhaust the formula 

(£)"■ + ;ij- 

The remaining losses may conveniently be expressed as a traction 1 - k 
of the available heat (M) of the steam for the given boiler and 
vacuum pressures p,, p 0 . The useiul work of t lb. of steam is then 
//• /..!/ II' 


The value of'thc co efficient k depends mainly on thermal losses, of 
which the principal is cylinder condensation, but it also includes leakage 
and the minor mechanicaf losses already referred to. 1 bus, in com¬ 
pound engines, k is diminished by the losses by clearance and leakage 
in all the cylinders and by wire drawing between the cylinders. The 
quantity (1 -k)M may conveniently be described as the “missiftg 
work,” representing, as it does, lAainly, losses which cannot be detected’ 
'by tbi indicator alone, but only ’^•measurement of the feed water. 

in a given engine*#', W„, ami M can be derived from data furnished 
by experiment, and he^icc k can be found. Examples of this calculation 
for engines of various types veill be found in the author’s work on hie 
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' steSm engine* from which it appears that unless there is some special 
cause of waste, the “missing work" is from 20 to 30 per cent, of the 
available energy; that is, the value of k is from ■/ to '8. 

By assuming values of k, and - r < the dryness fraction of the steam at 

release, tbo consumption of steam in lbs. per I.H p. per hour can be 

determined for given pressures; for since one horse-power is 2538 

thermal units per hour, 

i, c -’538 

Lbs. per i.h.p. per hour= -. 

The fraction is less variable than k, and may generally bo assumed 
at '8, unless there be some special cause of waste; and thus in the 
most economical engines commonly occurring in practice, the consump¬ 
tion of steam will be found approximately by writing i = - 8, r 2 ='8 in 
the preceding formulie. But where cylinder condensation is excessive, 
as, for example, is the case in small engines running at a low speed, 
the consumption may be double the amount thus given. ()n tlje other 
hand it may be somewhat less when superheated steam is used, mainly 
because cylinder condensation may in this way be greatly reduced. 

295. Kffirieiii's mid I'erfurnuiwe of Strum Knijines. — We have already 
described the ratio H r /M (p. 567) as the efficiency of the steam; it is 
givon by the formula jy /y 

M =k Sr 

If expansion be carried to the greatest extent which can in any 
case be advantageous (Art. 287), )k 2 will be a given quantity, and /U 0 
may be taken as constant. The efficiency for a given.vacuum is then 
greater the higher the boiler pressure ; that is, an increase in the boiler 
pressure has not only the effect of increasing the energy of the steam 
theoretically available, but it renders it possible to utilize a greater 
fraction of it. On the other hand, an improvement in the vacuum 
increases the available energy, but as it also increases IPq in a much 
greater proportion, the efficiency is lowered. This is a necessary con¬ 
sequence of the low pressure of the steam requiring large cylinders and 
great friction for a given power. The energy theoretically available 
from heat employed at temperatures much below 212" can only be 
made use of without great waste by means of some fluid which is more 
volatile than water. 

c In non-condensing engines the fraction /F„/.I maj be and generally 
is small; their efficiency therefore may be as much as 75, or, lit special' ( 
cases, more. «’ • 

* The Steam ittj/Oic coneniercd a* n Thermodynamic Machine, third edition, p. 322, 
Spdh, 1898. 
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The efficiency of an engine is not generally greatest when expaflsior 
is carried to the extreme limit fixed !>y ‘the buck pressure and bj 
friction, because the value of 1 - k is greater than it would be if a smalTei 
expansion had been employed; this is specially the case in sffigle- 
cylinder engines working at a moderate speed. The expansion which 
can be usefully employed in practice is further limited by considera¬ 
tions of cost; interest on capital, as 1'rofessor Thurston has pointed 
out, being a “ waste ” which ought to be taken into account , 

The general question of steam engine economy is far too large and 
important to consider in detail in the present work, but the foregoing 
observations may be of, service in drawing attention to the principal 
points to be studied. 

296. Heveraeil iM Emjiius. -A heat engine like an hydraulic motor 
may be reversed, and then becomes a machine for drawing heat out 
of cold bodies and supplying it at a higher temperature just as a 
pump takes water from a low and discharges it at a high levol. 
Most heats engines occur in their reversed form, being employed us 
“refrigerating 1 ; or, to use the phrase employed in Germany, “cold" 
mqphines in the artificial production of ice, or the maintenance of a 
low temperature in a chamber for the preservation of articles of food. 
If the heat engine he perfect the reversal will he exact, the same 
thermodynamic machine, or as for brevity wo might perhaps describe 
it, thq same TIlKUMn being a beat motor or a heat pump according 
to the direction in which it is driven. As in hydraulic machines, 
however, the reversal in practice will not be perfect., and certain con¬ 
structive differences between the motor and the pump will generally 
be rendered necessary by the different conditions under which they 
work. The refrigerating machines most in use arc tlje air machine, 
which operates bv the compression and subsequent expansion ot 
atmospheric air, and’the ammonia compression machine. The first 
of these, which is a reversed air engine, we shall have occasion to 
-ofer to presently. The second, which is much employed m the 
manufacture of ice, will how be discussed in illustration of the fore¬ 
going remarks. ‘ . . „ 

In making ice by this method, the water to bo frozen, originally, of 
course, at tbe atmospheric temperature (/’,), is contained in chandler* 
forming division^ a refrigerating tank filled with brine, at a tempera- 
ture.'bdow the freezing point,’by which it is first cooled to 32' and 
amity frozen. Tift heat, thus received by the bnno, together with that 
which leaks into th%tank from surrounding bodies, is then abstracted 
by the evaporation of iiasid Anhydrous, ammonia contained in a co'il of 
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pipiftg immersed in the tank. The liquid in question is highly volatile, 
i^s vapour having a pressure of over four atmospheres at the tempera¬ 
ture 32’ K. As fast as it is formed the resulting ammonia gas is drawn 
into'b doublo-acting compressing pump, By means of which its pressure 
is raised; the temperature at the same time rising above that of the 
atpiosphere. When the pressure has reached a certain limit, ranging 
from ti to 12 atmospheres, a valve opens, and the gas passes into a 
second coil of piping surrounded by circulating water of atmospheric 
temperature, by which it is condensed once more into liquid. To carry 
out the process perfectly it would now be necessary to admit the liquid 
into an expansion cylinder, where its pressure would gradually fall 
while driving a piston. A portion of the liquid would then evaporato, 
and the temperature would be reduced till it had fallen to T„, the 
temperature of the evaporating coil in the brine tank. This part of 
the process not being practicable, the high-pressure liquid is actually 
allowed to rush through a small connecting pipe into the coil, thus 
completing a continuous cycle. The difference this makes will be 
considered further on; for the present we suppose the expansion 
cylinder to exist, and to lie connected with the crank shaft by which 
the compressing pump is driven. 

If now It be the heat abstracted from the refrigerating tank at 
temperature T„ and V the energy exerted in driving the crank shaft, 
the heat transferred to the circulating water hy the condensing coil 
will lie 


y- U+lt; 

tKe final result of the process being that a quantity of heat It passes 
from the temperature J'„ to the higher temperature 'l\ by the agency of 
a certain amount of mechanical energy U, which is converted into heat 
in the process.' Further, assuming the temperatures and 7' 0 of the 
coils to differ very slightly from the temperatures of the atmosphere 
and the tank, every step of the process will bo exactly reversible, 
and when reversed the machine becomes a heat motor, of which U 
must be tile mechanical value of the heat Q and It the heat rejected. 
Hence tho relations between U, Q, It must be tho same jn the two cases, 
that is if U be the mechanical energy necessary to abstract the heat It, 


U=Q. T K,= Ty 7r? a • II- 

1 1 *> j o 


Tho quantity of heat 


R -rzT’ u 

l \ i o 


may bo described as the refrigerating VaU|? of the energy U. 
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In the actual machine the expansion cylinder is omitted, and* the 
energy required to drive the crank shaft is correspondingly increased; 
while a portion of the liquid ammonia is none the less evaporated as it 
rushes into the evaporating coil without drawing heat from the Ifrinc, 
so that the heat abstracted is nut increased. If then If Ik*, the heat 
actually abstracted from the freezing water for a given amount of 
energy U, If will lie less than It from this cause, as well as from 
leakage of heat and other losses The ratio 11 11 is the efficiency of 
the machine, which in this case includes the friction of the mechanism, 
and in good machines of this class appears to lie about 40 |>er cent. 
But, as in motors, the, standard of comparison is to some extent 
conventional, because it ; s possible to make various practical estimates 
of the*“ refrigerating value " of the energy employed. 

The foregoing sketch, necessarily very brief, of the action of thermo¬ 
dynamic machines is all that can be attempted in the present work. 
We n«w pAss on to consider more jiarticulurlv the transmission of 
energy by elastic fluids and the flow of gases through pipes and orifices. 


• Suction III. -Tuansmission of Ksbkuy, Ed.w of (Iahks. 

297. Inlniitil Kmnjii. lutmuil H'"d\ The distinction between 
internal work and external work was pointed out in Art. SU, P- ' 8, b 
and thg corresponding distinction between internal and external energy 
of motion in Art. 133, p. tifi 8 These distinctions are principally ijn- 
portant in fluids, because the extreme mobility of their parts renders 
internal motions, of great magnitude, «\ common occurrence. U e have 
already seen in Chapter XIX. b >w energy is dissipated by the internal 
action"of liquids; in gases the same disunion occur* and m even 
more important. 

'In liquids the absorption of energy is almost completely irreversible, 
but in gases it is not so. We may l.ave internal energy as well as 
internal work: the greater part of the expansive energy of a gas being 
due to internal actions. 

The state of ar. clastic fluid is‘completely known when its pressure 
and volume art known, but these quantities are capable of any 
variation we please within wide limits, provided only jfiat wo Iftve 
unlimited power V adding or Subtracting heat. If, however a third 
quantity, the temperature, be ‘dt.sidcred, it will be found that the 
tftee arc always connected together by a certain equation depending 
on the neture of the»fluid, so that when any two are given the third 
is known. Fo» example*!.! the so-callqil “ permanent ’ gases, sued a* 
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dry air, the equation is very approximately 

rV^e.T, , 

whoip T is the temperature reckoned from the “absolute" zero, as in 
Art, 290, and i: is a constant which for pressures (P) in lbs. per square 
foot and volumes ( V) in cubic feet per lb. has, for dry air, the value 
f)3''2. The “state” of the fluid is completely known if any two of 
these three quantities are known, but not-otherwise. 

To produce a given change of slate a certain definite amount of work 
must be done in overcoming molecular resistances; this is the internal 
work, and is the same under all circumstances. Hut in gaseous fluids, 
the molecular forces being reversible, may tend to give rise to the 
change of state, and then we huve internal energy instead of internal 
work. Taking the first case: if the change be at constant volume, 
this internal work will be the total work done; but in general the 
volume changes, and in consequence external work is done, .the amount 
of which depends not merely on the change of state, but also on the 
way in which that change is carried out. The total amount of work 
is the sum of the internal and external work: it is done by the 
agency of heat energy supplied from without, so that we write 
Heat Expended - Internal Work + External Work, 
the three quantities being expressed in common units. 

An important application of this equation is to questions relating to 
the formation of steam, but this we must pass over, our present object 
being to consider the flow of gases through pipes and orifices, for 
which purpose the equation is written 

Expansive Energy =» Internal Energy + Heat Supply, 
or, in other words, of the whole expansive energy of the fluid, a part is 
derived from internal molecular forces, and a part from heat supplied 
from without. • * 

If no heat is supplied from without the expansive energy is equal 
to tho internal energy: this case is called “ adiabatic ” expansion, 
obtained by writing «= 1-4 in the formula? of Art. 281. More 
generally, it is shown in treatises on thermodynamics that the 
internal work done in changing the temperature of a lb. of air from 
T l ,to T„ is /., - /,, where * 

/=A;.r=25 PF, 

K, being the specific heat at constant volume, which it 2-5 r. lienee 
when the temperature falls from 7\ to T. 2 the internal energy stipplird 
by the fluid is A',(T, - 7\) and the equation becomes for a heat supply Q 

E-Wc'P^-Pyjf-Q. 
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This is the fundamental equation from which all cases may'he 
derived. 

* ® ^ le heat be supplied to a permanent sis at a uniform rate as the 
temperature falls, it may be shown that the law of expamiioii is 
PV - constant, as supposed in Art. '.’SI, and this is generally per¬ 
missible with sufficient approximation. The expulsion index a then 
depends upon the proportion which Q bears to K. If (> E the 
expansion is hyperbolic, and tiie whole oi the expansive energy is 
derived frpm heat supplied from without. The manner in which the 
expansive energy (E) depends on the heat 
supply (Q) is well seen by the annexed 
diagram (Fig. '.’07). Let, as before, the 
ordinates of the point 1 represent the 
pressure and volume before expulsion 
and those of the point 2 after expansion, 

1, 2 tiling ‘the expansion curve, Set 0 
downwards .V,£,, N«Z.,, each equal to 21 
the corresponding pressure ordinates, and 
complete the reotangles 02 v 02.,. Then 
complete the rectangle 2 X 2.„ and draw 
the diagonal SL to meet the vertical 
through 0. Finally through the inter¬ 
section draw 11 horizontally; then the 
rectangle 1. V, will be found to be the 
difference of the rectangles 02 v 02 and therefore represents the 
internal energy exerted during expansion. Thus the area 1 211 
(shaded in the figure) represents the heat supply: which will depend 
not only on the points 1, 2, that is, on the change of stale of the 
air, but also on the form of the expansion curve, tlytt is, on the 
way in which the chango takes place. 



298. Tnnwnission of AWjw Vom/iirssiil .Ur. -A reservoir of 
compressed air furnishes a supply of energy which may be transmitted 
by pipes to distant prints and distributed at pleasure. The losses 
which occur in the pipes by leaHbge and friction will lie discussed 
further on; the present article will be devoted to the consideration 
of the process of compression and expinsion. 

The volume of*l lb. of air iff the atmospheric pressure is 




where T t is the absolute temperature. The work done in compressing 

1 cubic foot to*a pressurf of*/’ atmospheres without gain or loss* of 
* • • 
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heal, and forcing it into a reservoir, is (Art. 285, p. 558) 

. Work done=7400(^-1), 

while the temperature will rise to 

r^T n .pl 

If the temperature could be prevented from rising the work done 
would be reduced to 2116 log,/'; but this can only be effectively 
done by the injection of water in tho fbrm of spray into the com¬ 
pressing cylinder. No form of water jacket appears to have any 
considerable effoet in the short space of time occupied by the work¬ 
ing stroke. After tho compression is complete the air may bo cooled 
on its way to the reservoir by passing it through pipes exposing a 
largo surface to the external application of cold water; an operation 
which is conducive to economy, for otherwise the hot air in the 
reservoir will loso heat by radiation and conduction, and the pressure 
will be reduced. Lot us suppose the air thus cooled,at qonstaut 
pressure to temperature T, the work done in forcing it into the 
reservoir will not be reduced, the only difference is tha.t a part of 
the admission work will be done outside tho reservoir in compressing 
the cooling air at constant pressure, the total amount remaining the 
sumo. Hence, in the absence of spray-injection, the work done 
per cubic foot of air drawn from the atmosphere is always nearly the 
same, being given by the above formula, and this conclusion would 
bo correct if tho air were heated instead of cooled before entering 
the reservoir. 

< *Thc compressed air is now conducted by pipes to a corresponding 
motor at any distance. The air-motor consists of a working cylinder 
and piston with valves attached, as in tho case of a steam engine. 
Assuming the expansion adiabatic and complete the energy exerted, 
per cubic foot of rompcesseil air consumed is, as shown on page 554, 
7400(1'whatever the temperature. Notv if T be the tempera¬ 
ture, tho density of the compressed air is greater than that of the 
atmosphere in tho ratio PTJT, and therefore we obtain by division 

T 

Energy exerted => J400... 

‘ u 

a general formula giving the available energy of an air motor per cubic 
fobt of air dj-awn from the atmosphere by the compressing pump. For 
'reasons already stated the whole of tliis will not bk utilized (p. ( 555). 
On the other hand, the expansion" has been supposed adiabatic, 
‘although there can be little doubt that the coollhg of air below the 
atmospheric temperature is greatly hindered by the condensation of 
vajiour mixed with it, and by t drawing Heat from external bodies. 
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Subject to these remarks the efficiency of transmission will be 

(1) Let the air after compression he cooled to 7',, and supjTliod 
without re-heating to the motor, the efficiency is now 1 jP\ and there¬ 
fore diminishes rapidly as the pressure increases. The loss is due to 
change of temperature, and may he greatly diminished liy compound¬ 
ing the compressing pump so as to compress the air in two or more 
stages; tjie air being thoroughly cooled between each stage. Com¬ 
pression by stages is necessary for constructive reasons when the 
pressure is very high, and, when properly carried out, is economical. 
It has of late been introduced for economical reasons. 

(2) If the air is re-heated after transmission before entering the 
motor the efficiency will be increased as the formula shows. It. is 
true that heat will be spent in raising the temperature of the air, 
but thff cor/esponding gain of work in the motor cylinder is pro]tor- 
tionally very large. If T>J\ more energy will be exerted in the 
motor cylinder than is necessary to drive the compressing pump, the 
whole arrangement operating as a heat-engine. If 7- 7, the arrange- 

1 lnerg. operates as a reversed heat-engine, being, in fact, a well-known 
form of refrigerating machine. The theory of the process considered 
in this light is given in the author’s work on the Steam Engine already 
cited, in which the principles of thermodynamics are explained at 
length.. 

299. Ftmdij Flov: Hi ion;ili n l'i/ie. <'••» witum of -Koferring 

to Fig. 174, p. 475, suppose that the reservoir is closed, and that it 
contains an elastic fluid at high pressure which is flowing through the 
pipe. Unless the change of pressure be very small, difference of lovel 
may Ire disregarded as relatively unimportant (p. 550), and we have 
only to consider differences of pressure, while, on the othet hand, we 
must now rcmemlter that, when the pressure changes, energy is exerted 
by expansion as well as by transmission. The energy transmitted 
from the reservoir to any point where the pressure is P and volume V 
is P„P 0 , where the suffix indicate/ the state of the fluid in the reser- 
* voir Of this the amount PV is transmitter! through the point, and 
the difference P t r„ - PV together with the expansive rjpergy 
employed in geneiUting the kinAic energy which the gas possesses in 
foonsequesce of the velocity u‘v«:th which it is rushing through the 
* pipe at the point considered. Thus, if the motion be steady, 

* 20 
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where Q is the heat (if any) supplied during the passage from the 
reservoir to the point. If no heat bo supplied, 

‘ " + 3-5/'K= Constant, 

2 <j 

ap equation which may also be written 

+ K P .T= Constant, 

where K is the specific heat at constant pressure. If we have to do 
with any elastic fluid other than a permanent gas, 3\5 PV must be 
replaced by I+I‘V, where I is the internal energy, and if the question 
be such that the elevation of tho point considered has any sensible 
influence, the term s must be added as iri tho corresponding, case of 
an incompressible fluid. 

Tho equation for a compressible fluid, however, is much more general 
than that for an incompressible fluid, because the internal energy is 
taken into account, and consequently any energy exerted in over¬ 
coming frictional resistances is replaced by an equivalent amount of 
heat generated. It follows that the equation is true whether there 
be frictional resistances or whether there be none, provided that the 
internal motions have time to subside and be converted into heat by 
friction, and provided that none of the heat thus generated is trans¬ 
mitted to externul bodies. 

It sometimes happens that wo have to consider cases where a 
quantity of heat (J is supplied to a permanent gas during its passage 
erom a (mint 1 to a point 2. we shall then have the equation 

an equation which is true, however great the variations of pressure or 
temperature are, and whether or not there are frictional resistances. 


> 

300. Fclocitii of Efflux of a Gas from «» Orifice .—The most im¬ 
portant applications of the equation for the steady flow of a gas are 
to the discharge of air or steam from an orifice and to the flow of air 
through long pipes. 

In the first case the frictional resistances are small and are con¬ 
sequently yeglected. It will be desirable to give a method of treating 
the question which is independent of the general equation. 

In Fig. 208a o 12£ represents th«f expansion curve for a small portion 
of the gas as it rushes out of the reservoir A (Fig. 208b) in wuich 
itfis confined through a small orifice into the atmosphere. The jet 
contracts at issue to a contracted section* kk, nearly as in the case 
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whew the fluid is incompressible, and then, in general expands again 
income such way as is shown in the figure. The velocity through thw 



contracted section may be denoted by ", and the pressure there by 
Thu area of the contracted section is connected with the area of the 
orifice by the equation 

as on page 473, /' being a co-efficient. 

Each small portion of the fluid expands from the state represented 
by the point « on the diagram to that represented by A’; in some 
intermediate state it will be represented b\ a |«iint 1 on the expansion 
fcurve, and immediately after by ‘2, a point near to 1. Let ti t , be*, 
the corresponding velocities, then • 

H l~ H ? 

'2a t 1 ' 

‘ • 

where w is tho mean density and l the mean specific volume repre- 
sented graphically by the' mean of : 1, ;'2. Hence V. HP is represented 
by the area of the'strip cut off by these ordinates. Dividing the whole 
area into strips, tho area of each strip represents the corresponding 
change in »*/2 g, so that the fotal area represents the final value of this 
quantity. We have then 

~ = Area .V.Jtf-f'W-*. 

2 g J r 

The quantity h thus'found and graphically represented is the “ head ” 
^ue to diflWence o*f pressure, as fuoy*«tplained in Art 283. 

•AAuming the expailsioti curve PV* — Constant, as before, 

• * * 
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Now, if the expansion be adiabatic »= 1*4, and «c/(»- 1) is equal to 
«Sj,, so that the result might have been written down at once from 
the general equation of the preceding article. ' 

Employing tho notation of Art. 281, but replacing the suffix 1 by 
the suffix 0, the velocity of efflux is given by the formula 


n- 

-n 


-■"-, -Wi -/«•)• 


.301. liinchmije fmii an Orijier .—The weight of gas discharged per 
second from an orifice of contracted area . I is now found from the 
formula J u 

" ~ y’ 


whero I' is the specific volume of the gas at the instant of passing 
through the contracted section, and therefore supposing .7 unity the 
weight per unit of area is given by 


»'-■ = 2 <,. 


VO -/«■)• 


■ It - 1 V "■ 

For V we now write r/' Q and finally obtain 

2 ./. " ■ 

■ a - 1 r„ i- 

In applying this formula n must be supposed known and r calculated 
from it by the equation on p. 552. 

It will bo found on examination that as // diminishes from unity JV 
increases to a maximum value and then diminishes again to zero. 
That is, if tho pressure in the throat of the jet at tho contracted 
•section be diminished the discharge does not increase indefinitely, 
but reaches a maximum and then decreases. On substitution for r 
in terms of g it will Ire seen that for a given pressure (/’„) in the 
- »+J 

reservoir IF 1 is greatest when g" - g * is greatest. 

This will be found to be the case when 



The expansion is adialsitic, and the values of « with the resulting 
values of g for maximum discharge are shown in the annexed table. 


Natoms ok Gas. 

Valpk OK t«. 

Vai.dk or fi. 

Dry Air, • • 

• , 1*4 

■528 

Superheated Steam, - 

- it V 1-3 

0 ••646 ‘ 

Dry Saturated Steam, 

- ! 1135 

■577* , 

Moiat Steam, .... 

■ | 1*1 1 

■583 ° • 


1 

1 * 

• 


7^* 

•» 


h 
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The discharge is therefore a maximum when the external pressure 
is from - 5 to '6 the pressure in the reservoir. For dry air it wiH 
be found , on substitution that the maximum discliarge per second 
j>er unit of contracted area is. 

•W„ /• 


H' = 


and for dry steam 


ir 


\'I‘X 


The pressure l\, was originally sup|)osed expressed in lbs. per s(piare 
foot, but it may now f»e taken as lbs. per sipiare inch in the 
numerator of these fractions, in which case II ,„ will be the discharge 
per square inch. 

The diminution of the discharge on diminution of the external 
pressure belo,w the limit just now given, is an anomaly which had 
always been considered as requiring explanation, and M. St. Venant 
had already suggested that it could not actually occur. In Istifi Mr. 
R. D, Napier showed by experiment that the weight of steam of 
given pressure 3ischarged from an orifice is really independent of 
the pressure of the medium into which the efflux takes place; and 
in 1872 Mr. Wilson confirmed this result by experiments on the 
reaction of steam issuing from an orifice.* 

The explanation lies in the fact that the pressure in the centre of 
the coritracted jet is not the same as that of the surrounding 
• medium. The jet after passing the contracted section suddenly 
expands, and the sudden change of direction of the fluid particles 
gives rise to centrifugal forces which cause the pressure to increase^ 
on passing from the surface of the jet to the interior on the prin¬ 
ciple explained on page 478 . This will be better understood by 
reference to the annexed figure (Hg. -• >U) 
which shows a •longitudinal section of 
the jet at the point where the contrac¬ 
tion of transverse sectiott is greatest. 

The particles describe curves the radius 
of curvature of which increases from a 
small minimum value at the surface 

to an infinite vali* at the centre. The pressure p inciWes from 
that of the medium (*) at k 4s* j maximum p at the centre, the 
•incraafe being very rjjpid at first and afterwards more gradual. The 
problem is therefore far more complicated than we have supposed, 

• Ditcharge of Fluff*. by*R. IX Spoil, Annual of the Koval ScluM 

of Naval Architecture for 1874- f 


Fi*. SOU. 
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each small portion of the jet having its own pressure and (conse¬ 
quently) its own velocity and density. 

fhe results of experiment however suggest that an approximate 
solution may be obtained by the assumption of a mean pressure in 
the throat of the jet, with a corresponding mean velocity; this mean 
pressure being that which gives maximum discharge in every case 
in which that quantity is greater than r. At lower pressure it is 
to be assumed equal to y. 

Adopting this hypothesis we see that whenever steam is, discharged 
into the atmosphere from a boiler the pressure in which is greater 
than, about, ‘25 lbs. per square inch absolute, or 10 lbs. above the 
atmosphere, the formula given above for maximum discharge is to 
be used. If we assume the mean value 252 for \f7 , lt V 0 this gives 
p x /70 for the weight discharged from an orifice per square inch of 
effective area per second, tho pressure y», being the absolute pressure 
in the boiler expressed in lbs. per square inch. Contraction and 
friction must bo allowed for by use of a co efficient of discharge, the 
value of which however is more variablo than that of the corresponding 
co-elficient for an incompressible fluid. Little is certainly known on 
this point. 


302. Flow of (irtW'rf through 1'ipes .—Keturning to the general equation, 
we have now to oxanvino tho case where air or steam flows through a 
pipe of considerable length. As in tho case of water, the frictional 
resistances are then so great that most of the head is taken up in over¬ 
-coming them. The velocities of tho fluid are therefore not excessive, 
and the value of u-fiij varios comparatively little. 

Now, in tho equation 


it- 

27, 


+ K P T = Constant, 


Fig. 310. 


the numerical value of K p is about 184, and therefore a variation of 
temperature of a single degree will correspond to a great change in 

n-jig ; it may therefore be 
assumed that the tomperature 
remains very approximately con¬ 
stant provided only that the 
difference of pressure at the two 
ends of the pipe is not too great compared with its length. 

In Fig. 210 suppose 1, 2 to be two sections of the pipe at‘ a distance 
Ar so small that, in estimating the friction, the velocity may be taken 
at its mean value u ; then the force reauired to overcome friction is 
- - A*»/.s.Ar.tt-, ’ 



n 


■_s_ 

LJ 

* p. 
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where.* is the perimeter and / the friction per square foot, as on 'jjage ■ 
484? Replacing this by a new coefficient/ , as on page 486, 

in which equation w means the weight of unit-volume of the gas. 
Now, it was pointed out on page 493 that surface friction was a kind 
of eddy resistance, and that in the ease of water it was proportional to 
the density. This leads us to suppose that in fluids of varying density, 
not/but./’ is a constant quantity. Replacing «' by its equivalent 1; V, 
we obtain, suppressing the accent of/, 

1 . r±s a - 

' ~' j ' V ■ •-’!/' 

We now apply the principle of momentum which will bo expressed by 
the equation 

(/>, - ; 

where W is the weight of gas flowing through the pipe per unit of area 
per second, and the suffixes refer to the two sections in question, the 
area of which fs .1. Now, the motion through the pipe l>emg steady, 
>F*is the same throughout, so that 


y- IV-- Constant. 

By substitution for IV and writing H for an «i««io« *' btaine<1 
which* when written in the differential form, becomes 

- V. R1‘ l'lU + I ■ III 

* •' III 

,11 being the hydraulic mean depth. 

Next, if T he the temperature, which, as remarked above, is sensibly 


constant. 


pJ*-W ••• 

• V u 




Substitute again for IV atid », we then find 
-4 . 0 / //• //• 

On subetitution for V. «\ the value of which has just »-» 8-^the 
differential equation becomes integmble by d.vidmg bj II, an* we 
obtain on performing the integfation 

. IT 1 


i fT (i n +/. 1 , 

i cT \H~H\ g, Uo J m 


where ids the length of the pipe, and II,, H the vsducs of at 
entrance and exit respectively. In application of this equation .the 
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term containing the logarithm is small as compared with the rest, and 
may generally be omitted: also * 

4. a* 

H„ JP 

a patio which is known if the pressures are the data of the question. 
In the case of steam cl' is to be replaced by the nearly constant product 
PV , which is to be taken from a table for its quantity so as to obtain 
a m<jah value according to the pressure considered. 

The value of the co-efficient in small pipes not more thair 3 inches 
diameter is about the same as in the case of water, namely ’007, but 
it appears to diminish much more rapidly as the diameter of the pipe 
increases. In pipes 12 inches diameter and upwards, with velocities 
from 10 to 25 f.s., Professor Unwin gives the value "003 as the result 
of a reduction of a large number of experiments made on the resistance 
of the Paris air mains.* 

The equation just found must not be applied to cases in which the 
difference of pressure is too great compared with the length of the pipe. 
The friction is then not great enough to prevent the velocity from 
becoming excessive; the temperature then sensibly falls, instead of 
remaining constant as supposed in the calculation. An equation can be 
found which takes account of tho fall of temperature when necessary, 
but in such cases as commonly occur in practice, the supposition of ‘ 
constant temperature is sufficiently approximate. When the difference 
of pressure is small, the equation will be found to reduce to the 
hydraulic formula for flow in a pipe. This case will be considered 
presently. i 

The head is given by the formula 

h-PV. log/j = PV log, r, 

and the power expended in forcing the air through is V'h or 
PAu log, r ft.-Ibs. per square foot of sectional area per 1'. 

The efficiency of the process of compression and expansion has 
already been considered when compressed air is used for the trans¬ 
mission of energy, and it need only be added that the question of 
leakage is one of gteat importance. In some cases the method has 
proved a failure from this cause. It is probably always more difficult 
to render the joints of a pipe tight under air pressure than under 
steam pressure; but experiments by Professor Riedler on the Paris • 
mains showed that the loss may be made very small, not exceeding owe. 
per cent, per mile por hour. 

, * Procttdinoi oftht Institution of Civil Knffi ttert, yol. cv,, p. 192. 
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303. Flow of Qam under Small Difference of Premart.— -When the 
differences of pressure are small and no heat is added or subtracted- » 
gas flows iti the same way as a liquid of the same mean density^ In 
the case of air the mean specific volume is found from the equation 


the units being feet and pounds, the 'mean pressure that of the 
atmosphere, and the temperature measured on Fahrenheit’s scale 
from thy absolute zero. At nil" this gives /’-III cubic feet, but 
the actual volumo will vary slightly from variations in the mean 
pressure. 

The small differences of pressure with which we have now to 
do ore commonly measured bv a syphon gauge in inches of 
water. One inch of water is equivalent to a pressure of f<‘- lbs. per 
square foot. 

If now A/’ be the difference of pressure in lbs. per sq. ft, t the 
corresponding number of inches of water, the head due to it will be, as 
in Art. 30(1, V\I’, and therefore 

I ‘l 

The velocity due to this, head, or, what is the same thing, the volume 
discharged per sq. ft. of effrrhre area per second in the absence of 
frictional resistances, is in cubic feet 

* it - J'lolt - \ 11, 

and the weight-discharge in |»unds per second 

At 59“ one inch of water gives a head of fif-5 feet ami a discharge of 
65-9 cubic feet, or o-JIT lbs. per second ; but at Mil the head is 130 
feet and the discharge 91 -3 cubic feet, or 3157 lbs., results which show 
that the effect of a given difference of pressure is entirely different 
according to the temperature of the flowing air. This is a {mint wh.eh 
must always be borne in mind ip applying hydwulic formulas to the 
flow of gases. Frictional resistances are taken into account by the 
employment of a co-efficient as in hydraulics, and, as elsewhere^ ex¬ 
plained, there is reason to bclijve that the values of these co efficient 
areihe same, except so far as they may be dependent directly or 
’ indieeffy on the co-efficient <>■ Contraction (p. 4<3). Go-efficients of 
• contraction are mo*re variable in air than in water, hut their average 
value does not differ*widely jn the two cases, and may provisional^ be 
assumed the adlne. t 
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In'particular, it is well established that the formula for the discharge 
of % pipe in cubic feet per second (p. 488), 

applies to air at the low velocities here considered, with the same value 
of the co-efficient I: as in water, that is (d in feet) about 40. The head 
h! is calculated, as just explained, according to the temperature of the 
air, for a given difference of pressure. 

It is sometimes necessary to consider the flow of some gas ofher than 
atmospheric air. In approximately permanent gases this is easily done 
if we know the density of the gas. For example, the density of 
common coal gas is about '43, air boing unity. The value of c in the 
formula 1'V= cT is then proportionately increased, but in other respects 
the formula) are unaltered, the index of the adiabatic curve and the 
constants 2-5, 3 - fi which depend on it remaining unaltered. The 
formula for small differences of pressure may also be employed for 
tho non-permanent gases, such as steam, with a corresponding modi- 
fication. 

Pneumatic machines in which the variation of pressure is small are 
analogous to hydraulic machines, and most of what was said in the list 
chapter is applicable to them. The common fan, for example, is a cen¬ 
trifugal pump, the lift of which is the difference of pressure reckoned in 
feet of air, that is, at ordinary temperatures, about 67 feet for each 
inch of water. The speed of periphery is Jgli in feet per second, 
whyre h is the lift increased, as explained in the case of the pump, 
on account of frictional resistances and the curving-back of the vanes. 
Some remarks on the influence of the form of the vanes on the 
efficiency of a fan will lie found in the appendix (note to p. 542). 

Fans are emnloyed to produce a current of air for the purpose of 
ventilating a mine, ship, or structure of any kind. In mines they 
are often 30 feet in diameter or more. The pressure recpiired is here 
small and tho speed moderate. They are also used to produce a 
forced draught in torpedo boats, or the blast of a smithy fire. The 
pressure is then 5 inches of water and more, corresponding to a 
lift of 300 feet and upwards. The speed of periphery is consequently 
excessive, and for the comparatively great pressures required for a 
foundry cupo’a or a blast furnace, it is nocossary to resort to some 
other sort of blowing machine. 

r ' «» 

304. Varying Temperature. Chimney Draught.— if the temperature 
of the flowing air is varied by the addition or subtraction of h&t, 
its density w\U be altered during the flow, and it is flhen necessary 
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to know the mean density, in order that we may be able to calculate 
the “ head ” due to a given difference of pressure as measured by 
the water gauge. 

In Fig. 211 OX, 0Y are axes of reference parallel to whidh ordi¬ 
nates are drawn as usual to represent volumes and pressures. A 
given difference, of pressure A/' 
is represented by the difference 
ab of a pair of ordinates. The 
original volume of the air is 
represented by «1. Suppose now 
that in flowing through a passage 
of any description the air is 
heated, as for example in passing 
through a furnace, the volume 
increases greatly while the pressure falls slightly; this will be rc- 
pre.,ente<? by the curve It', terminating at a point 2. The'form of 
the curve will depend on the law of heating, and will be very 
different according to the state of the fire: if the bars of the grate 
be blocked by clinker and the surface of the lire be free from special 
obstruction, most of the frictional resistance and corresponding fall 
of pressure will occur before the air is heated, and the curve will 
slope rapidly near 1 and slowly afterwards; while, conversoly, if 
the fire he covered with fresh fuel and the grate liars clear, the 
reverse may he true. After being heated let the air pass through 
a boiler tube, by which heat is abstracted, till it reaches the chimney: 
the volume then diminishes greatly while the pressure falls slightly, 
as shown by the curve 2:1, terminating at a point 3, such that b3 
represents the volume of the air in the chimney. The form of the 
curve 23 will depend on the law ac cording to which the tube abstracts 
heat. The area of the whole figure «123/i represents the “head” 
due to the whole difference of pressure A/', and it will now be 
obvious that this head will vary according to circumstances which 
cannot he precisely known. Thus the mean density cannot be found 
except by empirical formulae derived by direct exi>eriencc, and con¬ 
sequently applicable only to iho ajiecial cases for which they have 
been determined. It has hitherto been most usually assumed in 
the case of a furnace ami boiler that the mean demjty was lhat of 
the air in the*chimney, which amounts to supposing that the forms 
of tb* curves 12 23 are sift If that the area of the rectangle a3 is 
•equal to the arja of the whole figure. This is the supposition em¬ 
ployed by Iian.kiue, and in many cases it appears to lead to porrect 
results. 
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t In eVery case of the flow of heated air it must be carefully con- 
sidergd what the mean density will probably lie. Its value can 
often be foreseen without difficulty. It is* only in the case of long 
passages, where the air suffers great frictional resistance while being 
heated or cooled, that it is uncertain what value to adopt. 

The draught which draws air through a fire may be produced 
artificially or by the action of a chimney.- In the latter case there 
is a difference of pressure within and without the chimney at its 
base due to the difference of weight of a column of air of the 
height of the chimney at the temperature of the chimney and at 
that of the atmosphere. Kadiation causes the temperature of the 
air to be less in the upper part of the chimney and so diminishes 
the draught, the frictional resistances have the same effect. If 
these be disregarded the draught in inches of water will be 


where T 0 is the temperature of the atmosphere, T that of the chimney, 
while l is the height of the chimney in feet. The temperatures are 
here reckoned from the absolute zero. 

If, for example, the temperature of the chimney be 5.19’F., anti 
that of the atmosphere 59’F., the height of the chimney required for 
a draught of 1 inch of water will be about 141 feet, or in practice 
more on account of friction and radiation. 

The effect of this draught in drawing air through a furnaefe or 
through passages of any kind will vary according to the circumstances 
which have iust been exDlained. . 
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EXAMPLES. 

Firm Series (Section I.). 

1. Find the store of energy in the reservoir of a Whitehead torpedo. I'ajaicil* 5 cuhio 
feet, pressure 70 atmospheres. 

If n = l 2.420,000 ft.-lb*., or 3,130 thermal units. 

« = 1*4 1,002,000 „ or 1,414 

Ratio of results" * 4 ;,. 

2. In the last question the air is supplied to the torjH*do engines by a reducing valve 
so that the pressure in the supply chamber remains constantly at 13 atmosphere*: flml 
the avai&ble energy. 

A ns. If n ---1 1,000,000 ft-lbs. 

• n --1 4 1,346,000 „ 

Note.—T he difference between these results and the preceding is the effect of wire¬ 
drawing (resistance of valve). The supply chamber is supposed small. 

3. Air is stored in a reservoir the pressure in which is maintained always nearly at 
10 atmospheres: find the store of energy per cubic foot of air supplied from the reservoir. 

J » Alls. If M = 1 48.700 ft.-lbs. 

»i ~ 1*4 35.700 
Ratio = *733. 

* 

4. A chamber of 100 cubic feet cn|x\eity is exhausted to one-tenth of an atmosphere; 
fiud the work d<tne, assuming u- 1 . 

t Here, if the chamber be imagined to contract, compressing the air still remaining in 
it, the energy exerted will be due to the pressure of the atmosphere, and the difference 
between this energy ami the work done in compression will be available for other 
purposes. In exhausting this is reversed. Am. 142.000 ft.-lbs. 

5. Find the mechanical efficiency of an engine so far as due to incomplete expansion 
{rati# r): assuming the expansion hyi»ert>olic, 

Aim. If H be the ratio of complete ox]>aii«ioii, 

V '•*«. r 

Efficiency——:-• 

log, /»’ 

6 . In the last question obtain numerical results for a condensing engine, taking the 

back pressure at 2 lbs. and boiler pressure lbs. a 

Ana. Ratio of ex|>ansion, -l 2 it 10, 

Efficiency, - • 284 ’48 ’72 ‘Ji7. 

7. Find the comparative mechanical efficiencies in a condensing ami a non-oondensing 
engine. Back pressure in condensing engine 2, in non-condensing 10. Boiler pressure 
60 and 100. Ratio of expam4on 5 in both cases. 

The engines must here be supjKieed to have the same lower limit of pressure of 2 lbs. ; 
and the result for the non-condensing engine includes the loss by the actual hack 
pressure being 16 lbs. Aim. *72, *46. 

8. Find the loso-by wire-drawing between two cylinders from one jonstant pr&sure of 
60 lbs. to another instant pressure of 40 Ibm Expansion hyperbolic. Ang. ’405 pf". 

jh die veasef contains A list, of tfuifl at a given pressure Pa, and a second B lbs. Of 
•the same fluid at a lower pressure Pa. A communication is opened between the vessels 
and the fluid rushes from A to B ; find the low of energy. 

Thf lbss here is the # differ|n(^between the energy exerted by A lbs, expanding from 
Va to V, sod tile work dona in compressing 6 lbs. from Va to V: where Va,,Vr are 
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tie speAflc volumes of the fluid in A and B, and Ftbafc of the fluid after equilibrium 
h&i been attained, found from the formula 

% V Ar ±t IiVa 

, ~ ~‘a + b~' 

Hence the loss is very approximately 

. AB (V„-Va){Pa-Pb) 

2 

10. In a compound engine the receiver is half the volume of the high-pressure cylinder, 
and at reloaso the pressure in the cylinder is 25 lbs. per square inch, while that in the 
receiver is 15 lbs. per square inch : find the loss of work per lb. of steam. Obtain the 
results also when the receiver is double instead of one-half the cylinder. 

Ann. Case I., 1058 ft -lbs. 

Case II.. 3873 ,, < 

11. In a condensing engine find the mean effective pressure and the consumption of 
steam in cubic feet per 1.11.1*. per minute at the boiler pressure: being given, back 
pressure 3, boiler pressure 150 lbs. per square inch (absolute), ratio of expansion 5. 

Ann. Mean effective pressure-28*33 lbs. pci square inch. 

Consumption of steam —1*82 cubic feet per minute. 

12. If the volume of 1 lb. of dry steam at the boiler pressure be taken in the preceding 
question as 7 cubic feet and the liquefaction during admission 20 per cent.; find the 
weight of steam consumed in lbs. per I. H.l*. per hour. .In*. 1*75. 

13. Find the H.l'. necessary to compress 100 cubic feet of air i»er minute to a pressure 
of 7 atmospheres (absolute), the air Iwlng drawn from the atmosphere at temperatuijc 
00° and forced at constant pressure into a reservoir. Suppose the compression (l) 
adiabatic, (2) isothermal. 

Ann. Work per lb. of air“02"2 thermal units. 

,, „ = 68 *» 

H.l*. — lfljf or 12i 

14. In the lust question suppose the compression carried out in two stages, the air at 
eaoh iGago being cooled at constant pressure after adialiatic compression : find the work 
done per lb. of air. Ann. 70*2 thermal units. 
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Second Series (section II.). 

1. Find the mechanical value of n unit of heat, the limits of tcmi*ratnr« k,«. K 
and 60°; 300° and 100'; 40o anil 212°. 

.In*. 393, 203, 169 ft.-Ik. 

2. The limits of temperature in a heat engine are SMI and <K> •. find the thermal 
efficiency when two-thirds of the whole heat sup].lied is used between HOO' and 100, 
one-sixth jjetween SffiP and 100°, and one-sixth ktween 250* and 100'. .1 us. n’iW. 

3. In question 6, First Series, on account of a gradual iuerease in tin; liquefaction 
the thermal efficiency at the several ratios of expansion mentioned is assumed a* 9, 85, 
*7, '5; find the true efficiency .-!«*. 256. 4 US, -ifll. • 435. 

4. Iff a compound engine the pressure of admission in UK) Ik. )«r square inch, the 
steam is cut off at. one-third in the high pressure cylinder, the ratio of cylinders is 2J ; 
the hack |pressure is 3 lk. per square itich, the large cylinder 40 inches diameter, and 
the sj>eed of piston 400 feet per minute. Kind the H.P., neglecting wire-drawing and 
suddeifexpansion. .Ins. 567. 

5. In the last question suppose that the engine has a very huge intermediate reservoir, 
and that tlnf cut-off in the low-pressure cylinder is ‘5; find the pressure iti the reservoir, 
neglecting wire-dewing, also the loss jht cent, by suiideu expansion at exhaust from the 
high-pressure cylinder, and the percentage of power developed in the two cylinders. 

Obtain the results also for a cut-off of one-third in the low-pressure cylinder. 

Ann. Cut ..IT Cut-off f 

Pressure in reservoir, ...... 26’7 40 

Ixjss by sudden expansion |s.*r cent . • *H *7 

Percentage of |K>wer in high-pressure cylinder. - - 46'5 32'4 

* ,, ,, low-pressure ,, - - 52*6 57*6 

6 . Compare the efficiencies of the simple and compound engine, assuming the 
liquefaction the same at the best ratio of expansion, which is 5 in the simple engine 
and 7 in the compound engine, while in the latter ft per cent, of the work is lost by 
wire-drawing between the cylinders. Hack pressure anil boiler pressure in Itoth cases 
3 lbs. and 84 lbs. respectively. 

Ant. Gain by compounding 2i per cent. 

7. In question ft. instead of supposing the whole expansion represented by a single 
hyperbolic curve,•assume that at the eud of the stroke in the high;pressure cylinder the 
steam is dry, while at the end of the stroke in the low-pressure cylinder the steam 
contains 10 per cent, water. Obtain the required result for the cut-off ‘ft and find the 
weight of steam used (exclusive of jacket steam) in lbs. ]>cr I.H.P. jxir hour. Also 
obtain the rqpults when the steam at th#eml of the stroke in the high-pressure cylinder 


contains 30 per cent, water, all other data temaining the aam*\ 

Am. Case I. Caw II. 

Pressure in reservoir,.22*5 14*9 

Percentage 8f power in high-pressure cylinder, • ftft 37*5 

• # „ low-ptr^uuf „ ftft 62 ft 

# • Lbs. of Bteamjier I.H.P. per hour, 13 16*5 


8. The available beat of a pound of coal is 10,000 thermal units; find the consumption 
of ooal ptfr LH.P. per iftur a jjerfect heat engine working between the limits 600" 
and 60". 
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1 9. fhe temperature of the atmosphere is 70° and that of a tank in which ioe ii being 

made 36°. Find the H.P. necessary to drive a perfect ioe-making machine, per ton of 
ice |?er hour. Latent heat of water =142 ; specific heat of ice = *5. Ana. 14$. 

10. Air is heated at constant volume till its tentperature is raised from 70° to 30Q% 
then expanded to three times its volume at constant temperature. Find the mean 
temperature of supply. Ant. 247° F. 

11. In the last question suppose the air subsequently to expand adiabatioally till its 
temperature has fallen to 70°, and then to be "comip-essed at constant temperature till 
the original pressure is reached. Deduce the co-ctHoient of performance, and verify 
your calculation. Ant. Co-efficient= 25. 

12. Air at a pressure of 1,000 lbs. per sq. inch ami a temperature of 539^. expands to 

6 times its volume without gain or loss of heat; find the pressure and temperature at 
the end of the expansion. Ana. p=81, f=27*'. * 

13. In the last question suppose the air at the end of the expansion to have a pressure 
equal to 1 $ times that given by the adiabatic law, and heat to be supplied at a uniform 
rate as the temperature falls ; find the index of the expansion curve and the work done 
during expansion. Compare the heat supplied with the work done and find the sj»ecifio 
heat. (See i>age 57A) 

A tit. n = 1*174. Specific heat =*223. 

Work done=82,000 ft.-lbs. Ratio= '575. 

14. Find a formula for the useful work done per lb. of steam in thermal units with a 
vacuum of 1*41 inches of mercury absolute, a back pressure of IA and r- terminal pressure 
of 4 lbs. per sq. iuch ; assuming u: a =’ 8 , k=' 8 (p. 569). 

Am. !T=?.V-M. 

•) 

If!. Hv means of the formula of the preceding question deduce the consumption of 
steam and the efficiency for the series of pressures stated below. 


Roilor Pressure. 

Pounds of Steam, 
per l.JI.P. fier hour. 

Kftieieney. 

330 

9*77 

*662 

180 

, 11*3 

*642 

84 

13*7 

•619 

60 

15*1 

•605 

20 

22*5 

*535 


16. Find a formula and deduce numerical results as in the last two questions, assuming 
A terminal pressure of 8 lbs. i>er square inch and k~- '7, all other data remaining the same. 
(Compare pa^es 570, 571.) 
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EXAMPLES. 

Third Series (Section III.). 

1. Air is contained in a vessel at a pressure of 25 lbs. per sq. inch and temperature 70*. 
What will be the velocity with which the air issues into the atmosphere (pressuro 15 lbs. 
per sq. inch) ? Also find the discharge and the head. 

Am. A = 13,420: u =930 ft. jier second. 

IK—34*26 lbs. per sq. inch of orifice per minute. 

2. In the last question find the initial pressure corres|>oiiding to maximum discharge 
for all external pressures less than that of the atmosphere. Find this discharge. 

An«. Pressure=28‘5 lbs. per sq. inch. 

Discharge=3!)$ lbs. per sq. inch per minute. 

3. What weight of steam xvill bo discharged per minute from an orifice 2 inches 

diametqr* the absolute boiler pressure being 120 lbs. per square inch? CWfticient of 
discharge 7. Ant . 227 lbs. 4 

4. Air flows through a pipe t> inches diameter and 4,000 ft. long; the initial pressure 
is 20 and the final pressure 15 11m. per sq. inch ; temperature 70° ; find the velocities and 
the discharge. * if- 03. 

Am. Velocity at entrance=30 feet per second. 

exit =52 feet „ 

Discharge = 4 lh». per sq. ft.-- 78. 

0. In the last question find the loss of head ami the H.1‘. required to keep up the 
W. Ant . A'=8,124 feet. H.P.=lli 

6 . Steam at 50 11 m. rushes through n pipe 3 inches diameter and 100 feet long with a 
velocity at entrance of 100 feet j»er second ; find the loss of pressure, if- *03. A m. 1 ‘0. 
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NOTES ANI) ADDENDA. 

Noiet marked [1890] . . . [litOO] h.u-r Inn tul,Ini mi rrp/'mlinp at the data uuntinned. 


I.—STATICS OF XTRCCTUKKS. 

Hank y.’E H ti^atise on Apjilmt Mrchamcn appeared in ISnS. I lie wixtli o<Htion 
in quoted in the following notes by the letters A, M. 

Pack 2. The word stress has been adopted as a general term to comprehend 
various forces which are exerted between contiguous Istdies or parts of bodies, 
atpl which arc distributed over tile surface of contact" (A.M., p. (18b it appears 
from this that Rankink’s use of the word is confined to internal forces, but by 
some writers it is employed for all forces, whether external or internal. Ties aud 
struts arc, however, defined as in the text (A.M., p. 1.12). 

Page 3. The total load on the platform of a timber bii.lgc carrying an 
ordinary roadway may be assumed as '-’oil lbs. |>er sip ft., of which 120 represents 
the weight of a closely packed crowd, and the remainder is the weight of the 
roadway and platform.' The weight of a timber roof (slate or tile) is from tf to 
24 lbs. per sq. ft. The travelling load on railway bridges is commonly estimated 
at 1 ton per foot-run. 

[1900.] On account of the continued increase in the weight of train*, the fore- 
going estimate of the travelling load o.i railway bridges has jong ceased to be 
adequate. The weight o[ heavy locomotives now range* from 70 to 100 ton* and 
the equivalent uniform load for a span of 70 to 100 feet is estimated by Mr. Farr 
(Proc. I.C.E., Vto. CXLI., p. 12) at 4 to 2 tons per fool-run. For short spans 
it ts still greater, the load being concentrated on a limited number of axles. 

Page 14. The diagram offerees for a funicular polygon under a verjjcal load 
was (probably) first given by RoutsoJ in his treatisg on Mtrlumiml Philomphy, 
Vol. I. Dr. Robison died in 1805, and this work is a collection of his papers 
published in 1822. 

PiO* 20. In th<s Saltasli bridge .the compression member of (Sch girder is * 
tubegif elliptical jeotion 15 feet in breadth, 8 feet in depth. A pair of chains, one 
on e^sb tSfie, carry the platform. 

Page 20. A. Qf the various methods of constructing a parabola the most con¬ 
venient i» that in whi«i a airve is drawn through the intersections of a sst of 
lines radiating fmn a point, with a set of ecpidistant lines drawn parallel a 
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nx«f line: the radiating lines being drawn so as to cut off equal intercepts on 
another fixed line. It can easily be proved that this curve is the funicular poly¬ 
gon proper to a uniform load without introducing any properties of the parabola. 

[18%2.] The foregoing remark applies to purely graphical methods, but it is 
much simpler to plot the products AK, BK (p. 39) for equidistant positions of K. 

Page 21. Let P be the vertical tension of the chain at the point P, then, since 
dyldx — P/H, where H is constant, 

tty 1 dPw 
H' dx~H‘ 

This equation is equally true if »/• vary according to any law, and is therefore the 
general differential equation of a cord or linear arch under any vertical load. 
Particular cases are :— 

(1) The Common Catenary. Here if m be the weight of a unit of length of the 
cord, dn an element of arc, 

i Is 

w-m. , - 
dx 

the equation then becomes, if //~m . 

1 . 




dhj 

di 2 " 


Divide by the right-hand member, multiply by dyldx, and integrate, then 

V'*(2)'-r 


. d ' l yy 

1 dx 1 c-* 


an equation which, by integration and a proper determination of the constants, 
gives for the form of the curve 


(2) The Catenary of Unifvtm Stu.nyth. 

*tP, 

T-m\~ii'\ 


Here, if \T be the tension of the chain 


dx 

da’ 


where X is the length equivalent to the stress (p. 80), 

' . T . _ 1 . ( d «\ ~ 
dx 2 ^ II X dx~\ \dx) 

Integrating by the same process as before we find 

y-Mog, sec ^ 

as the station to the eurvo. 

In ordinary cases there is very little difference between the catenary and the 
parabola, and these curves therefore are not of much interest. 

If the form of an arch be not such as corresponds to the distribution of the load 
von it, a horizontal force will bo necessary fpr equilibrium, and the, investigation 
of the magnitude of this force is a problem of wider application. Let p be the 
intensity of this force per unit of length of a vertical ordinate, the.. H is no 
longer constant, but is given by 

dH . dP , dy P 
, also , = waud , =T}> 

dy 1 dx d{ H 

thiee equations from which p can be found fqr any distribution of load and form 
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of arch. This is the general problem of the linear arch. For example* soe A.M., 
p. 199. If p = const., ir = con8t., we obtain the ellipse as the proper form of arch 
to sustain the pressure of a great depth of earth. 

Page 30. On reciprocal diagrams of forces in general the reader is referred to 
a memoir by Clkkk Maxwell in the Transaction)* of the Jioynl Society of Edin¬ 
burgh for 1870. 

The notation used in the text was suggested by Hknku’I in the course of a dis¬ 
cussion on a paper by Crofton read before the Mathematical Society in 1871. 
The figure in the text was drawn at the time by the writer to illustrate the 
method. The notation was afterwards given by How in the trentise referred to. 

I Page 33. It is convenient to have a general term for the tendency to separate 
into parts due to the actioncf external forces on a structure or part of n at ructure. 
The term “ straining action ” used in the text is taken from Ch. II., Part HI., of 
a treatjse on Shijdmfding (London, 1866), edited and in great part written by 
Ranktne. By some writers this tendency to separate would l>e called “stress,' 
and for a simple thrust or pull there is no objection to doing so (A.M., p. 132). 
In more complex cases a separate word is preferable, as the conception is very 
differed. (Cftmp. p. 295.) 

Page 44. In some of his engines, before the introduction of cast iron, Watt 
employed a timber beam trussed with iron rods, forming a Warren girder in two 

divisions with diagonals inclined at about 30 J to the horizontal. This is perhaps 

the earliest example of such a construction. (Roiiison, Vol. II., p. 14.) 

Page 53. See Plate VIII., p. 403. 

Page 56. The method here detailed is given by Rankine in his work on Civil 
Engineering (p. 242), who userids it to Latham. If M be the bending moment, 
F the shearing force, w the load per foot-run, we have the equations 


which are the symbolical expression of the method. They may be used to fiud by 
integration the landing moment and shearing force at any section due to a given 
load, the constants of integration Wing found by considering that the bendiug 
moment is zero at two points, which must be known if the problem is determinate, 
(fcjpe Art. 38, p. 77.) 

Paub 65. See i'h. II., Part III., of the work on MpbHMw cited above. 

Page 66 [1900]- 0n travelling load* the reader i* referred in addition to the 
worka cited at the end of the qjiapter. to the l>a)*r by Mr. Karr already mentioned 
in the note to p. 3. 

Page 70. The properties of funicular polygons w ere first thoroughly investl- 
gated by Culmann, who baaed upon them a complete system of graphical calcula¬ 
tion. In. the semi-graphical methods employed in tin* treatise, the integral, 
oalculns, trigonometry', and even, to a great extent, algebra, are replaced l.y 
•geometric* constructions, hut arith* *ic is still used, and certain steps of thfe 
vatiois processes are«nonduCted by numerical esloulations.- Kor example, in 
*Ch, II., the supparting forces of a loaded beam are found by the ordinary process 
of taki n g rtomonts. In the it*de*i purely graphical methods every step Is taken 
graphically,- whatever the calculation be. Kir exam^, the display* ok a 



NOTES AND ADDENDA' 


600 

veueV at a giAn draught, or her atability at a given angle oAieel, would be found 
without the uae of arithmetic. 

1$« pressure of other matter, and the amount of illustration required, have 
prevented the writer from making any considerable use of these methods in this 
treatise. At present they can hardly be considered suitable for an elementary 
wprk, though, if graphical calculations were introduced into our schools, the case 
might be different. A full account of them will be found in the treatises referred 
to iu the text (p. 74). 

Page 72. The property of the funicular polygon expressed by the equation 
ffy-M follows immediately by comparing the equations 

(Py w (PM 

dx ~ )f ’ ~ 

of which one gives the form of the polygon for a given load, and the other the 
bending moment due to the same load. 

Another fundamental property is that any two sides of the polygon must meet 
on the line of action of the load on that part of the polygon which lies between 
the two sides. When the load is vertical, and represented by a curve, as in 
Fig. 36a, p. 62, this is equivalent to saying that any two tangents to the cftirve of 
moments must intersect on the vertical through the centre of gravity of the area 
of the curve of loads between the corresponding ordinates. (See p. 328.) 

The funicular polygon, considered as u line of transmission of -stress, will be 
again referred to in the notes to Ch. XVII. 

Page 76. The theory of linear arches is merely an introduction to the theory 
of arches in general. Arches are of two kinds—(1) the stone or brick arch; 
(2) the metallic arch. In either case the theorem of the text is of equal import¬ 
ance. In a blockwork arch the linear aryh corresponding to the load shows the 
direction and position of the resultant of the mutual action between the blocks, 
and must therefore (p. 331) fall within the middle third of the arch ring. 
(AfM., p. 258.) 

Page 82. See Clkkk Maxwell’s memoir referred to above (p. 590). 

Page 86 . For the effects of changes of temperature, see Ch. XVIII., p. 460. 

Page 88. On? of the most remarkable suspension bridges which have been 
constructed is the East River Bridge at New York, opened in May, 1883. The 
principal opening of this bridge is 1,600 feet span, the platform 85 feet wide, and 
185 feet above the water. Cables, four in number, eacli of 145 square inches net 
area, constructed of 19 steel wire ropos, each containing 278 wires. Estimated 
strength of wire, 170,000 lbs. per square inch. 


II.-KINEMATICS OF MACHINES. 

0 Page 93. Referring to Figs. 1, 2, Plate JI., p. Ill, it seems clear,,that the 
sector pair CD, Fig. I, differs kinematically much more from the turning pair BA 
than it does from the sliding pair* CD of Kg. 2. The writer; therefore,’ would 
have been disposed to classify the three lower pairs as the 4 “ oscillating pair,” <he 
“turning pair,” and the “screw pair.” This, however, would have probably 
involved more considerable alterations in Keuj ea^x’s nomenclature than would 
have beep justified in a general elementary treatise. 
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* £ • 
[1892.1 Taming pain are not (infrequently distinguished into lever pa*rs ami 

rank pain aa in the classification of crank chains ip. 1121. 


[1900.] In a paper read before the Royal Society in 1895, and published in 
iheir Tmnmctiam (Vol. 187, p. 15), Professor Hearson proposes a classification of 
nechanisms based on the combination of 11 turning,'' ’ swinging,” and “ sliding ” 
notions. A new notation is introduced of a very simple and expressive character, 
which may probably be found of great service in descriptive mechanism. It is 
pointed out that the three-slide or “wedge’’ chain (p. Ill) may lie bent into a 
cylinder and then becomes a screw. Other important changes are proposed in 
the nomenclature and methods employed by Kkii.kavx, which are worthy of 
careful attention. Had the author been writing a new hook advantage would 
have been taken of these ^researches. it may he hoped that Professor Hearson 
may pursue a subject which has been far too much neglected, and the study of 
whichj in the anther’s judgment, may he expected to lead to important results. 

Pahk 95. The three incomplete lower pairs are considered by lU.l'I.liAl'X aa 
higher pairs. The writer Imre follows (Ikasiw (Th< ore! inch MaMvn-Ltlm, 
BandU.). , 

Pa <ik 100. Diagrams of velocity arc considered generally hy Ci.kkk Maxwki.i. 
(Mailer mtfl Motion, p. 28). The application to mechanism is, so far as the 
writer is aware, new. 

.The construction of curves of position and velocity of a piston lias, for many 
years past, formed a regular part of the course of instruction at (ircenwlch, and 
formerly at South Kensington. 

Page 103 {1895]. In a letter which appeared in A7 oiinnrinij of June Mth, 

Mr. Archibald Sharp calls attention to a ..situation for the acceleration 

of a glisten doc to Professor Klein of l.ehigh University, 1 .S.A. This con¬ 
struction, published in 1891, escaped the author’s notice when revising this 
hook in 1892; it is much simpler and more useful than that given ii» f tlie 

text. (Ex. 11.) • 

Referring to Fig. 48, page 100. imagine a circle described on DP, the con-' 
necting rod, as diameter and a second circle with centre P the crank pin, and 
radius PT. Let EE lie the points of intersection of the two circles, then the 
chord EE, produced if necessary, will cut the line of centres lil)D m a point 
'Z, Buell that when the crank rotates uniformly 

OZ Acceleration of l'inton. ___ 

OP Acceleration of Crank Pin. 

For if tha chord EE cut flic rod DP in -V, and OM Ik drawn perggndicnlar 

to PT to m^et PT in At, 

^ SM ■- O 'A . cos <ft. 

Now if OP represent the acceleration of the crank pin P, PM will re^csent 
the resolved part that acceleration in the direction of the "id DP j and*lf 
,/ bt the acceleration of the cross head D, f . cos <?* will be the resolved parf of 
tha| acceleration along DP ; and tfn^eforo 
* # / .* os £ - PM - Length of roil - (Ang. Vel. ) 2 , 

in which-equation the*AngqV«4 is that of the connecting rod when the uvular 
relooity df the trank it supposed unity. Ait the aqgular velociyt-ijUio of the 
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*rod aid crank is, as is well known, PTfPD , and considering the circle on PD 
as diameter, 

• PN, PD~PE 2 =PT*; 

whence it is clear that 

* f.co*<t>-PM=P3r, 

and f- OZ. 

[1900.] Referring again to the figure, and employing the usual notation as on 
page 100, 

PT PT PO _ cob 0 sin 0_1 cos 0 

PD ~ PO PD ~ cos <p sin 6~n cos <p 
and PM -- PO . cos (0 + 0); 

therefore, supposing the acceleration of the crank pin unity so that / is the 
acceleration-ratio, 

r a. .. 1 COS 2 0 

/COS 0- 008(0 + 0 -- • 

» COS-0 

. 1 sin-0 1 008*0 

. J —' COH 0 - • - + •- 

n cos <p n cos 0 


This is the exact formula for piston acceleration which may also hr obtained by 
differentiation of the exact formula for the velocity. It can be put in several 
different forms, of which the present appears the simplest. It is arrived at in 
a different way on p. 229. Since 

cos0 - vl - sin 2 0, 

an approximation can be obtained by the binomial theorem in powers of 1/n. 
The first three terms of the series give as a second approximation 


, 1 cos 20 cos 40 

/-- CO 8 0-1 cos 20 + . .. • 

‘ n 4>r 


Since 4n 3 would rarely be less than 1(H) in any practical case it is clear that for 
all fttdinary purposes the first approximation obtained by supposing cos 0 unity 
is amply sufficient, a point we shall have occasion to mention hereafter. (See 
note to p. 396.) 


Pack 105. In Owen's air compressor two such mechanisms (Fig. 50) are placed 
face to face with t'io guide A and block l) common, a steam piston is connected 
with d and the air-pump piston with the corresponding point d of the othe* 
mechanism. The object is to adapt the pressure of the steam to the varying 
pressure of the air duriug compression. 

Page 108. Stannah’s pump has been introduced since the publication of 
Reuleau#8 work. The example there given is a mechanism used in the polish¬ 
ing of specula. 

Page 111. The double-slider mechanism, with sliding pairs and turning pairs 
alternating, is common in collections of mechanisms, but is not often found in 
phictice. It is omitted in Rkfleaux’s enumeration. The example given 
(Hopson's slide) and Stannah’s pump were ppinted out to the .writer ^by Mr. 
(now Prof.) Hearaon. 

Page 120 [1892]. This article (Art. 50) was numbered 53 in former editions 
and placed earlier (p. 112). A new article (55, pagec 118-120) has been added, 
partly in order to introduce the conception of an instantaneous centre at once 
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“ °l P° 8t P°“ in « il “> O'. VII., amt partly to explain the com ecliou* 
between diagrams of velocity such ns are here considered, amt graphical methods 
lft common use based directly on the properties of the centre. ■ 

Pag* 161. The propositions relating to centrales have long Wen kno*n, and 
are, perhaps, stated as clearly by Relakger in his excellent treatise on kino 
maths ( Truitt tie Kinimatiqm, Paris, I MU) as l,y 1 !ki i.kai x himself. In tho 
author’s opinion it is the conception of a kinematic chain which constitutes 
RuriJSAPX’s great contribution to the theory of mechanism. It is virtually a 
complete reconstruction of the whole theory of machines, while the eeutrodea 
are only a method of stating results which was already known. Kinematic 
formula! ftieh as are employed by Rkileaix to indicate the component elements 
3 f a mechanism, in the same manner as a chemical formula shows tho cumpoai- 
tlon of a substance, may "he regarded as indispensable, if it be attempted to 
proceed with the study of descriptive mechanism. (See above Note to p. jig.) 

[1892.] Iu the first edition of this work the word <■< utrede win* spelt centivid 
—a term now very generally appropriated to the eentie of iiihkh of a body. 

Paije 170. The author has ventured on the introduction of the terms “ driving 
pair, ,# “ working pair.” They are simply the natural adaptation of the well- 
known phrases “driving point” and “ working point ” to Rkclkagx's theory. 

I’aoe 1"3. The term “multiple chains” has also been introduced by the 
author. 


1111.—DYNAMIC’S OF MAC1IINKS. 

The impossibility of a perpetual motion and the practical application of the 
principle of work were well understood by Smkaton and others of our great 
engineers of the last century. Nmcaton’s papers, read before the Royal Society 
in 1739-82, were long regarded as an engim ering text-lmok by his successors. 
Tho language in which their ideas are expressed, however, were not regarded 
as consistent with Newton’s teaching, and this circumstance perhaps conetUrfcd 
the real importance of the ideas themselves. At any rate, although the term 
“energy” was proposed by Yoi’ng, no considerable use was made of them by 
students of mechanical science until the publication by Pumkuct, in 1829, of 
the Introduction a fa Mtcamqu> Iiidustritlh, a work which,has had a great 
ipfluence on the study pf mechanics. The third edition of this work (Paris, 
1870^, published after Poncklkt’h death, will bo quoted by the abbreviation 
Mec. Ind. Poncelet’s methods wore explained, and considerable additions made 
to the theory of machines, by Momki.ky iu his Mtcltanhn/ Princi/rie* of Knyineer- 
imj (London, 1843). « 

Page 182t This method was prolJab'y employed lor tho first time by Watt 
in his expansion diagrai^ Sec Robison’s Mechanical Philosophy, Vol. II. It 
is given by Poxcei.et [Mic. Ind., p. CO). 

Page 184. Thesterms “statical” stability, “dynamical” stability, in r& 
d&tidh to vessels,were introduced Moseley [Phil. Trans., 18.50). They h^ve 
l^er*criticized by Osborne Rkynou>$, perhaps not without justice, but are too 
firmly rooted to be displaced. 

Page 185. “ Force Is anyctjpn lietween two bpdies, either causing or tend¬ 

ing to cahse, change in their relative reA or motion” (A.M., j>. J5). *JTbe < 
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'distinction between Internal work and external work is due to Poncklet (Mic. 
Ind. t p, 30). * 

* * 

. Pace 187. The language in which writers on mechanics have expressed the 
dUtidbtive character of frictional resistances has been severely criticized by 
Heuleaux in his notes to his work on the Kinematiss of Machines [Kennedy'a 
tr&ndation, p. 595). The author by no means supposes that he can escape this 
universal censure, for the difficulty of expressing abstract principles in a form 
to which no objection can be made is almost -insuperable. Ab, however, Clerk 
Maxwell remarks in reference to a different question, the language in which 
n truth may be expressed is less important than the truth itself. Friction 
always causes energy to disappear, and is never a source of mechanical energy 
except indirectly through the agency of thermal energy. In mechanics this is 
a distinction of such fundamental importance theft it even justifies, in the 
author’s opinion, the use of sucli phrases as “ loss of energy.” 

The extension of the term “revcrsiblo” from a machine to the resistances 
which are overcome by the machine has been ventured on, though with some 
hesitation. The old term “ active ” oan hardly he considered suitable. 

Page 187. “Envisage sous ce point de vue, le principe de la tihnsmis'ion du 
travail oomprend implicitement ton tea les lois de faction reciproque des forces, 
sous un cnonco qui en faoilite infinitement les applications h la Mecanique 
industricllc, qu’on pourrait nommer la Science du travail des forces. Des le 
premier pas des jeunes sieves dans l'etude, cet ••nonce, en eflet, l se presente a eux 
comme une snrte d’axiome evident par lui-ineme, ct done la demonstration ’eur 
semble superfine aussitot qu'ils out bion Haisi ce qu’on enteiul par travail 
nuleanique , et qu'il lour cst clairement demontre que ce travail, reduit en unites 
d’une eertaine cspece est dans les arts, l’expression vraie de l’activit£ des 
forces” (Mic. Ind ., p. 3). This passage from Poncklet is quoted to show 
how clearly it was seen, even before the discovery of the conservation of 
energy in its complete form, that the principle of work ought to be regarded 
astfundamental, and not merely as a deduction from certain equations. 

[1895.] In his interesting work on the development of dynamics, Professor 
Mach traces the ideas of Poncklet to Huyciikns, and expresses his conviction 
that the difficulties which the conception of Work encountered were duo to 
unimportant historical circumstances. The development of dynamical science 
might have proceeded ou different lines, and the Principle of Work might 
have been regarded as fundamental at a much earlier date. There can lse on 
question that it was a great misfortune to engineering science that such was 
not the case. The absence of due recognition of a principle which is actually 
forced dA all those engaged in mcchauical operations was the principal cause of 
the difference which for so long a period existed, and still does exist to some 
extent between the mechanics of the engineer and thb> nechanics of the schools. 

At*,American translation of the book here referred to (Die Alechanik in ihrtr 
3nlwiekcluny t Prague, 1883,) appeared at Chicago in 1893 utyler the title of The 
•Scenes of Mechanics (London : Watts & Co.). See especially pj^es 178, 24J-251, 
272. r '' * •», 

Page 189. The modifications made here in the old statement of the principle 
of work, as applied to machines, are necessqay ."onaelquences of Reuleaux’s 
conception of a kinematic chain. n 



605 


DYNAMICS OF MACHINES. 

P*oi 193 [1892], The autWhas little faith in the utility of “-lefiniW* 
" tf a v T * coni *P‘io» “ that of a machine, and the remark, here made 
-which have been .omewhat amplified in the present edition-meat „<ft be 
understood as an attempt at constructing one. 

Pack 194 [1895], A living agent works to Wet advantage when exerting a 
certain effort at a certain speed during a day's work of a certain length. The 
best effort and speed depend obviously on the strength and training of the 
individual as well as on the kind of work done. Some examples may bore tie 
given for a day’s work of 8 hours. 

EkI'iiHT. Spin I. I'owkk. 

(I.bs.) (Hoet jvr I.) (Ft.-Urn. jier 1.) 


Max.—W ithout & Machine, . 
Working a trank, 

. 331 

mi 

(5280 

13520 

Horse.— Direct Traction, 

. 130 

•->.10 

32,500 

Working a Machine, 

. UK) 

1110 

10,000 


It yill be observed that the power of a horse on this estimate when directly 
employed is little less than the conventional horse power of .13,000 ft.-lbs. per 
minute introduced by Watt, it is said, as the result of experiments on the work 
done by tlTe powerful dray horses employed in London breweries. Ramune’s 
estimate (bleat )p Ktvjtw. and other Prime Mover#, jingo 80,) of the power of an 
ordinary horse is much less, living 26,000 ft.-llis. per P, and he also gives 
smaller values for the work of men. 

When working at best -speed the power during a whole day’s work is a 
maximum, but all living agents can work at a much greater speed for a short 
interval developing from .1 to 5 times as much power as when the work is 
contiguous. Thus strong men working a tire engine at two-minute interval* 
can develop half-a horse power or even more. Empirical formula* have been 
constructed showing the relation between the power exerted at given #ffort 
and speed for a given time with that developed under the most, favourable 
circumstances, but they can hardly In: considered as satisfactory. 


Page 190. To avoid misapprehension, it may here be stated that in this, 
as much as in the preceding section, the object is to explain* and to verify the 
^principle of work : not ki any sense to demonstrate it. 

Page 198. fixeept in the use of the word “kinetic" instead of “actual,” the 
statement here is in the form given by Kankine (A.M., p. JSOO). The author 
is entirely of (the late) Mr.,W. R. Browne s opinion that, this is the best form 
and has always used it himself. Jhe idea of energy l>eing stored fn a body 
in motion perhaps first apoears clearly in Mohei.ky ’.I treatise. 


Pages 203-207 [1892]. Art. 103 on oscillations has .been re-writtem with 
additions. The formula for the Jeugth of the simple equivalent pendulum fa 
# pay 206 was printed incorrectly in the first edition—an error corrected in tho 
second/* Various other changes•md additions have been introduced in* the 
fccond half of this thapter for the sake of dearness aud to make it harmonise 
better with the rest # of the book. The infinite series, by which the time of 
vibration of a pendulum iAgifen, will be found in most treatises on the Hnetlfes 
of a particle. See, for example, Price’s InJmitMmal (^alcutm, p, (49. 
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Pa<* 212. The construction by means of which curves of crank effort are 
obtained was given by Poncklkt, but it does not appear chat any such curves 
were # actually drawn until they were given by Armenoacd in his treatise on 
the Steam Engine. In Fig 97, to save room, the curves are placed half above 
and half below the base, but otherwise the figure is that of Armrngaud ; it 
is far the most convenient form for applications. 

Paok 220. The stress due to centrifugal action on the rim of a wheel is 
given by a formula (p. 288) which may l»e written in the simple form K a =yX, 
where X is the length due to the stress (p. 80). A velocity of 80 feet per 
second gives a length of only 200 feet, or about one-fifth of the stress cast iron 
would safely bear in tension. The inequality of distribution produced by 
inextcnsiblu arms tying together opposite points on the rim of the wheel 
doubtless increases the maximum stress ; but the principal reason for the low 
limit required for safety is the alternate bunding backwards and forwards of 
the arms as energy is alternately stored and restored by the wheel. The speed 
is occasionally increased to 100 feet per second. The author is indebted to 
Prof. Unwin for the information that when the wheel is in segments the speed 
should he limited to 40 feet per second. <■ r 

Paok 222. The method here given occurred to the author many years back ; 
hut it is believed to have been previously published in Enijin<:criu[). 

Paok 220 [1900]. As regards the effect of the varying speed **f the crank on 
the inertm-pressuro of a piston, it will ho seen on reference to page 102 that the 
part of the piston acceleration due to this cause is 

A 9i ■>„ 


whilo the part considered in this article is 

f„ ( cos M i * cos 2^^ *" • 

* M \ « / « 

Evidently the average relative importance of these jsirt.s is measured by the ratio 
of d IVd/, the tangential acceleration of the crank pin to I'„*/>* the railial accelera¬ 
tion. If now we write 7 . l’„ for AT where q is a co efficient as on page 220, and 
m . T„ for A/ where 7’,, is the period and w» a fraction, the mean value ahtVJdt 
for the chunge considered will be 

d r„ V r„ q •’„* 

’ dt m ' T lt m ‘ ~rn’ 

and therefore 


Ratio of accelerations 


7 

2jt..#‘ 


A change of 10 per cent, in the speed taking place in one-tenth of a ; revolution, 
or of 25 por cent, in one quarter of a revolution, wouhkq^ake q/nx unity, and it is 
evident that when an engine is running steadily this is an extreme case. In 
general the valu- of q/m must bo much loss. is true that the maximum value 
of dVJiU is greater than the moan, aud under certain conditions it may be very 
muon greater ; hut on the whole it may he said that the average erro. of the 
supposition that the crank rotates uniformly is not of much importance. But i. 
the maximum dVJtU occurs near the middle of the stroke, as it often will, where 
f % is srtudl and /, greatest, the inertia-curve for tfmt-'part of the stroke’ will be 
completely altered. 
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Page &b<fl892]. The iuvestig&tion here given of the effect of the Mjgular* 
motion of a connecting rod h&a been added to the present (1892) edition. 
Art. Ill (page 231) on pumping engines 1ms *l*o l**en added to render* the 
chapter less incomplete. # 

Page 229 [1900]. The investigation of the exact value of the inortia-pivsiiurc 
of a connecting rod is given now for the first lime. On the representation of a 
curve of crank effort by a Fourier series, see Note to p. 395. 

Page 240. The Friction Circle was defined and its u*c explained by Ran kink 
in his treatise on Afiiltvork and Muchimry, p. 428. 

Page 2($5 [1895]. The adoption of metric measures in engineering practice 
k was recommended by a committee of engineers 40 years ago, and in 1N(W a 
Bill passed its second reading in the House of Commons by a large majority 
for rendering it compulsory within three years. In dune of the present year a 
committee of the House has reported in favour of its compulsory introduction 
in two years. The inconvenience of a change to the present generation of 
engineers would be very great, but it is prohibit*, even in the absence of 
compulsion, that the pressure of foreign competition may render it inevitable 
before*vory Ibng. From the point of view of abstract, science this change, 
however, is only part of tlmt which is desirable or even necessary: for the 
metric systc^n just as much as our own is a yraniattan system of measurement, 
that is the unit of force instead of being derived from the unit quantity of 
matter with due regard to the units of time and space is taken as the force 
with which the unit quantity of matter is drawn to the ground at a given 
point on the earth's surface. 

As explained in the text tins renders it necessary to dissociate the unit of 
inertia from the unit quantity of matter, and to use the words “weight, 
“pound,” “kilogramme/* etc., in a double sense since they are applied iudis 
erimindtely to forces and to quantities of matter'. Most modern writers on 
mechanics when using gravitation measure seek to avoid ambiguity as regards 
the term “weight** by confining the use of the word to the force of gravitation 
and employing the term “msss" to signify the quantity of matter determined 
by weighing as well as the inertia measured by the quotient H /[/* It may 
be questioned whether the ambiguity thus introduced is not more misleading 
than the original, and the term “weight ' has therefore been used in its old 
iqgauing throughout this work. It might lx; avoided perhaps by calling 
the quotient WJy the “Inertia” of the body, but the author has .not felt at 
liberty to introdueo a new term in this connection. 

In the Absolute system of measurement the unit of force is dissociated from 
the unit quantity of matter, md ho taken that the units of inertia ami quantity 
of matter become identical. To do ibis it is only necessary to take as a unit 
of force the force necessary to general t unit velocity In unit time iu the unit- 
quantity of matter. A sfjeeul name is then given to the unit of force which 
is now ontirely independent of gravitation. Iu the c.u.m. sysla}! this u^t 
called the Dyne. • 

t *Th<? sy|tem possesses undoubted advantages on the score of ulearot** 
a«4 jirccwon, but t)^ practical difficulty of dissociating 1 1 10 unit of force 
•from the unit of quantity of matter would be very great iu any canc. Iu the 
C.O.S. syitem the difticdlty iu gifatly aggravated by the .mallnem of the unite 
choaen, (he force galled I kilogramme in gravitation metric meaeure Jieiug* no 
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'less t£an 981,000 dynes. No force commonly occurring in practice therefore 
can be expressed in dynes without multiplication by some large power of 10 
sabjBct to a great liability to error in the index. It is probable, however, that 
tome pchlified form of the c.u.s. system m&y ultimately be found which it 
capable of being practically used. Through the agency of the electrical engineer 
sogie of its nomenclature is becoming well known. 

Paoe 26S. The distinction between Internal and external kinetic energy 
is pointed out by Rankine (A.M., p. 508). 

PAjOK *271. On Governors in general the render is referred to a paper by 
Ci.ekk Maxweu, in the Proceeding m of the Royal Society , No. 100, 1868. A 
full account of the principles of construction of centrifugal regulators will be 
found in TlworeJische Manchinen-Lehrt, Hand III., Leipzig, 1879, von. Dr. F. 
Graahof. 

Paoe 280 [1900]. The internal bnlance of forces in machines rt rest 
considered in Art. 14*2 is only complete in machines which are actually or 
virtually self-contained (compare p. 193). In motors or machines driven from 
a motor the balance is rarely perfect because the connection between the 
driving pair and the working pair is not sufficient to completely close the 
circuit. Thus in the vertical engine taken as an example, suppose the engine 
to be employed in driving a screw; the resistance to the rotation of the screw 
arises from water outside the vessel und disconnected from it^: the moment of 
crank offprt is therefore unbalanced and tends to heel the vessel over: while 
utiy variation in that moment in the course of the revolution will furnish a 
periodic couple tending to produce vibration. 

Pauk 284. The utility of balance weights, sufficiently heavy to neutralize 
completely the horizontal forces, is by no means universally admitted. The 
vertical forces introduced are very great (Kx. 17, p. 291), and, should they 
synchronize with the period of vertical oscillation of the engine on its springs, 
mtht dangerous results might follow. 

* * 

Paoe 285 [1900]. The investigation given in Art. 144 a of the effect of the 
inertia of a connecting rod on the primary and secondary inertia-forces has 
been added to this edition. 

Paoe 288 [1900]. As a simple example of a self-balanced engine may }>e 
taken the coso of a 3-cylinder engine: one cylinder A being between thq other 
two, P, and /f.j, but on tho opposite side of the crank shaft. The centre lines 
of the three cylinders are nil in the same plane, but crank A is at 180° to 
cranks R v For simplicity let the cranks /£,, R. t be of equal length, but 
in any proportion to oran^ A : the ratio of connecting ri>d to crank being the 
aame in all. Evidently in such on arrangement the roils will always be 
parallel and all the reciprocating parts similarly situated. If they be similar 
jmdShe weights for .4 and /#,, /f 9 jointly, he inversely as the cranks; the 
centra of gravity of the whole must always lie in the *4is of the shaft, and 
there can be no alternating forces. And it.the weights of B lt arp inversely « 
as the distances apart of the cranks there can be ify) alternating cquples. 
The engine therefore is completely balanced so far as regards the inertia 
forces, and would commonly be described as^*'seJf-baUnced,’* but the balance 
dogs not taclude the forces mentioned in the note to p. *280. 



609 


k'i'ffFNEA AN1) STRENGTH OF MATERIALS. 

IV.—STIFFNESS AND STRENGTH OF MATERIALS. 

Page 317 [1892].* The calculation here given (Art. 1BI) relating to heaiha oi 
uniform atrength, presupposes that the transverse section of the beam .varies 
slowly, a condition which of coarse is very far from liciug satisfied near the ends 
of the beam. Any attempt to take into accouut the variation of section, would, 
however, only lead to results of much greater complexity without any correspond* 
ing increase in their utility. The forms obtained art* purely ideal, lteing incapable 
of being practically used without the addition of material necessary to provide 
against straining actions other than beuding. 

Page 382. If an elastic solid or, more generally, a set of connected pieces of 
i perfectly elastic material, Im» under the action of any nuinWr of forces /* 8 , 

and any number of couples•.!/,, M., t ..., in equilibrium, the value of U must bo 1 
U^pPx + &Mi t 

where ..., are the displacements of the points of application of the forces 

and »,, i,, ..., the angular displacements of the arms of the couples. For if the 
forces gradually increase from zero, always remaining distributed in the same 
way, qpch paet of the load (/') will exert the energy MV, since the s]>ace moved 
through (a-) must clearly be promotional to /*. The same argument applies 
nnUati a mututulin to couples. Hence tlu*%hole energy exerted must Ins given by 
the above formula, and this is always represented by the energy stored up in the 
system when thoparts are j»crfectly elastic. 

!Jow, imagine the solid immoveably tixed at three or more points, and let one 
of the forces P x be increased by a small quantity 5/*,, a.11 the other forces retaining 
their original magnitudes. The effect of this is that the |>oints of application of 
all the forces move through certain small spaces (5,r), and the arms of all the 
couples through certuiu small angles (Si). The total additional work done will be 
• SU 2P6x + 2MZi. 

But, on differentiating the value of //on the supposition that P x alone varies^we 
find 25 /; - ZPSx t £.1/ Si H u*,. Sl\ , 

and therefore by substitution 

W-x x .sr x . 

A similar equation is derived by supjMwing one of the couplos to vary, and we 
obtain the general equations 
- • dU_ dU . 

ill‘~ r ' ,l.U '' 

that is, the displacements are the partial differential co-efficients of U with 
respect to the forces. 

The forces to be considered are partly weights or other loads of kndfru mag¬ 
nitude, and partly arise from the stress >ctween th<^ bounding surfaces {real or 
ideal) of the solid and esirfual bodies. The boundary forces must l>e consistent 
with statical equilibrium, but subject to this condition are determine*# by 
equations found by # differentiating *tlie function V. In particular, whan thff 
Ijoun^ing surface is fixed, the partial differential co-efficicnts of V with respect 
the corresponding forces must be ter#. The value of U is then, in most cases 
,{p&haps always), a miHimum, as stated in the text. 

It appears theff that ghenever the elastic potential can be found and expressed 
in term* olthe external and tooldary forces ycting on the syatem, the necessary 
equation* for determining the boundary fcrcea and the inflection produced by the 
C.M. 2g 
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MtterSal force* can all be found by differentiation of U and by the conditions of 
itatip&l equilibrium. As an example, take the case of a beaip loaded in any way 
uul fixed at the ends. Let the beam be AH (Fjg. 28), and let the notatiou be as 
>n pa{fes 40, 41, then (page 331) 

'Substitute for 3/ by the formula on page 41, and integrate between the limits l 
uul o, we find 

2A7. U^MMa'+MaMb I MW 



The integrals are most conveniently expressed in .terms of, 8 the area of the 
curve of moments (//<>, s the distance of its centre of gravity from -f, and y the 
height of its centre of gravity above A B. The formula then becomes, dividing 
by 2, 

El. IUI t M,M«i M,r)lrS 3, ' U M "~ rXj. 

The potential is thus expressed in terms of the load on the beam and the bending 
moments at its ends. The latter may have any values we please consistently 
with statical equilibrium, and the partial differential co efficients of £ f with respect 
to M A 3 /n will l>e the slopes at the ends. In particular, if the enfls are fixed 
horizontally, 

2.V., I .V. + tZ r / . S-0, 

2.1/« > .1/1 I li",. X li, 

equations which determine AI a M b , and express that the function (' is then a 
minimum. In the particular case of a symmetrical load 


The value given on page 326 for the particular ease of a uniform load will be found 
to agree witli this result. 

The |K»tentiul for a continuous beam may l*e immediately deduced, by addition 
of the potentials Jor each spun taken separately, in terms of the landing moments 
at the points of support. The theorem of three moments (page 330) for the case 
of supports on the saine level, then follows at once by differentiating with respect 
to the moineut at the middle j»oint of support. 

In all cases, differentiation of V with respect to any portion of the external 
load will give the deflection at the point where t lmt^load is applied. 

In applying this method care must he taken that the supporting forces, in terms 
of which the potential is Expressed, are independent: if they are then the. 
equations of statical equilibrium will Is) conditions subject to which U will be a 
minihium. T<^ take a simple example, suppose a perfectly rigid four-legged table 
Standing on foux similar elastic supports amlMoaded in any way, then 

CL*»(/v+/Vjitf4 /V). 

where P lt /‘ a , /* a , /* 4 are the parts of the whole load resting on each leg, arift *‘ia 
some multiplier. Here the forces P arc partly determined fcy three statical 
equations for equilibrium of the table, and onlji on* additional equatidu is found 
by making Q a minimum^ 
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Tbi* method wu explained and applied to a nmnl>er of examples In arnne fL\x*r 
by the author, whigh appeared in the Rhdu^ophirnJ Mu</nzim for lSd5; # th« 
demonstrations there given, however, were insufficient. The author at that time 
supposed it to bo new, but it had already been given in a memoir by M. < E. K. 
MenabkAa. Com pi fa Rendu*, voi. xlvi. (lM58) t page 105(5. 


Page 338. The lateral disturlxuicc is here auppoacd small. With a huger 
disturbance the pillar would return even if the value of 11’ were equal to '. , Ai7// v , 
and with a greater value would bend over into a position of equilibrium given by 
the formula 

if, ( i* vv 2A7 , 

VsiiiW/ 

where 0 is the angle subtended by tin* circular arc into which the pillar is Irani. 

Page,340. When the pillar i* absolutely straight and homogeneous anil of 
uniform transverse section, the lateral deflection due to an actual deviation a 
is given by the formula 

_ u * rp 

u i 0 - — « . see \ . 

cos nil ‘J t p„ 

and the formula for the effect of deviation becomes 


(•' l)c. 

\l> 1 


cos 


! Vu, iih 


In any actual example, however, this formula would not he exact any more 
than that given in the text. Each particular example will have ils own formula. 
The result of all such formulas, however, must he nearly the same for a small 
deviation. Further, a great projmrt ion.nl change in the deviation, always suppos¬ 
ing it small, produces little change in tin? crushing loud, ami this prolmbly 
explains why experiment gives tolerably definite values of the crushing load 
although its precise amount must depend on accidental circumstances. 

Page 330 [1890]. The method here adopted of proving Ki i.Klt’a formula* is to 
assume the curve in which the pillar bends t«* be u curve of sines, and then to 
show that the sectional area is constant, a prmess which is the converse of that 
employed in the first edition of this work, being more simple, the demonstration 
lias been placed in the text instead ..f being relegated a. Mure to the Appendix. 
IP is worth remarking tfcat the *» elii.-i.nl o( elasticity of flexion employed in 
themes not, strictly speaking, Young’s modulus (A’) but K p wHtu-e p is tho 
intensity of the stress on the cross section. This, though theoretically interesting, 
is of no importance in practice, because of the extreme smallness of the ratio /./A’ 

in all practical cases. The &*■ w-l.jre one end of . pillar ia tixedfclld one 

rounded w-aestirst, it ia believed, conecil treated liy#".iU'iio. in 18WI. 

In a paper published i|**ic ;Ve*j< of ll,r C'ambridy /•/„/.,wphiml Swirly, 
Voi. IV., Part II., CiRKKNHil.i. lias dele, mined the greatest i.eiglit of a vertieg pole 
which is’ consistent .with stability, Slml i« the greatest length of fxile of gives 
lianuter which will stand upright witho.il Muling over laterally at the summit. 
LetX = Bfic lie tffe length due to a #t«sa K for a given material, A’ Mug as uslal 
Vfuifgs modulus- T*i method of measuring a stress is explained on page 80. 
Then for a poteWrf unijirm transverse, section of radius a the greatest height is 
riven by Ihe sffhple formula ' . 

’ * k - I -JflVv»«, 
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is wHfcb *11 the quantities are given in the same unite. For a pole of radius a at 
the base diminishing in section uniformly to zero at the summit so that the longi¬ 
tudinal section is triangular the same formula serves, but the co-efficient is v7'63, 
or 1 *9f instead of 1 -28. For a pole of pinewood 8' diameter at the base the greatest 
height is about 90 feet in the first case and 140 in the second. The stress (wh) on 
the transverse section at the base must, as appears from what is said in the text, 
be muoh less than the crushing stress (/) of the material, a condition which 
would generally be satisfied. These formul* are of considerable theoretical 
interest and are applied in the paper cited to questions relating to the growth of 
trees: it must be remembered, however, that the effect of wind pressure is 
neglected, a circumstance which limits considerably the practical application of 
the formulas. 


Page 347 [1890). A formula, corresponding to Kopek’s formula for pillars, has 
been obtained for the collapse of a Hue of unlimited length, by Levy and Halthek. 
This formula as quoted by (iitEKNitiM, in a letter which will be found* in the 
Engineer for February 1888 is 

Ell \» 

where t is the thickness, a the radius, both reckoned in inches, while K as usual is 
Young’s modulus, and ft the collapsing pressure. The corresponding form of 
Gordon’s formula deduced as on page 340 will be 


1+ 


cl‘ l 


where the “theoretical” value of the constant c is 



This formula may be expected, with suitablo values of the constants, to give 
th^ollapsiug. pressure of a flue, the length of which is so great as to have no 
sensible influence on its strength. lA short lengths the strength is greater as 
described in the text. 

Thrust and Torsion.— When it is a question of strength only this case is dealt 
with on the principles explained in Chapter XVII. Grbkkiiill has, however, 
pointed out that, if the unsupported length of the shaft lie too great, it is necessary 
to consider its stability. I*et P be the end thrust on the shaft, T the twisting 
moment, then the greatest unsupported length consistent with'stability is given 
by the formula 

r 

P ~ EI+*8*1*' 


let P t be the greatest lewut which by Euler’s formvda this length of shaft would 
carry considered at a pillar, and let T 0 be the greatest tVisting moment consistent 
with Ittrength.g'being the co efficient of resistance to twisting, then the formula 
may he writteu, supposing d the diameter, * 


be street per square inel 

*1 f T' f 


or using ft,, p to represent the street per square inch of section 

f * 
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At/IB U necessarily a very small fraction and 7/ 7 g is fractional this show that 
here can be very little difference between ;> and so that unless these quantities 
hemselvee b^ small? that is the unsupported length of the shaft very great', the 
wiating makes no sensible difference in the stability of the shaft. The fnepiula, 
herefore, in ordinary cases, though theoretically interesting, is not of practical 
ralne. It will be found with numerical applications in a pa|>cr read by Professor 
Ireenhill before the Inililiilwn of SltcliauUal Bmjiiven in 1S83. 

PaOK 358 [19001- The formula here given for the torsion of a tube of non- 
jircular section has been inserted in the present edition chietiy in ortler to give 
some idea of the reason why the maximum stress in shafts generally occurs at 
points onethe circumference nearest the centre, and as leading directly to a 
formula for the torsion of shafts which is exact for elliptic section*. It is not 
probable that it is exact for any other form of section, and in eases like that of a 
rail where the curvature of the profile is partly concave it can hardly lie even 
approximate. 

The corresponding formula for the rigidity of a tula- under torsion is given on 
page 4291 and also appears now for the tirst time. 

Pa«k SCO. ,Thu formula' given in different books for the moment of resistance 
of a shaft of rectangular section exhibit considerable discrepancies. Coulomb, to 
whom the formula for a circular section is due. supposed that in every case 

/ 


is the outside radius. In 


r 

• ’i 

where I is the polar moment of inertia and r 
rectangular section of sides a and /. this gives 

■ r i/»w «* ■ 

which for a square section of side I, ..nines 

r -2 

If these results were correct it would appear that a shaft «f given sectional area 
stronger the more unequal the sides w..c. « result quite eontrary Ui ««(W- 
In a memoir on lorsion published it, .he M-mo,- d, I /.« for 858. 

‘ fjui'xti'in thoroughly, a1 " 1 Stained the 

•o*| i'll' a* tlu* ri’HUlt of # XUNT Vknant’u 
'I IIin \ ;ilut* in greate r than that given 
a inly t«>«» large. # 

. 0 f «baft t»> tonsii'ii wan not proportional to 


was 

enoe. 


Harris ijk Saint Vksant mvestieitto'l Un- 
results given iu the text. 

Hankise (A.M., page 8.W) gives 
calculations without further explanation, 
by C^fi.oMn’s hvisithesis, ami is ccimml 
[1890,1892.] That the resistance of a i 
the ratio //r had long been recognised.. prior to the acceptance of hr. VbaantB 

results the formula • ... » 

originallv given by CaccHTwaa much employed. This formula agreeswith ConuiMB 
Si h, result lieiug alrnut 11 per coot, greater H - 
8 t V«,Tt Th, *ror diminishes^ the inequality oi the side. Inereases anT 
,^«h«nth.ratio ( »).fthe.i*;i. -y email The cor re.pondmg ratio 
stljngths of s rectangular and a circular section oi the same area la 


r 

W 


•8353J--.. 

• ’»4- 
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f a result given in former editions of this work after modification, by replacing the 
constant factor ‘8353 by *738, so as to make it agree with St. V bn ant for square 
sectfom. The error is then very small for moderate values of \i ; but in the present 
[1892^e<Ution it has l>een thought advisable to gfve St. Ves ant’s own formula, the 
maximum error of which is estimated by him as 4 per cent. 

[4 893. J The error of St. Vksast’s formula in practical cases may be diminished, 
os pointed out in the text, by a slight modification of the constants. The formula 
in common use by the best German technical Writers at the present time appears 
to l>e 

r l lW > 

which for values of fl greater than *5 may be considered as a rough approximation,< 
but for small values of ft gives values of T which* are much too small. The 
investigation given by IIacii in his treatise referred to further on is unsatisfactory 
as the distribution of stress assumed is not shown to be consistent With the 
corresponding warping of the section. From a letter in Xnfnre. (June 1888) by 
Mr. Dewar it appears that Hank ink’s value was obtained by taking the angle of 
torsion as a measure of the strain produced. 4 

1*AUK 367 (18112]. The formula for the distribution of shearing stress on a section 
lias in this (18921 edition been put in a more simple and general form, and its true 
interpretation pointed out. See also Note to page 416 further on. In an exeellent 
paper, which wdl be found in t he Tnaimr/ions of tin Institution of Xnral Architect* 
for 1890, the late Professor I*. Jenkins has applied this formula to investigate 
the effects of longitudinal shearing stress in a vessel. Professor Jenkins was a 
former distinguished student of the Royal Naval College, and the author is happy 
to have this opportunity of expressing his regret at his premature decease. 

Pa<;k 388 j 18951. The subject of vibration has of lale acquired increased im¬ 
portance in consequence of experimental investigations which have been made 
on the vibration of vessels and girder bridges. A brief explanation of the most 
important points relating to it has therefore been added to the present edition in 
the articles which follow in the text. 

On reading If err Sehlick's interesting paper of 1894 the author felt some doubt 
whether the values of the constants quoted in the text were for romjtle.te or ninyh. 
vibrations. In »letter dated April 13th, 1895, Herr Sehliek kindly informed him 
that coniplttf vibrations were meant, and at the same time pointed out that ^ie 
result woulij depend very much on the allowances made in calculating the njoment 
of inertia I. In the method actually adopted the sections of angle irons and 
similar pieces were supposed concentrated in their centre lines, no allowance was 
made fy reduction of area by rivet holes, and *o account was taken of bilge 
stringers, keelsons, etc. t 

It will be observed that the constant is 23 per cen^»renter for a torpedo-boat 
destroyer than for a merchant vessel, showing that the distribution of the weight 
^is a tending element in the question as migh^be anticipated from what is said in 
the text. Unequal distribution and concentration of the wefjght in the neighbour¬ 
hood of the nodes increase the f requen<jytand more than campens^e f&r the* 
influence of the causes pointed out which tend to redm^ it. t « 

To the examples given in the text on the effect of synchronism may be added* 
the'case of a locomotive traversing a girder )ru|je. Vn order to balance the 
rsqiprooating parts hea^y counterbalance weights are necessary attached to the 
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driving. wi.eeU, and these weights produce periodic vertical forces of grfitWL 
magnitude (Ex. 17, p. 291), the frequency of which in equal to^the nuAWr of 
revolutions per 1" the wheels. When the speed reaches u certain limit t^wri- 
ence shows that a bridge over which the locomotive is jHissing vibrates greatly, 
au effect due to synchronism between the period of a revolution and the ffcriod of 
free vibration of the structure. 

The strength of a screw shaft to resist the combination of thrust and torsion lo 
which it is subject is diminished by centrifugal action, a question which has l»een 
discussed by Professor tirecnhill. 

Pace 393 j 1S92]. In a paper published in the Tinn«u'tit>u* of thr Institution of 
Xaml Jtr/nVeWa for 1K92, Mr. Yarrow conclusively showed that the vibration of 
i torpedo boats is almost entirely due to the reciprocating parts of th*» engines and 
can be got rid of by a proper system of balancing. 

Pai*K 395 [190U|. The statement made in the tevt (Art. 2»»3l depends on the 
mathematical proposition that any jieriodic function of it may he fully expressed by 
a seritflfc)f sines or cosines of it. 'lit, 3ff, .... 'I'his sc lies is called Fourier's Series, 
a full and clear account of which will be found in I'rnfcwmr Hycrly’s Triatinn on 
Fomin''* S?To * (Poston, I’.S.A.. In its complete form it Fourier’s .Series 

consists (1) of a constant term represent imr the average value of the function, 
t*2) of a series of sines. \‘,l) of a series of cosines, but it generally can be simplified 
by considering the nature of tin* function. In tin* case considered in this article 
the function is the acccleralnm-iatio of a piston that is (p. (HrJ) 

* ] sjn-o I cosV 

f VMS ft . . * . 

* _ II COS <jl II COS'0 

a formula true tor all values of 0. This i- um hamred when ff is changed into 0, 
srt that the series can contain no sines, and only tin- first term is changed when 0 
is changed into t 0, so that there on be no cosines of odd multiples of 0. Hence 
tiie Fourier Series for f must be 

f t'lisfl ; .1 . cos '2.0 • 11 . cos Id i-.... 

• 

The co-efficients A, //...of a Fourier Series are found by a process of integration 
when the integrations can In* performed, or mechanically by an instrument of the 
nature of a plaiiimoter, or calculated appioxim.itely. In the present ease in 
the note already cited, the series is given to a second approximation, but tint 
*^irst approximation used in the text is always sufficient. 

if instead of* the acceleration ratio we consider the velocity rv.t o, the first 
approximation to which is 

J r » sin '' r j "in lit Ip. 192), 

1 ii • - il 

• 

wc find tluit it is true fop-ill values of u and therefore is itself the Fourier Series 
to the same approximation. For values of u between 0 ami v the ratio of the 
crank effort (K) to the piston pres^ire </') is given by the same tormula (p. 19y, 
but this is now uolonger the Fourier Series Wans** it is not true for all values 
'of t. Bar valuta of B tetween v #v 2*. the steam preuure is transferred to*h« # 
' Jthlr side of the piston and the formula is 


1 
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$ Tbit discontinuity in the ordinary /ormul® for tlie crank effort is one of the 
prinoipftl reasons why graphical methods are almost exclusively used in such 
questions. To £nd the form of the Fourier Series, consider tha) ; the crank effort is 
always in the same direction and its average value is 2 Pjv ; the series therefore 
contain/ a constant term. Also it is unaltered when 0 is changed into 2r - 6 , 
so that the series can contain no sines and must consist of two series of cosines. 
The-first of those representing sin0 for values of 0 between 0 and v and -sin 0 
between r and 2 r can contain only even multiples of 0. The second representing 
± sin 20 between the same limits contains only odd multiples of 0. The co¬ 
efficients are found by integration. Hence omitting higher terms 

R 4 f I cos 20 cog 40 1 /cos 0 cos .‘10 \ \ 

s 3 )y 

This formula gives R when P is constant. When P varies, the & c «ico wuummb 
sines us well as cosines; the odd multiples of 0 as ultove representing the effect 
of obliquity. Wo have therefore «• 

R 2 

P m v ’ 

whore P m is the mean pressure and A, //, etc., ure constants. 

The idea of employing a Fourier Scries to represent a curve of crana enort is 
due to Professor Lorenz, and its advantage is that, being true for all values of 0, 
any numlwr of cranks at any angles may ho superposed, and a formula found for 
the combination. In his paper read Indore the Institution of Naval Architects, 
and published iu their Transaction* for the present year (11)00), Professor Lorepz 
finds the general conditions that the co-efficients of cos 20, sin 20, may vanish so 
that the series may contain only terms of a higher order. These conditions are 
taken as being approximately the conditions for greatest uniformity of crank 
offort, and it is pointed out that they are not inconsistent with the con¬ 
ditions necessary for the balance of the inertia forces. Obliquity however is 
neglected, and, as the formula given above for a constant pressure shows, the 
effeet^of obliquity is often very important. The method being new and capable 
of many applications, it bus been thought proper to notice it here. 

V ibratiou in a vessel due to inc<|uality in the turning moment on a screw shaft 
must not 1)0 confounded w ith the bending vibrations due to inequality in the 
notion of the water on the libidos of a screw. It is torsional, a kind of vibration 
which according td Schlick really does occur (Trans. J.X.A., 1805, p. 292). 

• 

Paue 39tt [J900J. Since 1802 the subject of the vibration of .vessels and*the 
balancing of marine engines luis been very extensively discussed iu papers for the 
moat part ftp|>euring in the Tmnstu'tion* of ike Institution of Sara l Architects. It 
has been placed on a solid foundation by the experimental researches combined 
with theoretical investigating of Herr Otto Sbhlick, some of whose earlier results 
are given iu the text. Also may be mentioned flyrcrs by Mr. Mallock, 
Mr. Macfarlaue Gray, Professor Dalhy, and others. The author regrets that the 
limits this wtrk render it impossible to do iqore tlian allude to these researches. 

Article 203.1 on the centrifugal whirling of shafts has Seen added to the 
present edition, as the subject has of late beqpi/ie one of considerable impf rtance. 

Page 403. A line of stress may be regarded as the gcome^ical axis of a curved 
rod which is in tension or compression, as the case iqav be^under^the action of a 
load perpendicular to itself. The wh^le solid, ther$ore, may be c^tceivefl as made 
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ip of n.itt of rods, each of which is a rope of linear arch in equilibrium tgtdcr A 
rauaverae load. Each rod transmits stress in iho direci ion of iu length. If there 
x> no lateral*stresl the rods are straiglit, but otherwise they arc curved.* Iu a 
framework structure loaded at the joints, the hare of the frame may h* remind 
ns lines of stress except at the joints where those lines assume complex forms. The 
tendency of modern science is to regard all force as living due to the transmission 
of stress through a medium of some kind, even in such cases us that of gravity, 
where no medium perceptible to our senses exists. All forces on this conception 
are represented by a system of lines of stress. 

Pace 405 j 189*2]. Except in beams of I section, the effect of shearing in 
increasing the maximum stress and strain due to bending is unimportant, even 
when the length is only two or three times the depth. This remark, however, 
does not hold good for nftterials such as timlwr, which lmvo a relatively small 
resistance to longitudinal shearing. Timber beams not unireqmnitly give way by' 
longitudinal shearing at the neutral surface. 

Pag^ 410. The theory of clastic solid* has been much more fully treated with 
reference to practical application by tinvsiioF. Saint Vfnxnt, anti other con* 
tineijjal writers than ill any English treatise. The author is chiefly indebted to 
Orashof’s work, Pit Ecttiyhit* hhr* (Merlin, istWb, a new edition of which 
appeared in 1K78. An attempt has been made in the present work to distinguish 
clearly between those parts of the subject, which arc m-eessai ily true either exactly 
or to a degree 8f approximation which is eajiahle of being exactly calculated, and 
those parts which depend on hypotheses more or less probable. I lie first an* 
placed in the present chapter •, the second iu the chapter which follows. 

11892.] Since the public.ltion < ISS4) of the present wm k. a |ntrt of the late l)r. 
Todhunter's llintory of th* Eio.sti.Uy ««•/ St myth »/ Mat. viols has appeared. 
The book has been edited and put into its present form by Professor Karl 
Pennon, Vol. I. containing the early history “t the subject, and an exhaustive 
account of all that has been done up to the year INoUappeared in ISHli. The tint 
chapter of the second volume, entirely w ritten by Pmfewor Pearson, was pushed 
in 1889 as a separate work entitled thl 1 Eta*/hot of Harv.d. St. 

Veimnt. It covers the whole of Sr. VkvwiS I.iIhiuisoii the subject of Elasticity, 
extending over a period of 85 years. 

[1893.] The second volume of the //Mr# lisa since ;.|i)x-»i — I. in wliieli tin- 
^vork just mentioned is inc»r|.«»rat.-.l. ■*1 to which therefore references are made. 
The,standard pernmn treatise <ut the lei httieal applications of ,tli« theory of 
elasticity is at ]iresvnt Professor liieh's Eh.UrihU. mul lierlitt, 1H9II, 

to which valualtlc work the author is in.lf-l»t*-.l tor information and corrections, 
especially iu Chap. XV'IIJ. ■ ‘ | 

Pans 414 Attempts have been made to prove be theoretical reasoning that, in 
a perfectly elastic isotopic material, the value of m is necessarily 4, anil the 
demonstration instill considered valid by some authorities, while others consider 
that such reasoning simply shone titat matter is not constituted iu the why 
an matted in the demonstration. It is tlifricuit to .ditain material which is really 
' perfectly isotropic, but all the cxptieineutal evidence at present gists to show that! 
’ At ritay have various#alues. 

P*o* 418. *Somo aothe, joints in the theory of bending may here be 
noticed Ml) lje effect of curvature is tilat a lateral stress // moat cxAt on 
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This lateral stress is therefor*) never great enough lo have any ]>erceptible 
influence on the elasticity of the layers. • 

(2) It hns lmen stated on page 290 for the ease of tension, page 1 for the ease 
of bending* and page 3.V» for the ease of torsion, that the distribution of stress on 
any transverse section is the same, Imwexer the straining forces are applied t/> a 
liar, piovided only that their resultant lie given in magnitude and position. This 
may be regarded as a general principle applicable in all eases. Any other distri¬ 
bution of stress produced on a transverse section by friction or other external 
forces applied directly to it will change with great rapidity on {Kissing to transverse 
sections not directly exposed to such forces. It is, however, generally necessary 
to pqpvide additional strength at these exceptional sections. 

I'auk 41(111H9.‘»|. Assuming the traits verse curvature circular the elevation («) 
of the sides of the Imam almve the centre is given hy the formula 


>>- p lr V 'Mr M 

Swi/v'.v M / 2»iA7r ’ A’ 


obtained on page 413, for a rectangular section. ' 

Now the vifiue of du;>lx is evidently the difference of steepnessof a eentraHiuo 
traced on the side of the bar and the geometrical axis of the bar. Hence if &q 
be the difference of shear at the side and at the centre, 7 ,, the mean shear over 
the wIndirection, t 

« (h Md 
** " f l)A‘ i# Vo * 

f^pr a square scctiort assuming m -4 and rememWring that ij 7 0 is the mean shear 
dong the neutral axis, we find that the difference between the shear at the side 
where it is a maximum and the shear At thq, centre where it ip a miniinuJU is, 
mo-tenth the mean. The maximum then exceeds the meun^by about 5 per epuj. 
This rough calculation is given for the purpose of illustrating, the remarks in the 
text, but as the formula for u is not exact when gheyring <s taken into Recount, 
accurate numerical results can only Ife obtained by St. VxNANT'sgMvlculationa. 
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^PaoK 41? [1895]. The fonmihe for plait** eupjtorted at the edges, and^exportd 
to normal forces, have long Iteen known in two or throe simple cases, and are 
frequently tjnoletft (’nfortnnately these formula* have not ns yet lawn mikei'-nt!y 
verilted by experiment ami have therefore Wen omitted in the present work 
notwithstanding the iniportane« of the i|itestion. Headers who wish to set* the 
present state of the subject are referred to Piofossor Patch's small work, fersttefc 
liber die IVnlrrslanttitfultiithil <hi /Of I'laitm. Beilin, 1*91. 


Pauk 420. The lines of stress fora thiek hollow cylinder tinder internal tlnid 
pressure, ami also under the notion of tangoiitiid stress ajiplie.l as in h.x. fi. p. 4tltl, 
will be found to he equiangular spirals, lie* angle **f the spiral depending on the 
projtorflnn lmlween the fluid stress ami the tangential stress. 

The verification given in the text is m eessarx bceanse, otlu twise, we eonhl tint 
be sure that the assumptions on page II* were consistent with one another. 
This is very well shown by supposing tin* cylinder to totatc ami ohtainiog a 
solution of the problem when thus ni.aliltod, assuming the cylinder to remain 
cylindrical and employing the t-tpttxin.tt of tirito atmo. It will be hntml that the 
solution thus obtained .an only be trite if tin* stress on tin* transverse section 
vanes acccgding to a certain law. it tin* v> limit t* is long it apjatara I bat this 
must reallv la* lilt* case except vety mar the unis. Tin* ft * ’lilt'tit of a swiftly 

rotating circular saw appears no, as yet to .. be. „ attempted ; i, is found by 

eximrietlfte that a saw to run at high-|«*ed must Is* ha.. red s„ as to he light 

at the pcripltary. The same ditlioitlty ■»*,*,», it tlo* material of the eylmdet* be 
nut isotropif. 


Pant: 427. Tttiis.V* experiments are .loser,la*tl in *1* tail, w iti, a great, variety 
of interesting illustration..'in a series of memoirs which have lawn separately pub* 

lishetl t .1/rnioo'i - sac fW . a' * < "-V** >'■*'■'•' The ex.tic ... the lex -s 

taken front the ... toe.if tl'a-i- It .. •" remark.*,I .ha, the 

inflmime of time wan ji<»t take n into ae< mint. 


1H,*k. 4-15 The modulus of olastiuty ... >” »<* <•* 

that in tension in east .. as well *. .. 

circumstance, together with lhe epuhty ", tin* bill fm* - tidtog ami tension, 

Hu „S to eohjeeltm* that .. i. dm* to lateral l-nd„,g which cannot bn 

wholly prevent,*tl by tlm trooglt. . 

p A( .„ m [1892. 1hV,|. When a lobe ,s thin and s.iircoed so as to prevent 

* * . . . octv l do* I'lacc liy local Imekling. (In 'In* subject of 

buckling the reader ,s nU; ^ ^ j.x.A. for lMfll 

‘ZTxKW.lZ X-S on . the the, Heal th.ofyVtf bnekllng 

’ AA ‘ . , . , ■ Mr Hrv;«i. wIikIi have* appeared in the 

hft8 lH-en*diHcUHXt*a in home ** ' ,r * • 

Proceedings of the Mathematical Society. 

Vaof 438 The argument of t M t* It*- *>1^ ““ wHl ~ "V 8 " 

i. not uniformly*distributed. In the bydraulo ,,re»» eyl.mler the stress u never 
revered, andthe increase of «tr* V ' h *' * pmoably rebable. . , 

era riMQXl* Bach’s experiment* on plates here referred to are noticed on 

«•».*•» ^ ^ 
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•Paob^MO. No formula of this kind is anything more than a formula of inter¬ 
polation supplying the plaoe of missing experiments. The author is led to make 
this rrtnark by the elaborate manner in which such formula! are discussed by 
some writers. The study of Wohler’s original memoir cannot be too strongly 
recommended to those interested in the subject. 

Pa&k 449 [1890). The proposal (which 1ms been partially carried out in practice! 
to employ a margin instead of a factor of safety in boilers M as made by the late 
Mr. Sennett, formerly engineer-in-chief of the uauy, and his view-s w ere endorsed 
on the discussion of his paper (Transactions of the Institution of Naval Architects , 
Vol. XXIX.) by Mr. A. C. Kirk and Mr. Marshall. To the remarks made in the 
text it may be added by way of caution that though theoretical reasoning and 
laboratory experiments may furnish valuable indications of the direction in which 
to move, yet any steps in tho direction of lower factors of safety should be very 
gradual, and only taken by those who i> 08 sess the widest knowledge and the 
({reatest experience of nearly similar cases. It is impossible a priori to foresle all 
the circumstances which may influence the necessary margin of safety. 

00 

Paoe 450 [189*2]. The values given for the resilience of timber in the two 
earliest editions of this work wero much too large. When the yield-point o£ the 
ductile metals is regarded as tho limit of elasticity, the resilience is given iu 
Table III. on the following page. 

i 

V. —HYDRAULICS AND HYDHAUUC M ACHIN’fe. 

Paoe 473. The standard experiments on the co-efficients of velocity and con¬ 
traction iu the ease of orifices are those made by Wkishaoh, and described by him 
in his treatise Die h\v peri mental Ihjtlrnnlik (Freiberg, 1855), to which the reader 
is referred for details. A shprt pipe projecting inwards is known as Bonin’s 
mouthpiece. The theoretical minimum value of the coefficient of contraction 
(*5, see p. 498) is closely approached when the pipe is very thin and sharp-edged ; 
otherwise the value is Romcwhat larger, say about *55. 

[1892.] Experiments by Bazin and Others on orifices of large size (7 inches 
diameter and upwards) give a co-efficient of discharge of 0. Mai it, however,* 
obtained the value ’01 in an orifice only I inch diameter. 

Paoe 479. The use of the term “ head ” for the energy per unit of weight of n 
fluid is not free from inconvenience * the two things not being identical unless the, 
datum level he^it the surface of the fluid. # «, 

Paoe 477. Tho velocity of the water in any one of the ideal pipes is inversely 
proportional to the sectional area of the pipe. Now the form of the pipes depends 
solely on tlto form of the bounding surfaces, jmd it follows, therefore, that the 
velocities of all parts of the stitam hear a fixed proportion to each othef, depend¬ 
ing only on the nature of the bounding surfaces. In the^uiguago of the theory 
of mechanism, the fluid forms a closed kinematic chain. The chain is closed by 
thcPprossure of tfie bounding surfaces, and whin the velocity exceeds a certain 
limit the chain opens. Energy can then no longer be transmitted uniformly to gjl 
H%rts*of the fluid, and is no longei uniformly distribu+M. \\*hen etifrgy is 
unequally distributed, eddies are formed. • * * 

• 

Pack* 477 [1895]. The steady motion of an undfetatfbed ttream is onecof the 
pprinci^kl objects of study treatises %n analytical hydrodynamics, and 1 to such 
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tke deader ia referred for %u acumint of what i* known on theaeubjeet 
Some important mints, however, can lie rendered intelligible by method, of ntort 
limited scope, am!the note which follow., taken from the /V.i/o.o/dmn/ jA./ntin. 
for February 1870, ia therefore here introduced. The motion of the fluid ia .op¬ 
posed to be in two dimensions, that ia, ail I .Illicit-, are supposed to bo moving iu 
directions parallel to a given plane-taken for convenience a. vertical —and the 
motion in all plaues parallel to the given plane is the same. 

In Fig. 212 AH, Cl) are consecutive lines of motion, commonly described as 



“stream fines” lying in the same vertical plane, ami representing the section of 
an elementarv*streum which flows, ax described in the text, without intermingling 
w^th the rest of the fluid, just as it would iu a pipe of varying section. P and ty 
are particles moving in these lines with velocities r and v+5v, which at the 
instant considered are so jflaoed that PQ the line joining them is normal to tlie 
stream. Then if h be the total head at V, 



which remains by Art. 243 always tbe same as the particle moves. The total head 
at P is given by a similar equation, and the difference Mi of the two is fo*nd by 
differentiation. Thus * 


Now tz is the elevution of P alaive (f, that is, 


it - PC l ' 08 0. 

• • 

wh*ye 0 is as slpown in the figure the angle. PC makes with the vertical. 

But if we imagine a small cylinder dcacriM round PQ an an axis, and consider 
its equilibrium in the direction of the normal, it is clear that 


op . a - - 


,a . P(J . a. PC ■ cos 0, 


where a is the sectiona^area of the cylinder and p the radius of curvature of the 
stream lines at P or Q. Combining tins with the preceding equation wo yt 

. U-Z.H/l'■***■** ('+&)■ ’ 

f VP V 1/ \P 7 w 

Now t*P.Q is* constant, being tile flow in the elementary stream, and ih its 
flodltant, being the difference of two quantities which are each of them constant. 
We conclude therefoiy tha^ t 

- f = constant. 

p PC 
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Each if the,terms of this equation has a definite physical meaning for v(p is the 
angular velocity of the tangent to the stream line at P or (), while Sv/PQ is the 
angular velocity of the line joining the particles P, () t which fine at the instant 
consider**! is perpendicular to the tangent, but does not remain so, having a 
different angular velocity. If a small square portion of tho elementary stream be 
considered, having Pi) as a centre line, the angular velocities in question are the 
angular velocities of the sides of the square, and their half sum is the angular 
velocity with which the square would rotate if U became suddenly solid. It is 
descril>cd as the moloeulur rotation, and the physical signification of the equation 
just obtained is that the molecular rotation for each fluid particle remains 
unchanged as the fluid moves. Moreover, it is proportional to Mi, and therefore 
when the energy is uniformly distributed, as in Art. 244, the molecular rotation 
is zero. The motion of the fluid is then described as being “ irrotationul,” and in 
the absence of hydraulic resistances of any kind no other motion than tins can be 
produced from fluid originally at rest. In the particular case of u free vortex, 
considered on page 408, the equation becomes 


which w'hon integrated gives 
as stated in the text. 


rr - constant. 


Paok 478. In tho flow of rivers it is well-known that it is the outer side of a 
bend, not the inner, which suffers erosion, so that the windings of the river have 
a constant tendency to increase in extent. The reason of this has been explained 
by .1. Thomson to be that the layers of water in contact with the bottom are 
greatly retardod, anil hence have less centrifugal force than the upper layers. 
The excess pressure at the outer side of the IhmhI is therefore partially unbalanced 
below, and an inward flow takes place carrying material with it from the outer 
side t«| the inner. This was verified by experiment. AV/xoV for 1870, p. 31.1 

Paub 482 [1802]. The article here introduced on similar motions has been 
added to the present (1892) edition. The im|w>rtanee of the principle in hydraulics 
generally appears to have been first perceived by .1. Thomson, who recommended 
the employment ofc a triangular notch (p. f»lO). There are obvious objections 
on principle to the method of finding the discharge front a notch or orifice. r 

Pack 484. That hydraulic resistances of all kinds are independent of tho pres¬ 
sure is one of the best established laws of experimental mechanics, but how far 
this may be true at very high pressure is, of course, uncertain. In some liooks it 
is stated RfPconfidently as if it wore an observed fact that tin* friction of the skin 
of a vessel near the keel is greater than that near the surface on Account of 
increased pressure, but there is no foundation for this *'sertion. 

The eUplonaticyi in the text of the diminution of friction in long surfaces is that 
gi\*en by FkoVhk in his reports on surface friction, and also bf Boi’koois in his 
trea^se referred to farther on. “ 

» 

Pauk 490. The formation of eddies by the meeting of di!TV»ent streams and'ibft 
passage of waster past solid tallies is familiar to all observers of fche motions of 
fluids, ( and is described in the earliest treatises on The way ift which 

•♦they »baorb # enf rgy has lon%taen understood : thus Poncelkt sayf, “ Eh g&>4ral, 
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la f)roducfci(Ki des tourbillons est. Tun des moyeus dont la nature w *eff pour 
£nteindre ou, plutti tltMimuler, la force vive dans lea clmngements bruaipiea de 
inouvemeut des flmds” {Mec. liul. } p. 571). The italics are the author’s. The 
passage is too long to ijuote at length, but is worth studying throughout The 
extent to which eddy motion may prevail throughout the mass of a fluid, often 
without any clear indication at the surface, was not understood till long after 
wards.* , 

The theory of simple systems of eddies has of late attracted much attention, but 
the extreme intricacy of the internal motions of fluids will probably long defy 
calculation in such cases as commonly occur in practice. 

The articular case mentioned in the text (Kig. lHth is one observed by the 
author, in which conspicuous eddies were formed, one or two at a time, with great 
regularity. 


pAgE 495. If the motion of water in a pipe or channel be supposed of the 
undisturbed kind (p. 4l>7) and viscosity be taken into account (p. 479). it is possible 
to tin^Jbe discharge due to a given bead. In the ease «»f lubes of very small 
diameter it was shown by PoisKl'Il.i.K that tin* flow actually docs take place 
acceding lathis law, and tin* co-ellieient of viscosity was found. Tim loss of lmad 
is then proportional not to the (vel.) : , but to simple velocity. 

In pipes of ordinary diameters through which water is flowing with ordinary 
velocities,\he loss of head is, however, certainly, approximately as the (vid.P. and, 
moreover, HoAwiskmj has shown that it is enormously greater than it would be 
aqpnrding to the law for undisturbed How with the coetliei.nl deduced by 
Poisevii.IjE. The inevitable conclusion is, that the loss is mainly due to the 
formation of eddies. lit the rat.: of large rivers it is found by experiment that 
the velocity diminishes as the bottom is appioaehed according to a law repieseiiteil 
by the ordinates of a parabola, a result which is consistent with the law of undis¬ 
turbed flow. Nevertheless, in this ease also, the facts cannot ho explained except 
by supposing that the resistance is due to eddies. With fluids, the viscos.ty of 
which is small, as in water, undisturbed How only occurs at vciy low velocities 


in very small channels. * , . 

Although these fact, were tolerably well cial.li.hwl, .1.»-wily very recently that 
Any attempt haa been .mule In dU.nver the enneetio.. whiel. ......t exiat between 

the viacoaity of the Hui.l, ita veloeily, ami the d.ii.ei.aioua of ihe channel 
it flows, in ortler that the flow may or may not he umhalurlad. I hi, haa at length 
U .lone hy Oshornk Wvnou.s, who ha. sue,-.-c,led in .....meeting hy a common 

toW/. experiment on capillary ..- ami 1 >•«*<■ Vs ex^fl.nenta .... full- 

sized pipe,. For particulars the reader ia i . fcrr.nl to bis P-'pc P<*bh»he.l in he 

Philosophical Tra ... IlhSS, Fart 111. i. it need only her,- la. men...me,I that 

it ia shown that the loss of lea.! i.»a pipe may •« expreeacd hy n fonflula winch, 
when atatcM in a simplified form auCm-nt for otft present purpose, lan-omea 


0 •' 

where n ia an in.!e*x depending on the nature and condition of the aurface ,, V Then 
tbfaurf.ee ia fougb » = 2,snd w*get the formula already given on |>- •»*. ;»thi^ 
is the csss far a., entrusted pipe, but » ‘lean east iron pipe .1 fall, oil to 1 fl, 
and is a lead s>ipc ia ITil. Tide failing off in the index in amooth surfaces is 
.quitcaftalogoua to tfu* aMu*y found hy fm.rux in id. direct cxper.arfnts on 


surfac« frictioi#(p. 485). 
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*[1804] A great variety of formula have been proposed for determining the 
loss of howl in a pipe, and the results deduced by different investigators from the 
same Experiments ore by do means always consistent. It seelns clear, however, 
that th^Jaw of velocity is that stated in the text, the index varying according to 
the nature and condition of the surface. Further, at a given velocity the loss of 
head in a pipe the length of which is a given multiple of the diameter, is less the 
greater the diameter, a fact pointed out by Young in the early part of the present 
century. Darcy proposed the formula, 

'0*2 ^ 1 + (d in inches), 

i 

and as Dakcy’h experiments are recognized as the most important yet made on 
pipes of considerable size this formula has been much employed, and was given in 
former editions of this book. It does not appear, however, that this formula has 
any sufficient basis, and the Hagen formula appears preferable, especially eo it is 
more convenient for calculations notwithstanding the Apparent simplicity of 
Dakcy’h form. It will be seen that according to Reynolds the sum of th^indices 
of the velocity and diameter should be equal to 3 or x~y in the form of formula 
given in the text. In small pijjes this may Iks true, but the conclusion has not as 
yet been verified by other investigators in pipes of some size. 

The influence of temperature {page 486) was pointed out by Gerstner and 
Young, though the experiments relied on were apparently onjy on pipes of 
small diameter. Reynolds concludes that the effect diminishes as the velocity 
increases, becoming insensible at high velocities, a very important result shoifid 
it ultimately be confirmed. 

Page The formula for eddy resistance is given in this form by Poncrlkt, 
and the reasoning in the text is essentially that employed by him { M6c. Ind ., 
p. 585). It is well suited to show the real nature of the law of hydraulic 
resistance (p. 472). All that is supposed in this law is, that the average 
velocjVes of the articles of fluid bear a fixed proportion to each other depending 
solely on the form of the bounding Surfaces, as is actually the case in un¬ 
disturbed motion. If the Umnding surfaces are of invariable form the law 
should l»e accurately verified for a fluid absolutely devoid of viscosity. The 
causes of irregularity are explained on page 405 anti elsewhere. A variation of 
*20 jier cent, in the course of the same experiment waq actually observed by # 
Froude. 

Page 504. In the absence of hydraulic resistances the motion of water past 
a submerged body is necessarily irrotationul (p. 622), and in consequence the 
paths described by the fluid particles arc definite fcurves, the forms of which 
ilepend only on the form of tho solid and of the fixed bounding surfaces within 
which the fluid must 1ms imagined to be enclosed. Thfe,question will now be 
briefly ^iscusaed, taking, as before, the case of motion in two dimensions only, 
aw*, employing Aie method explained on the y»age just cited^ 

Fi{;. 213 shows a portion of a stream floi^ixg between fixed founders Sb, 
nB. One oI the elementary streams, into which it tn&jabe supposed toe be 
analysed, is shown in full, bounded by two stream lines, of whieh LL is one. 
The sti'eam line 1, 1, 1,1,1 next the tfpuudary BB D* lAo shown in full, aild parte 
*of those otljeij ou, W#, cc^ the rest of the lines are omitted fdr dearness. If 



■| HYDRAULICS AND HYDRAULIC MACHINES. 625 

« bfthe breAtfa of any elementary atream, r the velocity at the point oonAdered* 
tht flow ia the etgsain ia evidently 

tv - Constant. 



Now, in representing a stream by a set of lines, it is convenient to suppose 
them mo drawn that the flow in all the streams is the same, And the constant 
in the (pregoing equation is consequently the same for nil streams. Differ¬ 
entiating on this hypothesis we obtain an equation 

v. St » c. Sr- < 1 , 

which connects the change of velocity Sr on passing transversely from the 
•stream ub Jo the stream hr, with the corresponding change of breadth St. Now, 
in ir rotational ^motion, we found (p. fi07) that 



the breadth t taitig /’(,* in Fig. *212; hence by substitution we obtain 

a. . '• 

(> 

■a simple geometrical relation between the change of breadth of two consecutive 
eletneutary streams and their radius of curvature. The sharper tho curvature 
the more rapidly docs the breadth of tjie streams increase on moving aVay 
from tlie centre of curvature. The equation, moreover, shows that if two 
consecutive stream lines are given, all the rest can lie found : for example, 
suppose one boundary line Ml to be given, and also the stream line I, 1, 1, 1, 1, 
which lies next to it; then r and /> are known alj, every poidt, so that St can 
bp found. Thus, the •second line reckoning from Ml is determined, from 
whiaii the think can be found, and so on. If both the lKiuinlitry lines BB 
are given, it is clear from this reasoning that one and only one set of lines 
can be found which can represent the stream, and the whole motion is definitely 
determined. When the lHiiffidarics^ure arbitrarily chosen, the actual construc¬ 
tion of the^ines presents difficulties which arc of tin insuperable, but a definite 
set of lines always exists, and hence the velocity of each particle of the fluid 
bears a fixed proportion to the velocities of all the others; the motion Joeing, 
in fact, like that cd a mechanism,ea closed kinematic chain. » 

In particular caaes the lines are known, and from these known cases auy 
dumber *f oth4hi can be obtain graphically by a method introduced 1>y , 
which we^iave not space to explain. Rankinks methods in their 
•application to whip-shaped forms have recently been considerably extended by 
4lr. D. W. Taylor in &*> p2($etl which will found in the Tmntaclioiu I.#.A. 
for 1894, 189$. • 

C.M.* 


2 R 
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Thetnost obvious of these known cases is also that which is molt important,, 
namely, where the boundaries flB are parallel straight lines*. The stream line* 
are now equidistant parallel straight lines, and the velocity uniform ; this being 
the only motion within straight parallel lioundaries which is irrotational. 

Imagine now a horizontal casing of uniform rectangular section of indefinite 
length through which water is flowing, the motion being irrotational; and in 
the casing let a solid of any size or shape he placed, the sides of which aro 
perpendicular to the flat sides of the casing between which it is fixed, bo that 
ttaf motion is still in two dimensions. Near the solid the stream lines will 
be curved, their form depending on the form of the solid, but at a great 
distance in front and behind they must become equidistant parallel straight 
lines, being evidently unaffected by its existence. Hence the particles of fluid ^ 
after passing the solid necessarily ret uni to their original straight line paths, 
and consequently to their original velocity. But as it is supposed that there 
is no dissipation of onergy of any kind, the usual equation of steady motion 
shows that if the velocity is the same, the pressure must also lie the Bame, 
and it appears that the solid produces no permanent change in the erudition 
of the water; and therefore the water cun have no longitudinal action on the 
solid. The resultant longitudinal force on the solid must therefore he'zero; 
and this conclusion iB equally true if the water in the casing he supposed at 
rest, and the solid move through it with uniform velocity in a straight line, 
for the relative motion is necessarily the same in the two eases. 

The proposition that a body of any size or shape, moving through water with 
uniform velocity in a straight line, would experience no resistance in the absence of 
viscosity and eddies, paradoxical as it has often been thought to be. is thus definitely 
proved for motion in two dimensions. If a solid of revolution he placed within 
a cylindrical casing of circular section with its axis coinciding with the axis 
of the casing, it is easily understood that the same thing holds good. In fact 
the stream lines are plain curves, and the foregoing reasoning can be easily 
modified so as to apply to this case. 

does It appear that there can lie any difference for any other form of 
solid placed in a cylindrical casing, unless it lie skew-shaped like an ordinary 
screw propeller. If such a skew-shaped solid l>e placed in a stream and held 
fast so that it cannot rotate, the fluid after passing the solid will rotate, the 
resultant velooitjfcjof the fluid particles will be increased and their pressure 
consequently lowered. There will then be a resultant force on the solid yi 
the direction # of motion. The resistance in this case may be dfscrilied aa^eddy 
resistance, ami is given by the same formula. 


with a value of jfc, which in the present state of our^knowledge can only he 
deterqyned by experiment. The cose differs from that given in the text only 
lit the seal© of the eddies produced, some* of which are now so large that 
they may endure for a considerable period before being dissipated by ^uid 
k friction. „ * • * 

If the screw propeller be permitted to rotate freely, |he resistance will is■ 
due to small scale eddies alone. If it be forcibly constrained to rotate by 
energy supplied from without, a Jongitudiual fof^ witl be product! whicV 
propels t^e ^essel. The^value of h is then a function of the ratio of tha 
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rajgcity of fctation to th« tpeeii of tdvitnca (the ulip-ntio), which,h*. hem 
determined by eineriment. AtlempU he e liecn mode to celcolete i-: the 
eimpleet end moejprecticelly ueeful of theee “theorioeof the eerew propeller ' 
a briefly noticed further on. ^ 

Pack 507 [1895]. Experiment* by Mr. Dines on tho resistance of the 
atmosphere to the motion of a flat plate moving through it are described in 
Vol. XV. (1889) of the Journal of tht Mttr.oroloyual Society, p. 187. The plate 
was mounted ujMtn a bell crank lover, pivoted on the end of a revolving arm 
&l>out 29 fuet long. The other end of the lever carried an adjustable weight, 
the centrifugal force of which measured the pressure. The pressure per square 
f*x)t on ^ round or square plate was found to be altout 1J lb. per square foot 
at a speed of *20 86 miles per hour (30*6,'i f.s.). This is equivalent to 1 lb. per 
^ square foot at a speed of about 17 miles per hour, and differs little from 
Froudkn estimate given ly Sir W. II. White (Xanxf Arehifrehnr, 2nd ed., 
p. 49^) for the pressure on a flat plate moving uniformly through still air. 
Assuming a density of the air of IM cubic feet to the pound, this gives l *85, 
a val»,some what though not very much greater than the most probable 
value for water; an excess which may be attributed to the effect of the 
diffcwnce iiAiscosity ami elasticity of the fluid on the formation and extinctiou 
of eddies. Some of Dinks’ experiment*, however, give a somewhat smaller 
result. The value is independent of the si/.e of the plate, hut is somewhat 
greater (according to Disks al*out Id jut cent.) for a long narrow plate, as 
might he expected. For the case id a sphere, Disks gives a value which 
is Jour-ninth* that for a flat plate. This corresponds to k f», ami appesrs 
somewhat large. 

At low speeds, such as arc here referred to, the resistance undoubtedly 
* vasies as the Bquare of the velocity. The limit at which this ceases to be 
true on account of the compressibility of the air probably varies according to 
the form of the brnly. In the case of shot, according to Yai.I.IKK, it is as 
low as 10O metres jhm- second (380 f.s.), after which the resistance increases 
according to the 2’."» jmwer of the velocity until the velocity of sound Ap¬ 
proached. The value of k therefore continually increases, most prolwbly lsic.auup 
the compression «>f the air increases the plus portion of the co-efficient. 

Beyond the velocity of sound 1 1100 f.s. i the resistance follows an entirely 
different law, being then closely represented by the ordinates ol a straight 
line. This straight line law has I wen deduced by V a ft.! Kit ami others from 
extensive experiments made abroad at velocities up to 1000 metres per second ; 
but *t is also clearly apparent in the older experiment* of BakAfoktii. For 
velocities in feet per second the resistance in ll>s. of a spherical shot d feet 
diameter is given with tolerable approximation according to these experiments 
by the formula (i*> 11(10) 

* // -.V ,c - 800). 

The resistance of an Ogival-headed shot is of course much smaller; it depends 
on the angle of the ogive, but jn the elongated shot expeitmented*on tjy 
Bash forth was altmt two-third* that of a sphere. In shot of recent type It 
•is ift doubt stitt less. If the hiiyh r jurt of the shot wore elongated instead 
,o£fl|t the resistancewouhi be greatly reduced: in bullets this idea has been* 
carried out b^ making them tubular with ends fined off both in front and 
£ear. ‘At these higlfypetdnttthe resistance is mainly due to sound graves, 
which by-the ayl of photography have l»cen render*^ visible in bullets. * 
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In a* ppper read at Chicago in 1893, and reproduced in the Philosophical 
Magazine for May 1894, Professor Langley shows that wind, however steady 
and uniform it apparently may be, is in fact a motion of an kxtremely complex 
character, each small portion of the fluid bein£ in a state of pulsation. The 
velocity at any point of a wind current therefore goes through periodic changes 
of great magnitude, although the motion of a large body floating in the air 
may \>e perfectly uniform. It is believed that birds have the power of utilising 
the internal energy corresponding to these periodic changes for the purpose of 
sustaining themselves, and even rising without visible movement of the wings. 

Hence it is, most probably, that the pressure on small areas exposed to wind 
is much greater than that just given for motion through still air. The value 
commonly accepted for the pressure per square foot of a wind of V miles per 
hour is P/20Q. This corresponds to k=2, being 50 per cent, greater than 
before. According to the best authorities on hydraulics, as stated in the text, 
there is a corresponding increase in the case of water, but it is difficult to 
say how far this is due to irregularity in the stream and how far to errors 
in the experiments. 

The pressure on a large area of 300 square feet has been shown by Sir B. 
Baker to be only two-thirds that on a small area; that is, it fs about the 
same as for motion in still air. 

The relation between the pressures on an oblique and a normal gurface, so 
far as is known, is the same in air as in water, but it must be remembered 
that the exposure of the surface will have an enormous influence. Thus, the 
pressure on a sloping roof will bo much less if it rests on walls than if it* is 
curried on pillars so that the air has free passage Inflow. 

Page 537 [1900}. The outward flow turbine was introduced by Fourneyron 
about 1828, and its theory given by PoM’KLET in 1838. The inward How 
Thomson turbine followed some 20 years later. A wheel sometimes less than 
2 , feet diameter in these machines replaces a slow-moving cumbrous water-wheel, 
and may be made to yield a very considerable power. 

TfcH. efficiency of a turbine is in general not precisely a maximum when the 
conditions of no whirl at exit and no shock at entrance are satisfied. To explain 
this and some other points of more actual importance in the working of turbines, 
an approximate investigation of their efficiency is now added. 

The losses considered arc (1) the kinetic energy of flow on discharge from 
the wheel togother witli the loss l\y friction of pipes aiyi passages, and (2) the 
kinetic energy of whirl on discharge together with the loss by “shock^’ on 
entrance. For simplicity Case I. of the text is taken in whicn the vanes are 
radial at entrance and the angles of the guide-ldades and vanes so proportioned 
that, at a certain speed, the two conditions of # no whirl and no shock are 
simultaneously satisfied. The notation is that of the text with a slight modi¬ 
fication to be mentioned presently, and iu addition the ratio r.Jr , is diSiotcd by »h. 

The kinetic energy of flow is » a /2;/, ami, as the velfc.ity through the pipes 
and tlii passages of the wheel is proportional to n, in a turbine of this type 
where all the passages are always completely filled with tvater, the loss by 
aui^Ace friction will be F.vPfig where F as usual is a suitable co-efficieiH of # 
* resistance. The losses (1) arc therefore (1 +*F)h*/*^/. Now u = r, cot d x and it ja 
convenient to express it in terms of t\. These losses then become /Svj 8 / 2g writers 
/3 = ^1 f FlUnty, • 

‘ is a^co-efljipient which m^y be supposed known. 
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Jhe wnirrat exit u 

r,= r s -it.cotJ 1 =m(l' 1 -r,), 

while the lou bylshock at entrance ie ) I', - r i )*/2</ 1 the loeeee (2) are thereto!* 
U + ***) (^ i - and the total lose of head |ft') ia given by the equaticAi 

in whjch formula the euflix 1 ia suppressed, being no longer neceaaary. 

For the ueeful work we have 

gh= I'l'i - I jt'*= >V'i " m '( - r,) I', 

= (l+M , |IV-m*P, 
the suflij 1 being aupprensedjas before. 

Adding together the loeaea and the work we obtain the energy exerted repre 
eented by the fall or actual head //, so that 


The case considered in the text ia that in whichjr- I”. Thi* gives 

-> i. »> 

1 '2 : irsy,* 

Hence the efficiency at this speed is ‘2/(2-1-0), and hh this may he taken at 80 per 
cent, it follows that the value of 0 in well-designed turbines is about '5. 

At other speeds If remains the same, while r and I’ vary, ami by differentiation 

(iv »i s - I 

'dr" rVjw 2 +/s' 


As already remarked v is proportional to u the velocity of flow, and therefore 
a to^e delivery. Hence in an outward flow turbine the delivery increases with 
the speed, and in an inward flow, for which m is fractional, it diminishes. This 
important conclusion might have been foreseen ; for reasoning as in the case of 
the reaction wheel (p. 531) the virtual head at discharge is increased in the 
outward flow and diminished in the inward flow, by the “head due to 
fugal force” (compare page 540) a quantity which increases rapidly with the 
■peed* The influence on the working of the machine is most important, for, in 
consequence, the outward flow turbine is in practice unstable and the inward 
flow stable ; and hence the value of m. which in a Kourneyron turbine should not 
exceed 1*25, may with advantage in a Thomson turbine Ire reduced to ‘5. (See 
Wnwiu, '* Hydraulics,” JCncyrf. /iril'itmica, page 529.) 

Ndkt let us bA how the efficiency varies. Differentiating the eifuation for A, 
and then putting t>= V 




which os siftwtitution for dp/d V gives 


n <fj> _ I) „ 

a d'V~ t ■ l + m 2 tfT • 

The speed for whTch v- Kis that at which there is no shock at entiwnce and 
mo whir^t oxitf and we see that *1P is not the speed of maximum efficiency ;*!n , 
«* ogtward Bow turb»e dh/dv is then negative and a lower speed is better, while 
in on inward gow it is positive, and the beat apeed ia higher. The reason it 
redaction of flow 4y t "change of speqp reduces the locoes (1), thus $>ore 
than compensating for the introduction of losses (2).# If, however 4 A be *the 
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change *in h consequent on a change AVio speed from the value s/gii which 
give* u= V 

A h _AV p(m*-\) 

h~ T ' i+m*+jr 

from which it appears that the change of efficiency is only a small fraction of the 
change of speed. Thus to reduce the efficiency from 80 to 79 per cent, or to 
increase it to 81 per cent, a change of at least 7 per cent, in the speed is neefissary. 
Thijjigrees woll with common experience, since & is well known that a change 
of 10 per cent, in the speed has little influence on the efficiency. 

We might now proceed further and determine the actual speed of maximum 
efficiency from the equations just given, but the result would be of no ^practical 
importance, as the frictional resistances are not, and perhaps cannot bo, deter¬ 
mined with sufficient accuracy. It is, however, probably safe to infer that the 
best speed of an inward flow turbine is decidedly greater than that of an outward 
flow. The external resistances referred to on page 535 have- the effect of lowering 
the speed of maximum efficiency. 

The useful work (U) is wQh, and therefore proportional to the prodtfet vk. 
Prom the values of dvjdV and dhjdY given above it is easy to derive the value 
of A (vh), and hence at the speed for which v— V, 1 


MJ 

U 


-(1 


~P) 


A V 


m- ~ 1 
1 -f m*\-p' 




The supply of available energy therefore increases with the speed ju an outward, 
and diminishes in an inward, flow turbine; unless by obstruction of the supply 
the efficiency becomes less than two-thirds when the converse will hold goftd. 
But the rute of increase is small, and varies greatly at different speeds, while, for 
the reason stated above, it cannot be determined accurately. 

A similar calculation may be made in the more general case {page 537) in which 
the vanes are not radial at entrance but inclined at a given angle. The results 
are similar though more complex, and may la* expressed by replacing the con¬ 
stants p and m of the formula* by other values dependent on this angle. 


Paok 538. The undisturbed motion df a perfect liquid within fixed boundaries 
is always reversible. , that is, if every particle of liquid were imagined to be set 
in motion with the same velocity in the reverse direction, the motion would 
continue undisturbed. But if water be set in motion from rest this will 
generally not be the ease. If, for example, we imagine, a pipe connected with 
u tank by a mouthpiece in the form of the vena contrarta , then, when ^'ater 
flowB out of the tank, it will issue in a continuous stream with small loss of 
head; but if the motion he reversed most of the energy of motion of the water 
in the pipe will be wasted in the internal motions spoil after entering the tank. 
The loss is not unavoidable, as will be Steen on reference to the case of a 
trumpet-shaped pipe (Fig. 17*, page 477), but may be rendered small fty enlarging 
the pi^e very gradually. 

•Paok 540 [ 1$95], The second of the twi approximate calculations of the 
effioiency*of a centrifugal pump has been added to this article in the prwenfc 
,(1895) edition, for the purpose of shewing tlfcit when the chamber is properly* 
designed radial vanes are not necessarily less efficient, andtnay be more efficient- 
tlmn curved back vanes. But it must not be supposed th^t the ferm is actually 
of little importance. The investigation is base* on tile supposition that tji** 
only* loss lying the pattage through the fan » due to suiface friction, as 
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■wouldbe tfae case if the motion were steady and continuous. But jt if t>y 
no means certain that steady continuous flow is possible under the otrcum- 
stances, and if braking up occurs the value of |9 might be greatly inCreaaed, 
and might depend on the speed. In a centrifugal pump with higl^ lift the 
changes of velocity imposed on the water during the passage through the fan 
are enormously great aud rapid, and the form of vane may ho of great importance 
in facilitating or otherwise the tendency to break up. On page 536 it has 
already been suggested that it might l>e advantageous to curve the |vanes, so 
that vr should change (in this case increase) uniformly from entrance tofsxit. 
It is only by systematic experiment that the best form and number of,vanes 
could possibly be determined; any reasoning on this point must be very un* 
certain* The equation given in Art. 278, page 546, gives the steady flow through 
a pipe attached to a rotating casing, but it does not necessarily follow that 
steady flow is possible in » rudiatiug current. 

In # recent designs of fans for blowing air the vanes are curved forward* 
instead of backwards, aud it isJquite conceivable that the tendency to break 
up nut^be diminished in this way. The Ratkav fan described in the Ktujinttr 
for May '24th, 1695, is an example. It is said to give excellent results. 
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Page 562 Some important experiments by Professor Osborne Reynolds 

and Mr. Moorby on the mechanical equivalent of heat are described by them in 
tlfc Philosophical Transaction* for 1S97. The result obtained, omitting decimals, 
is 777 ft.-lbs., the unit of heat being such that the mean specific heat of water 
between 32 and 180 F. is unity. It is probable that this number will be generally 
accepted as the true value, but for the purposes of this work it has uot been 
thought necessary to alter the provisional value given in the text. 

Page 566 11895]. IfjA/t be a small quantity of heat supplied at temperature T 
when raising the temperature of a lb. of water, the mechanical value of thg^ heat 
as explained in the text is A h{T- '/’„)//, and the total mechanical value of the 
whole heat supplied in raising the temperature of the feed water from T 0 to T x is 


^f the specific heat of* water is taken as unity this becomes 

• • m 

*1/„ ■ \ 1 \ ~ All “* 1 << • lo «« rp t 
1 U 

which is a formula very commonly used, i lie result is too small, Jpecause the 
spocific he,t of water increases as the temperature fiscs. If wo adopt an approx 1- 
mation suggested by ^Iankisk wo may take 

log. y. - - ■[' . yv 1 

s 

. anf on aub»tit#tion the formula gi 'en in the text is obtained. The resu^ is 
. greater*than before, and the errm of the approximation partially compensate/ 
’ for the neglect of the excess spocific heat of water. The formula in the text 
may therefore* be pr«<grc« a»le.B special tobies of the " entropy " of water ar. 
available. 
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ffhe ucond or meohuicol formula for the available heat of ateam 

J/=/V,.log,Pi 

Po 

given in >he text is based on the fact explained in the author’s work on the Btean* 
Engine that the saturation curve is approximately midway between an hyperbola 
and an adiabatic curve starting from the same initial pressure. If then an hyper- 
bola is traced starting from the lover pressure p Q on the saturation curve thfe area 
of the hyperbola must be very approximately the game as that of the adiabatic- 
curvfc The result given by this formula is too small: the deficiency increasing 
as the pressure-ratio increases; but the error does not exceed 2 per cent. For 
preMure-^ratto less than 5 it is insensible. 

Page 575 [1892], The facts relating to the transmission of energy by com¬ 
pressed air are much better known now than when this Look originally appeared. 

The remarks made on the subject have therefore been re-written and amplified. 

r 

Pagk 578. If the fluid )be supposed at rest, and elevation be taken into 
account, we obtain 

A'J'/'+z-Const., or 3’5 I J V+z -Const. 

This gives the distribution of pressure and temperature of the atnfosphere* for 
“convective equilibrium” (Clkrk Maxwell’s Theory of Heat , 1st edition, 
p. 301). Energy is then uniformly distributed. 

Page 579 [1900]. Until recently little of any importance had igrcn (UlllCll lu- 
the ordinury theory of efflux described in the text, the sketch given in Art. 300 
remaining unaltered since it was originally written iu 1884. Since 1895 tlfe 
subject has attracted some attention, and it has been pointed out that the velocity 
through the section of maximum density w hen the critical ratio given by the table 
on page 580 is over passed is the velocity of sound in the issuing fluid at) the 
temperature of outflow. This observation, originally, it is believed, due to # M. 
Hugoniot, can be easily verified by means of the formula 1 given in the text. More 
recently experiments by M. Parentey, Mr. W. Rosenhain, and others have raised 
many «Jtaints of interest. Rosenhain’s experiments, described in a paper published 
in a recent volume (vol. 140, p. 99) of the Proceeding* of the Institution of Civil 
Engineers, are chiefly devoted to the comparison of different types of orifice. 
They allow that, os might have been expected, in trumpet-shaped nozzles the 
expansion down to atmospheric pressure takes place within the nozzle. In forms 
of orifice where this is not the case the expansion is extremely sudden and the jet* 
subsequently Ufcfor some distance cylindrical. The discharge is gaeater thaiAhc 
theoretical maximum, as calculated on the supposition of dry steam and adiabatic 
flow ; the excess in trumpet-shaped nozzles with rounded inlet being apparently 
about 14 p«|| cent. How far this excess can be accounted for by the water mixed 
with the steam or by the errof of the hypothesis of adiabatic flow isfincertain. 

Page 582. This formula for the flow of air in a loflg pipe was given* by 
Unwin in. Pmc . Inst. C. E ., Vol. XL1II.), tyid somewhat earlier by Grashof. 

It is a question of considerable praotic&l interest. By comparison with experi¬ 
ment it has been shown that the co efficient, * a 8* v ® n ky a formula ft© 
iune form (I)arcy’s), as in the flow of w&ler through j^pes, an import|nf^ 
verification of theoretical principles. The equation for the ca^j where the 
temperature varies can be obtained without dilfiettf t/yf buf bas not as y*t been 
^practically applied. & 
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til—RESISTANCE AND PROPULSION OF SHIPS. 

, * [1892.] 

The importance of this subject is so great that though outside the^intended 
limits of this work some information relating to it may be useful. The brief 
summary here given of the leading facts relating to it would, however, require 
expansion into two or three long chapters if anything like a full statement 
were attempted. 

Submerged Bodies.— If a uniform current be flowing through a straight pifw or 
cylindrical casing of indefinite length, which it completely fills, and a solid of any 
size or shape bo fixed w ithin it, the particles of water after passing the solid 
return ultimately to the original straight line paths in which they moved before 
reaching the solid, unless the current he disturbed by the causes discussed at 
length in Ih. XIX. of thir hook. Each particle, iifur passing, has ultimately 
the tpme velocity and pressure as it had before reaching the solid, no permanent 
change being possible except such as may be produced (1) by viscosity (page 470) 
or (*) ^y eddies due to surface friction or other causes (puges fiOI-7). Hence 
it follows that the longitudinal resultant pressure upon the solid must be zero. 
Th# grounds on which these statements are made, the qualifications to which 
they are subject, are discussed on page 020. 

If the yater in the casing be at rest and the. lardy move uniformly through it in 
a straight line parallel to the sides, the relative motion of solid and water is the 
same as when the solid is at rest and the water moves. We therefore conclude 
tkat the water will offer no resistance to the motion except such us may be due to 
hydraulic losses. And as the casing may be supposed of any size wo please, 
this conclusion must be true for any case where a body b sufficiently deeply 
aSlPTnerged. 

In bodies of very small size, such as particles of a finely divided solid, the direct 
actfbn of viscosity is the principal cause of res.stance, but in bodies of the size oft* 
a ship or even of a model of a ship the direct action of viscosity is so small as to 
be negligible, and the resistance of a submerged solid is therefore practice^ due 
to exactly the same causes as produce lols of head in a pipe or passage. 

Eddy rebalance has already been discussed (jiage 502). On examination oft Fig. 
191 it will be seen that eddies arc not formed immediately in front but behind the 
comers and in the rear. A solid, therefore, may be blunt ended in front without 
giving rise to eddy resistance, provided the shoulders are rounded off sufficiently, 
*and a tail of sufficient length bo attached behind. Kddy resistance may thus be 
reduced to a very small amount, and surface friction then becomes by far the 
most important cause of resistance in a deeply submerged body moving uniformly 
in a straight line. % ^ 

Surface Friction has been disculfeed on page 4H5, and a table given of Iroudkh 
results, Aich is directly applicable when the*surface is plain. When the 
surface is curved th«*question is in principle much more complex, because the 
water glides over the different jjarU of the surface with a different^eloci^y. 
Let q be the ratii which the velocity of gliding over a smell area tS, ljears to the 
•pfed of the solid ( V), then /. q'j'tS is the energy dissipated by surface fri^ion 
4 *^ second, and /. Jfjq*dS is the # corrcsponding resistance, which is the same a* 
that of a plvie thejirea^of jvhich is 

s,=JVto'. 
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If the velocity of gliding was not altered by friction the co-efficient *9 would 
on the average greater than unity. In abort surfaces therefore S l is greater 
than tffe actual area of wetted surface, and is described its the Augmented 
Surface. /The idea of an augmented surface is due to Rankink, who based upon 
it a well-known formula for the resistance of ships. It has long been] recognized 
that this formula is not of practical value, and the reason for its failure is simply 
that the velocity of gliding over a surface of any considerable length is ao^nuch 
disturbed by friction as to be far less than the calculation value, and the friction 
is correspondingly reduced. Calculations of the surface friction of vessels are 
therefore, made as if the surface were plain, due regard being had to the length 
and nature of the surface in estimating the probable value of the co-efficient. 

The area of wetted surface is calculated from the drawings of the vessel, but as 
the calculation is complex, and throws no light on the relation between the 
wetted surface, the displacement, and the draught of water, the formula 

8=‘2U) i 3 ^ A 

may bo used in which A is the displacement in salt water in tons, L the'length, 
D the draught of water, liofch in feet. This formula in most cases gives a very 
fair approximation to the surface of the bare hull, us has recently been shown 
by Mr. Archibald Denny if the co-efficient 2 be replaced by 1*7. In this note, 
however, it will bo used without this modification and then includes U certain 
margin for bilge keels, or similar appendages. If (i/WL be fche cubic dis¬ 
placement where li is the beam and a co-efficient of fineness the formula 
becomes * 

S~ h{*2D + (HH). 

Law of CoinjHirLsQii. —Wlien a careful estimate of the surface friction and 
eddy resistance of a solid is compared with the actual resistance the solid oflfers 
to uniform motion in a straight line, it will be found that in a submerged bpdy 
of fair form the two are nearly the Same, and this is also true for a vessel at 
low speeds. But in a floating body the difference at high speeds is very con¬ 
siderate, and increases rapidly with t^e speed. This difference is described 
as the Residuary Resistance of the vessel, and is mainly due to the formation 
of waves at the surface of the water, a cause which would operate oven if there 
wero no hydraulic resistances of any kind. It is no longer true as in a submerged 
body that the resultant pressure on the body in the direction of motion is zero. 
Hence so far as independent of hydraulic resistance the residuary resistance* 
must be subject to the law of comparison stated in Art. 247 (page 483) of fiiis 
book, so that in similar vessels at corresponding speeds under similar circum¬ 
stances the residuary resistance must be in the proportion of their displacements. 
The most convenient way of expressing this yrincipte is by taking 
• V^c.s'l 

where V is the speed in knots, L the length in feet, and c R'eo-effieient of speed. 
Tty law*of comparison may now bo expressed by saying that the residuary 
resistance \yhen expressed in Pounds per Ton of displacement iffust be a function 
of c^he speed co efficient, which function nuutybe the same in ftmilar ^essAu 
As a general principle in hydrodynamics this law of compajjsou had long b^eo^ 
known, but Froude made it his own in its application to vessel^ by showing 
(l) that' it was not applicable to Burjaoe friction,WW remittance due to»w 1 iich ^ 
ila mugh more important o^n small scale than the law would ifiply, *and ( 2 ? 
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toat it wa^applicable to the resijluary resistance. The experimental verification 
consists partly in tho famous experiments made on the UrtyhoHnd *and her 
model, and partly in the fact that it is now possible to predict the power 
required to propel an entirely new type of vessel by means of experiments made 
on a model of the vessel, a method systematically employed by Vkoituk’b 
successors. 

It,piU8t be distinctly understood that no particular law of speed is implied, 
but only a relation connecting the law of size with the law of speed. To 
illustrate this point, suppose the resistance to vary os tho fourth jsjwer qf the 
speed, then by the law of comparison the resistance is 

# A.c 4 

where I 1 , is a numerical coefficient. Ueplaoing r by its value VJs'L, and 
remembering that A must be proportional to the cuhr of the lineur dimension 

Ih-k.l. V 4 

• 

whfcre £ is another co-etticient depending on the particular linear dimension (f) 
chosei^which may l>e the length, beam, draught of water, or any linear combina¬ 
tion of these quantities. If then the resistance vary at I' 4 it must also vary in 
diaect proportion to the linear dimensions of the vessel. Similarly, if the 
resistance vary as the square of the sjH-cd, it must also vary as the square of 
the linear dimension, that is, ns the transverse section, and consequently eddy 
resistance pure and simple (page 51$) satisfies the law. On the other hand 
surface friction does not satisfy it, for, referring to pages 495, 496, it will be 
%:en that the general form of the formula is 



wfien n the co-ellieient is taken from Khohik's table for fresh water, in whicli the 
standard speed is 606 feet per minute, or approximately 6 knots. This may be 
written using the second formula for .V 



where/ the co-cificient is not constant us it should be if the law of comparison 
applied, but is given by 



ntaUtancr .- Waves produced on the surface of water by the action of 
a body moving through it are of two distinct kinds. The fitst is a solitary 
shallow water wave generated in front of a barge moving in a narrow canal. In 
such a wave the particles of water arc lifted up, carried forward along with the 
wave through a short distance, "and then set down at rest, wh#e the wave 
travelling onward leaves them behiu 1. A waA- of this cluss is descrilsid as 
a Wave of TranslaMbn; it possesses a certain definite amount of energy, which 
is transmitted with it from parycle to paitiele as it moves, ajd hent* when of 
iny size it travel for great distances without external agency when once created. 
i€ch a wave #b consequently oi^ly a cause of resistance to the geneWingJjody 
while it is being formed. The Second class occur in series; and the psrticlks 
of water oscillate backw'ards* and forwards : the translation along with the wave 
is relatively small %^1 !>*%iost purposes may be neglected: they are therefore 
described as # OscilUting Waves. In a V reI y o^illating wave the [fartioleg^ 
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describe closed corves resembling an ellipse Mich becomes a cirfle in deep 
water. *The speed of an oscillating wave in aeep water depends on its len$h 
only, the speed in knots of a wave of length X feet being 
F*= T8X. 

This formula shows that the length X of a wave travelling at the Bame speed in 
the same direction os a vessel of length L is 



where c is the speed co efficient. 

An oscillating wave possesses both kinetic and potential energy in nearly equal 
amounts, but as was first pointed out by Osborne Reynolds, the kinetic?energy 
is not transmitted along with the wave but remains behind, and therefore when 
such a wave travels onwards into still water its height necessarily diminishes 
unless it is kept up by external agency, such as a moving body which supplies it 
with energy. Waves then are a cause of resistance, not only when a new’ waVe is 
continually l)eing created as the vessel moves, but also when waves alt?ady 
existing are kept up to their full height. The energy qf a complete wave is 
proportional to its length and the square of its height; and of thto a certain 
definite fraction has to be supplied by the vessel as it moves through a wave 
length. Hence the resistance due to a wave system of a given type varies as the 
square of the height. If the type remained the same at different speeds the 
height of tho waves would vary as the square of the speed, and the dbrresponding 
wave resistanoe as the fourth power of the speed, a law of resistance already 
mentioned. 

A third class of waves not necessary here to consider are the “capillary.” 
waves, so called because their motion is in great measure governed by capillary 
action, that is, by what is known to physicists as “surface tension.” They 

j,ro of very tniuute size, and are also known as “ripples.” The wave resist¬ 

ance of a model vessel would be affected by surface tension if the model 
was sn^tll enough. No effect of this kind appears to have been noticed at 
present. « 

Interference .—If the residuary resistance of a vessel as determined by a set of 
speed trials upon a model be divided by the fourth power of the speed the 
quotients are in general neither constant nor continuously increasing or 
diminishing. On thfi contrary they show very distinctly a periodic change, being 
alternately greater and less than a certain mean value? The cause of this * 
remarkable resiflt was conclusively shown by Froudk to lie the iftterference*of 
two distinct wave systems—one created at the bow, the other at the stern of the 

vessel. The experimental demonstration of this consisted in comparing the 

residuary resistances at a given speed of a set erf models, the fore, body and after 
body of which were the same it. all, but which had different lengths tf middle 
body. If for simplicity we suppose that the how and sfc»rn generate simple 
waves of heights at points distant * from each other, measured along the side 
of t!fie vessel, the result of the combination by a principle well kfiown in physical 
science will •be a simple wave of height h given by the formuli 

V=V+V+2A 1 A a .cos2*£ 

X being the wave length which is the same for allp4)#ing»4bnnectecL as before 
% fxplain(d with the speed of ^ie vessel. Hence when s is changed ly varying the* 
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lyigth c. uic raaiuuary mnuuioe iuflen a periodic change, and tllia 

inclusion was exactly verified by the experimeut. When a given uiodtu is tried 
at various speeds** remains nearly the same, but X as well as AjA 9 varied as the 
aquare of the speed, the formula then shows that the resistance, while Increasing 
rapidly on the whole, suffers a periodic change whereby the rate of increase is 
alternately excessive and moderate. 

The fact that the residuary resistance is a periodic function of the speed is 
shown graphically by the “bumps” and “hollows” which are foipid in curves of 
resistance, and is mainly accounted for by interference. But the interfere*# is 
of a more complex kind than in the simple case supposed, and it would not be 
safe to conclude that interference is the sole cause of variation in type of the 
wave system especially nt certain critical speeds. The form of water surface has 
been investigated by Lord Kki.vin (Sir W. Thomson), but a rational formula for 
wave resistance is probably unattainable, varying as it must according to the 
lino^of the vessel. 

Approximate Formula 1 .—From what 1 ms Wn said it appears that-omitting (1) 
the eesjptance of the air, (* 2 ) the resistance of various appendages to the vessel her¬ 
self and her propelling apparatus, an item which may he considerable, and which 
nuat be sd^arately estimated—-the resistance of a vessel in Pounds per Ton is 
given by the general formula 

r - a r 2 < ;rr*, 

where the first term gives the surface friction in terms of a co-efficient a, which 
can l>e calculated with a fair degree of approximation, while the soeoud term gives 
tie wave resistance in terms of a', a periodic function of e. The character of the 
resistance will depend on the value of c, the second term being relatively small at 
low Bpeeds. 

» « 4 'he values of c which occur in actual vessels may be grouped as follow* : 

(1.) In steamers employed for the transport, of merchandise r ranges from '5 t.o 
* 7 ,•and by the formula already given the length of waves travelling at the samf^, 
speed as the vessel rarely exceeds one fourth the length of the vessel and it 
usually much less. The wave resistance is in this ease one fourth or lesjof the 
whole, and the single constant formula • 

it - k . a* . r 9 


may conveniently lie employed. The value of A for displacements in tons and 
speeds in knots ranges from ‘ 5 T» to 'titi in full-sized sea-goii^ vessels, excluding 
# any*reswtance due t<k the nature or condition of the wetted surface and to 
appendages. , • 

(2.) In recent ironclads and in mail steamers the value of c ranges from 7 
to - 95 , and the length of waves travelling at the same speed as the vessel 
increases to nearly one-half her length. The wave resistance now becomes 
nearly oi^-half the whole, and tfie term representing it cannot be Inerged into 
the term representing the surface friction. Already, before huouiiR 8 researches, 
thil hod been recogiffzed, and formulas bail been given showing that the resist¬ 
ance of a ship increased faster than the square of the speed. •> By far the njpst 
important of thAeis the’formula given by Bot’iuiow in a treatise ^referred to 
» further on. 

The first twg terms of this formula represent surface friction and eddy resistance 
^ whictamay be bette?*ffeSWSiin the way already explained. The physical moss¬ 
ing of Ihe thifd term was only partially understood^by Boohoois, but it^s nowtj 
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evident that it amounts to taking an average Rvalue of the periodic^funotion^ 
and assuming that the beam B of the vessel is the linear dimension which is 
principally effective in the production of wave resistance. Op substituting we 
find the yerage value of a; to be 


where 5 is a numerical co-efficient. The value of k employed by Bourqois wns ‘14 
in French units for all cases except where the beam is as much as one-fourth the 
length, when it is increased to '16. The value of t>, which corresponds to £=*14, 
is *23, and in some types gives good results, but it may be doubted whether 
it applies so universally as Bocmuois assumed. The values of both and a 
necessarily depend on the lines of the vessel, so that no fixed relation can exist 
between the two, but the author has found that the formula 
r=8r*(l + c*) 

gives good results in a great variety of types, though in heavy ironclads the 
number 8 should he reduced to 7, or in some cases perhaps still further. The 
same restrictions must be understood as in the preceding case. The revis&tice 
of vessels of small draught of water is much greater, and may he approximately 
estimated by tho formula* already given. The resistance of the air and of append¬ 
ages may bo included by a suitable addition to the constant a. 

(3.) In cruisers and torpedo gunboats, by the use of engine power ayiounting 
to from 2 to 5 if.P. per ton, values of r are obtained exceeding unity, .sometimes 
even reaching 1*4, the waves are now about the same length as the vessel, and 
at this critical point the periodic variation of x is so great that no formula Is 
of much valuo. 

(4.) Beyond this speed no full-sized vessel can be propelled from the impossi¬ 
bility of putting sufficient engine power on board, but in torpedo boats a jiovPSr 
of 15 H. p. to the ton can he employed, and wc find values of c ranging from 1*8 
•4.0 2*3. The character of the wave resistance lias now altogether changed," as 
might be expected since the waves arc now two or three times the size of the 
vessel v t It increases much more slowly, probably nearly as the square of the 
speed. The total resistance of a torpedA boat appears to he about 3(V* 2 pounds 
per ton. 

Effective Horse Power .—From the formula* for the resistance of a vessel we may 
immediately deduce,formula? for the ejjh'firr. horse power required to propel her. 
The first of these gives the absolute power 



where C is a constant at low speeds which under the restrictions already men¬ 
tioned mayfie taken as 500 or 600. If applied to high speed* the value of <7 is 
much reduced as it diminishes* rapidly with the speed. The second Ogives the 
effective horse power per ton 

. c* + c* „ 

e.h.p.= I ,% 

wheij the oonstant C will, subject to the remarks Already made, usually 1^ frflbi 
4# to 45, but may sometimes be increased to 50\)r even more. f 
It must be distinctly understood, however, that as formula? of this class ta\e 
no account of the periodic variation of the resistant* ifcdigpfted by the “ fctfmps 
b tnd hollows ” of the resistance ourve. no certain and close estimat^ of th% e.h.p* 
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q|P be made except by the .. of comparison. If a full-sized vessel of tie 

fliime type exists, of which the f.,m.i\ is known, the principle may bo nppfied with¬ 
out much error V 1 the total resistance ; hut if the type In; new, a modeHnust be 
tried and the principle employed to determine the nary resistance qjone : the 
surface friction, being relatively much greater in the model, as already explained 
must be separately calculated. 

Propeller* in general.—hat us next consider briefly the means by which the 
vessel is propelled through the water. 

Every propeller operates hv driving astern some or all of the water pausing 
through it, the reaction of which furnishes a propelling force equal ami opposite 
to thethrust” of the propeller. Since the resistance is directly astern, the 
velocity impressed on the water must he sternward as fur as it is of any utility 
for the purpose of driving the vessel. Some forms of propeller—as, for example, 
the screw—gi,ve lateral motions to the water, hut the energy thus employed is 
washed. An ideally perfect propeller, then, impresses upon every particle of 
water passing through it a reaction astern which for simplicity we may suppose 
thewaqje for all. This water may for the present he supposed to he initially at 
rest, and therefore to l>e passing the ship with the velocity I’, which of course 
is *hc spe&l of the ship. After jMissing through the propeller this velocity in 
increased tor, r- I’ being the absolute velocity of the current or “race”produced 
by its action. For convenience we write 

i* - r 0 r. »• r *r, 

where <r, * are two fractions described as “ slip-ratios,” the velocity r V being 
flie absolute “slip’* of the projteller. What is called in ordinary language the 
slip per cent, is ICO*, but in calculations the fraction a is often the more useful. 

The quantity of water Q acted on pet second may in like manner be expressed 
in two ways. In the first we consider the sectional area A of the race formed 
wlgen the propeller is acting ; in the second the area A 0 through which the same 
quantity of water passes by the motion of the ship before reaching the pro|>ellej^ - 
Thus we have y Ar A„V. 

The propelling reaction or “thrust ' of the propeller is, reasoning ns in /?ft. 270, 

.7 .7 

a quantity which must be equal to the resistance of the ship. It is convenient to 
reckon areas in square feet and velocities in knots, then the Gallic of the constant 
9 irla[nr sea water is afiout 17/3. 

At moderate speeds the resistance of the vessel as explained a1s>ve is A . A^K* 
where A is a co-efficient; hence, equating thrust and resistance, we find that for 
all speeds with the same notation as before , 

r A A* A ^ L filW 
6-7 A* 35 A„ 

fn sea-going vessels the value # of fiLJ&S varies little and myir l>e t£ten on an 
average as 10, though in vessels of small draught of water it may exceed*20. 
ARo^lng the^Mue 10 and assuming A' - 5*7, we find 

*' _ M> 

' = *w 

a efinrenient foranWr>for<~>Jaining a rough idea of the minimum size of propeller 
v neoeas«ry forgiven slip. It should be observed that the slip is constant*only sy } 
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loftg nn Kin constant, and it;therefore increasei'at high speeds wtierathe rosier 
ance caAot be regarded as varying as the square of the speed. * 

The energy exerted by the engines per second is employe^ in changing the 
velocity Relatively to the ship of the quantity of*water Q , and in overcoming 
various useless resistances. Omitting the waste 


Energy exerted = wQ. ” " , 

where the useful work is R V ; that is 

• Useful work = w (). 

V 

Hence the efficiency of an ideally perfect propeller when operating on water 
initially at rest is r 

Efficiency = 4.^=^. 


In such a propeller the only loss is in the kinetic energy of the propeller rfyie, a 
loss which cannot he avoided when the water is initially at rest. The case where 
the water is not at rest but moves along with the ship before the propeller*&cts 
upon it will be mentioned further on. * 

Evidently tho efficiency is greater the smaller the slip ratio a, but this involves 
•aa increase in the area -4 0 , which measures the quantity of water acted on. 
Hence in every propeller, in the absence of frictional losses and of any disturbance 
■due to the passage of the vessel, the efficiency u greater the i/reater the quantity oj 
water upon which it 0 iterate*. Let us now apply these general principles to 
particular cases. 

Jet'Propeller. —In the jet-propeller the water is drawn into the vessel through 
suitable orifices in her lxittom and by means of n large centrifugal pump, fre¬ 
quently described as a “turbine” projected through two nozzles pointing astcafr, 
■one on each aide of the v«ss»l. Here the theoretical conditions are exactly 
latisHeil, and the efficiency apart from frictional losses is consequently foifnd 
trotn the formula just given, while the joint area of the nozzles is 


j = _£k^ M) 

I -\ <r \Jo(l +<r)<r 

For constructive and other reasons tho size of the orifices must not be too 
large, and <r is constantly not less than unity in practical cases. We have 
therefore 

Efficiency = 

Tile losses in the pump left out of soenunt in this calculation are necessarily 
largo, the efficiency of centrifugal pnmpa in cases like the present not exceeding 
■fl, so that the efficiency of jet prtfpulaioa can hardly he estimated as greater 
than -33 ev*n when designed^in the best way. Assuming file constructive 
difficulties involved in large orifices overcome it would etill be undesirable 
to mako^c much less than unity, for the hydraulic resistances would. 1 be 
relatively iucreaAd. To illustrate this point lot us suppose that by improper 
arrangements at the orifices of entry the head due to the velocity of V wkh 
whick the water enters the vessel to lie wasted The energy exerffid per %>coml 
bj the engines will be increased from ip<3(w* - P)/-2y to wQi?l'2g, and the efficieneva 
becomes 


Efficiency = _ 

II s (1 + ir) 3 
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J|(W >8 ea|pj»s<*en to be greatcA when a ig unity, the maxitmfto efficiency Whig 
And if other hydraulic rfiiatances were considered, the tame inclusion 
would be reached, namely, that the efficiency is greatest for a certain vftluo of # 
which cannot bo tvry small. The question is closely analogous to that simple 
reaction wheel already considered in Art. ‘2ti3. It is probable, therefore, that a 
jet-propeller cannot compete with other forms of propeller so fa t as economy is 
concerned, though the considerable advantages it oilers in other respects may 
render it advisable to employ it in special cases. 

PadtlJe*. —On observing the action of paddles two streams are seen proceeding 
from the floats, which play the part of the jets in n jet-propeller. In the most 
efficient kinds the floats have a “ feathering " movement, Wing mounted on uxes, 
upon Elicit they turn so as to enter and leave the water without any considerable 
i shock. The streams are simple jets of sectional area not very different from 
that of the floats themselves, and are driven astern with about the same velocity. 
If then r W the spend of the paddlcq calculated from their ejfii'tirr diumetcr mid 
re\%Tutions, I’ the speed of the ship, the propelling reaction is given by the same 
formula as for jets, while the energy exerted per second is greater, being Rik 
Hence the efficiency is 
• 

Efficiency - * . 

Forgiven velocities this is l**ss than that of a simple jet when no losses are eon* 
sidered exoefil such as are necessarily involved in the action of the propeller, the 
reason being that the value just found includes the loss due to breaking up the 
water as the paddles press on it and drive it upwards in a mass of foam before it 
settles down to the comparatively undisturbed motion of the race. The waste of 
* 4 |ogrgy in this process is equal to the kinetic em rgy of the race, and the total 
waste in the paddies is therefore double that in the jet. On the other hand, the 
paddles act on a very much larger body of water, the value of a W'lilg •.’> or less 
instead of unity, and the energy wasted in other ways is much less; the efficiency* 
of propulsion is consequently much greater in smooth water when the puddles are 
properly immersed, probably exceeding#'! in good examples. 

Srn‘n--Projntln-i< in ijfiitml. In rough wutei the efficiency of paddles is greatly 
reduced, and this is also the ease when the immersion varies in consequence 
of the consumption of eoal on a long vox age or from other causes. Even in 
^suioftth water paddles ^work to advantage only at the purtirv^ur *|x*«d for which 
they hafe Wen designed in consequence of the change of immersion due to the 
afwnition in position of the. wav»>s ;»<c<>mpiwiyiiig the vessel. When the draught 
of water fK-rmits, paddles are therefore almost always replaced by u screw. 

In an ideally perfect screw-propeller the race would consist of the water passing 
through the screw <ii«c, to which Would be communicated a sternwarf velocity as 
in paddhjl. The diameter of the screw (suppose! single) will W somewhat less 
than the draught o{•water (/>), and „■!„ the area occupied before reaching tho 
screw may therefore be taken as qjiout jr/> a /4, while (J ~A { ,V wi%W tlu^uantjty 
of water acted of. Assuming as before a \ r as tlie change of velocity produced 
on passing tho ugh the screw jin' applying the roughly approximate formula 
jirei idllsly given. ^ 
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Assuming D- 4 B, this gives for the slip-rati 
* 1 1 

<r- u :*=]£, 

corresponding to a slip of 8£ per cent. 

This calculation is of interest as giving a theoretical minimum value for the slip 
of a screw; the actual average must be much greater, because the whole of the 
water*passing through the screw disc is not moved astern, and the other assump¬ 
tions made are all of a nature to reduce the calculated result. 

Efficiency of Screw*. —Though a screw, like evefy other propeller, oper&tes by 
impressing a sternward velocity upon the water, yet the manner in which it does 
this is st> entirely different from the action of a paddle that it is desirable to con¬ 
sider the question from a different point of view. Imagine a tube of ilniform 
transverse section to be formed into a cylindrical spiral of uniform pitch z®, and 
let the axis of the spiral be a shaft projecting astern exactly parallel to the direc¬ 
tion of motion of the vessel. 'Die tulie being fjxed to the shaft rotates with it at 
N revolutions per second where 

Neglecting the disturbance of the water by the passage of the vessel, the effect 
of this arrangement is that the spiral tube screws its way through) the water 
without disturbing it in any way in the absence of friction, the velocity U with 
which the water moves through the tube being I', cosec a where a is the pitch 
angle. Under these circumstances the tube has no propelling effect; but now, 
suppose that a portion of the tube is taken and its curvature altered so that the 
pitch, while remaining equal to z 0 at the end where the water enters, gradually 
increases to z x at the end where the water issues, the radius of the spiral being 
unchanged. The effect of this is that the stream flowing through the tube, while 
retaining the same mean velocity and pressure, has its direction altered by tjh* 
small angle <p, by which the pilch angle at entrance differs from that at exit. By 
reasoning as on pages 489,1)19, it is now easy to find the resultant action ufwn 
the tube of the water inside which will be given by the formula 


P-a . Q . Ctft^aSlPtp, 

in whfJii S is the sectional area of the Cube and a a co-efficient which might be 
exactly calculated. The reasoning here given may be compared with that in 
Art. 290, p. 605, in which an equivalent result is arrived at. 

It was pointed out by Knorins that a screw blade might be considered as a body 
moving nearly edgavise through the wnter, the small angle pi obliquity <f> (depend¬ 
ing as it does on the slip) being descril»ed as the “slip angle.” Tjlis small ar^Je 
is different at each point of the blade, but does not exceed 10° in practical cases. 
A particle of water in contact with the blade traces out upon it a spiral curve, and 
each of the spiral elements into wjjioh the blade mpy be thus divided behavee 
nearly as tae spiral tube just described, deflecting through tfle small angle <p a 
stream the breadth and therefore the sectional area of which is proportional to the 
length of the element. Hence the propelling reaction W-a force P normal tc 
tljy blade givetuby the same formula as in tlije tube, S being now the area oi 
the element. In ideal cases the co-efficient a can be calculated, but in an a<^pal 
*C|£W blaife must be determined experimentaliy^ 

* In addition to the normal force there will'be a tangent jjd force fSUf \due 
friction,/ being a co-effioient much Icsb than a. Calling this F and y t * 
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thtt. for a fa> .tip angle the ra|o P/P i. given just a. in the due of the fricthm 
o'* *° lid *' rew in iu " Dl . diwo»*ti on page 241 . Introducing a “ frictieu angle ” 
which we may now call 0' to distinguish it from 0 and proceeding 01 in the 
article cited it wiM be found that 


Efficiency - . 

tan{a + 0'} 

In determining the maximum value of this we must remember that 8 ami 
independent, but that tp’ is connected with f. When f' is small ftp' t.y. 
the maximum efficiency is when tp f'-^y and a 45", the value l)eing 


f are 
IJence 


Maximum Kffieicncy ^ 


Thus the friction and eifieioncy of screw pro|Hd]ers as determined by this calcnln- 
tion, whieli is due to Fhccdk, aie governed by laws closely analogous to those 
which govern au ordinary screw and its nut. 

ftio value ascribed to the coefficient y for a simple element by Fitou UK was 
Td'v. corresponding to a muximum efficiency "f "II per unit, at a slip of about 
Id percent. To nmko a similar calculation applicable exactly to an ordinary 
screw bind*it would lie necessary to suppose tiiat y Imd (lie same, or at any rate 
some known, value for all element.- of the blade, bat although <|uautitutive results 
are unattainable, the principle of the calculation is undoubtedly correct.. There 

must always be a slip of maxiim.. which cannot he very small, and at 

small slips flic waste by friction is enormously great. 

w Kxpcrimeut on model screws bears oat this conclusion. Such experiments have 
been systematically made by Mr. II. li. Fronde and others in great, numbers, with 
the result of showing that in good examples the etlieieney varies little at slips 
^ic^weea 15 ami 110 |ht cent., being then about ‘fid rising to nearly 70 |Hir cent, at 
a slip of about ‘Jo per cent. 

fhtittrlml H "0 —Tiic conclusions we liave an ived nt, appear at first sight con¬ 
trary to experience, for we know that the slip of screw propellers is onnmonlvlos? 
than 15 per cent., and often less than the theoretical minimum of HJ per cent, 
obtained above. The reason of this is Unit tin: screw works iu water wliidtf is not 
at rest, but travels onwards along with the ship with a mean velocity a, which 
probably often roaches III per cent, of the speed of the ship. Hence (lie water 
enters the screw not with velocity l\ Inn w ith velocity F it, and the real slip is 
^cornea pond ingly increased, I wing probably seldom less than Jfl per cent, in good 
exam pift. Thu etiect on the efficiency of tint screw is complicated. Iu the first 
the useful work done iu propelling t he ship is greater for ti*‘ same real slip, 
and therefore for the same turning moment and speed, so that /irima facie, the 
efficiency is increased. But on the other hand, a screw of ordinary dimensions 
sucks more water tnrongh it tlnau would nftarally How there, an 4;(ion which 
augment#the resistance of the ship unless the »e*;w is placed further astern than 
is possible for conjunctive reasons. In a screw with many blades of considerable 
length there would be little if agy suction, but too great bladearea itf caus^of 
great loss by friction. Fhocdk stated that the augmentation was often as much 
*Ai or 50 pe^< mt., bnt it was afterward, explained by hia son that tRis estimate 
included tbe resistance of thidfgHpiare stern posts and appendages to the pn# 
%*ier, the i^giaenSuon proper varying from 8 to IS per cent. The lower V|l*e 
appBu to twill sciwtjji lAteessels with fi|e lines. Kxpcriment appears to show 
what 3 models the loss by augmentation on tbe average about compensates for th^ 
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direct gain by waking in disturbed water, theftffioiency of a mpd^l Screw being 
about th%aame when a corresponding vessel is r|{n ahead of it as who? the ves&l 
is removed. 

The best results are doubtless obtained by an exact adaptation of the dimen¬ 
sions, number, and form of the screw blades to the type of vessel. At present 
such adaptation can only be effected by the principle of comparison from 
some Example known to give good results. The method is fully explained by 
Mr. Sydney Barimby in bis work oil Marine Propeller#. 

Indicated Power. - From what has been said it appears that the power required 
to drive a propeller will 1m; (I \ t. x )E.H.P, where e x is a fraction, which in the 
best examples of jet, paddle, or screw will seldom be much less than *5. This 
addition of 50 per cent, to the effective power is due to waste of energy ii*giving 
various motions to tho water acted on by the propeller, including the production 
of eddies, by surface friction of blades and otherwise. To obtain the indicated 
power we must now consider the friction of the engines and other resistances, 
such as air-pumps, feed-pumps, and the like. These consist (as describe on 
page 258) of two parts, a variable part proportional to the mean effective pressure, 
and a constant part most conveniently expressed as a fraction of the (Affective 
pressure at full speed. Thus the formula 

II , r, -i r,) . K. II. V. i-. K, //,/•, . 

gives with sutHcient accuracy for the present purpose the indicated powtgr at the 
given speed of vessel and revolutions (,V) of the engines in a set of .speed trials, 
where r.j, e. t arc fractions and the suffix 1 refers to full speed. The counter- 
efficiency at full speed is I f » 1 f- e., f r.,, which in screw propulsion in the beft 
examples is about 1 *S, and taking as *5 wo find i-c., - •.*{, of which at least one- 
half is due to the constant friction. At lower speeds the efficiency of propulsion 
is much less, because the effect of the constant friction is relatively great. 

The ratio AH V' A (I. U.P. is described as t he “displacement constant.*’ It has 
-^U&beon known that it is not the same at different speeds in a set of progressive 
speed trials, but that it lias a maximum value at a certain speed (about r - - 7 in 
full si^d vessels), diminishing considerably both at high speeds and at low 
speeds. Tho explanation of this is sufficiently clear from what has Ivcen said. 
It can, however, be used as a means of comparison if care lie taken to compare 
only vessels at corresponding speeds with engines working at the same fraction of 
their full power. 


Rkfkkkncks. 

A full account of the earlier experiments on the resistance of ships, including 
all that had been done on the subject before the time of Froitde, will be found in 
a treatise jftblished in 1857 entitled MemoirV #nr la llesislhnce de. VEa w, by 
Captain (afterwards Admiral) lWirgois of the French Navy. 1 ' 

Fruit UK's researches are contained in two He/wrts on SnrftiMc Friction presented 
to^he British Association in 1874, and in various papers for the most part pub¬ 
lished in the Transaction# of the Institution of Naval Architects, t It is to be ho^ed 
theft papers will be published in a collected foriy. 

c ' Sir W. H. White's well-known work on Naval Architecture will also be'Tound 
invaluable. 
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B. ORGANIZATION OF T1IK CLASSICS IN I'.NCINKKRfNG 
AND NAVAL AIIGIIITKCTI RK IN TUB 
KOVAL NAVAL ('OLLKGK. 

A school of naval architecture was founded in Portsmouth dockyard so long ago 
as IS1H, hut, after existing for more tlmn twenty years, was aholislied in IK&t. In 
I8%f it was re-established, hut only to he oneu more aholislied in I No,'!. In ISt»0 
tln^ Institution of Naval Architects was founded, and by its i all lienee a third 
school Vas commenced under the direction of the Science and Art bopartmciit at 
South Krt»ingtoti. For paiticulais respecting tin* two earlier of these schools the 
reader is referred to a paper by Scott !tr>*»;i i. in the Transiuti >> ii * I . S . A . for 
I HlW. The third was aflerwanls incoi porated with tin* I loyal Naval t'ollege, of 
which now forms a department. 

This dcpifrin.cii! is divided into two classes, of which the junior serves us the 
tyial stage in the training of the engineer officers of t lie navy, the majority of w hom 
spend nine months at Oreeuwich immediately on entering the service, after several 
years spent in the dockyard. (See |. (147.) The senior is an advanced class, con* 
^sijiiiig partly of a small number of engineer ntlicers selected by competition from 
the preceding, and partly of students in naval architecture originally selected by 
ciftnpctition from the dockyard apptvnliru* to join tlie junior class. The full 
course in the advanced class lasts three years, of which one is spent in the 
ami two in the senior class. There aie also private students who generally go 
through the full course. The programme of these classes differs in some iffpoi tant 
resjiects from that of most other technical colleges, and it may be useful to describe 
it briefly here. 

The three principal branches of study are: 

l. # Pure and Applied Muthcmuticfi; > 

II. Applied Mechanics; 
j 11 f Naval Architecture, 
l Marine Engineering: 

to each of which the tim$ allotted is alsnyt the mune. In addition, there is a 
course ii^ Physics and ChemistryT The mathematical course includes the theory 
of electricity, while the technical .ipplicationarto cleitric lighting and torpedo 
work are included Ifi the laboratory course on physics. The following remarks 
yvill be confined to the second and third of the principal subject- 
gin Applied jSkciianich the subjects are 

A. Klemah/ary Subjects. 

/Stability and Oscillation of Ships. 

• • 'Qp 01 ? the Steam Engine. 

(*. Wave motion. ntesistaneejuid Propulsion of Ships. 
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fjgbjects A. are pretty closely represented by the present treatiie^bilt there are 
a few omissions and some additions, especially iiwgraphical statics andtlement&qr 
theory o^the steam engine. The course lasts t\A years, each subject being com¬ 
menced in the junior class and completed in the senior. * 

Subject# B. are commenced in the second year and completed in the third. The 
first is studied by students in naval architecture only, and the lectures on it are at 
present .given by the Instructor in Navu.1 Architecture. The second is studied by 
students in engineering only. 

Subjects C. occupy the greater part of the third year. 

In Naval Akcihtecti'RK the course followed is very fully explained in a paper 
by Mr. (now Sir) W. H. White in the Transaction* I.N.A. for 1877 (Vol. XVIII., 
p. 361), and it need not therefore be further considered here. 9 

In Marine Engineering the courso for the junior class occupies nine hours a 
week. Each of the principal parts of the marine engine, including the boiler and 
propeller, arc taken in detail, the dimensions proper for that part determined^and 
the other practical questions considered which are involved in its design, .^n 
example is set, and the student is expected to work out a design from the Sita 
proposed, and to produce working drawings. About 30 of these drawings are pre¬ 
pared in the session, the subjects being: 

Dr tail* of principal \mrt* of Km/ine — 

Piston, Piston Hod, Connecting Hod, Cross-head and Cuides, Thrust-block, 
Crank shaft, Cylinders and Fittings. 

Propeller— 

Shafting and Couplings, Boss, Blades. 

Slide Voire *— 

Zeunor’s Diagrams for Solid and Open Bar Links, Valve-ellipse, Construc¬ 
tion and setting of Slide Valves, Link Motion. 

Boiler*— 

**Bimcnsi«ns and Structural Details, Fittings. 

Condemn'* and Air Pump* ■ 

Fittings and < tenoral Arrangement. 

The foregoing coursers gone through by all students in engineering. Those who 
are selected to enter the advanced class devote eight hours a week on the average 
to the subject in two following sessions. In the second year detailed draw jpgs 
are mode of the parfs, and three views of the general arrangements, of « set of c 
marine engines of large power suitable to pro{>el a given ship at 9 given spfltjSl 
The drawings of The details and propeller are completed, and the general drawings 
pencilled. In the third year the boilers are designed, and drawings made showing 
the diapositkm of the pipes and auxiliary engjnes. *The general drawings are 
lomploted, the whole design bein^ represented by a set of about *20 drawings. 

The practical training of students l>oth in naval architecting and in engineering 
•akes plaqfc in thtylockyards for a period of at least 4 years before entering the 
Jolfcge and during the three summer months in ^hich the Colleg| is closed. Thii 
s a point ofrgreat importance, for, quite irrespectively of the absolute necessit^f 
i|ohrlraining for its own sake, no theoretical coi^Ae can he thorougfily undewtood 
without some preliminary knowledge of a practical kind. A College workshop* ii# 
% very Unperfect substitute and occupies time whic^i* better spent elsewlcere. 
The author, however, must not lw undlrstood to depreciate®the importauol «f 
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•Jpechani^l Wfcratory,” provi.M with tailing i..... ......„ulic appanlhi, 

steam engines, and the like, for tfce purpose of studying mechanics experfinentally. 
Such a laboratory when properly organized, is capable of rendering grtvfl service, 
but it in no way replaces training in a largo workshop carried on for igffhmercial ( 
purposes. Nor are these remarks intended to apply to the lower grades of 
technical education, in which the workshop to a great extent plays the part of a 
labomtory. 

In the authors opinion, much the same may Iks said as to the tgie of models in 
teaching mechanics. Ait engineer does not use models; he employs dratring* 
almost exclusively ; and so, in the instruction of professional students, models are 
of little value for descriptive purposes. Nor should they be used to demonstrate 
the lavra of motion. Hut in explaining a mechanical principle, a model Is some¬ 
times of service ; it plays the same part as the figure in a pro|>osition of Kttulid in 
Hiding the conception of the learner. And, as Indore, in the lower grades of 
teduiicul education, models may properly lie used for demonstrative pursues, 
while, in the case of non-professional students, they are often indispensable for 
descriptive purposes. In the “steam'* dc)»artincut of the Koyal Naval College, 
organised for the purpose of imparting to the executive otlieers of the navy a 
kgpwdedgtAif the mechanism and working of a marine engine, models are freely 
used in this way. On the subject of technical education in naval architecture, the 
reader is referred to two valuable papers by Mr. John and Mr. W. Denny in the 
TranmctUMH of thr Institution of Sural Archittch, the first, in Vol. XIX., p. liiO; 
the second in Vol. XXII., page 144. 

•[180*2.] In the year 1H77 a college for the training of engineer students was 
established tiratat Portsmouth, on board the Mmlhurowjh, afterwards at Kcyham. 
In recent years a certain proportion of the engineer otlieers on entering the Navy 
luAm been sent afloat at once instead of passing through (Jreenwich, and the 
majority of the students of naval architecture have lieen selected for ntudy at 
(jreenwich from the Keyhnm students. A large part of the time at Keyh^g^g 
sjient in practical work in the dockyard and engine factory ; but of late a part, of 
the instruction in applied mechanics and marine engineering has been carried out 
there, leaving more time for the devel^nnent of the subjects at Oreenwii^f 
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